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Abstract—In this paper, a variable structure observer design
approach is proposed for a class of nonlinear, large-scale inter-
connected systems in the presence of unstructured uncertainty.
The modern geometric approach is exploited to explore the
system structure and a transformation is developed to facilitate
observer design. Using the Lyapunov direct method, a robust
asymptotic observer is presented which exploits the internal
dynamic structure of the system as well as the structure of the
uncertainties. The bounds on the uncertainties are nonlinear
and are employed in the observer design to reject the effect of
the uncertainties. A numerical example is presented to illustrate
the approach and the simulation results show that the proposed
approach is effective.

I. INTRODUCTION

The development of advanced technologies has produced
corresponding growth in physical systems. Such systems are
frequently called system of systems or large-scale systems
and can frequently be expressed by sets of lower-order
ordinary differential equations which are linked through
interconnections. Such models are typically called large scale
interconnected systems (see, e.g. [2], [9], [18]). Large-scale
interconnected systems have been studied since the 1970s
[11]. Early work focussed on linear systems. Subsequent
results used decentralised control frameworks for nonlinear
large scale interconnected systems. In much of these work,
it is assumed that all the system state variables are available
for use by the controller [2], [9], [14]. However, this may be
limiting in practice as only a subset of state variables may
be available/measureable. It becomes of interest to establish
observers to estimate the system states and then use the
estimated states to replace the true system states in order
to implement state feedback decentralised controllers. It is
also the case that observer design has been heavily applied
for fault detection and isolation [10], [16]. This further
motivates the study of observer design for nonlinear large
scale interconnected systems.

Sliding mode techniques have been used to design ob-
servers for nonlinear interconnected power systems in [1].
An adaptive observer is designed for a class of intercon-
nected systems in [15] in which it is required that the
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isolated nominal subsystems are linear. Observer schemes
for interconnected systems are proposed in [7], [10], [12],
[16] where the obtained results are unavoidably conservative
as it is required that the designed observer can be used
for certain fault detection and isolation problems. Robust
observer design is considered in [8] for a class of linear
large scale dynamical systems where it is required that the
interconnections satisfy quadratic constraints. In [13] a new
decentralized control scheme which uses estimated states
from a decentralised observer within a feedback controller
is proposed. This uses a design framework based on linear
matrix inequalities and is thus applicable for linear systems.
A robust observer for nonlinear interconnected systems based
on a constrained Lyapunov equation has been developed
[17]. A PI observer is utilized for nonlinear interconnected
systems for disturbance attenuation in [5] and interconnected
nonlinear dynamical systems are considered in [3] where the
authors combine the advantages of input-to-state dynamical
stability and use reduced order observers to obtain quantita-
tive information about the state estimation error. This work
does not, however, consider uncertainties. It should be noted
that in all the existing work relating to observer design for
large scale interconnected systems, it is required that either
the isolated subsystems are linear or the interconnections are
linear. Moreover, most of the designed observers are used for
special purposes such as fault detection and thus they impose
specific requirements on the class of interconnected systems
considered.

In this paper, a class of nonlinear interconnected systems
with disturbances are considered. Fundamentally the work
in [4] is extended for large scale systems. A robust variable
structure observer is established based on a simplified system
structure by using Lyapunov analysis. The structure of the
internal dynamics and the uncertainty bounds are fully used
in the observer design. These bounds are allowed to have a
general nonlinear form. The difference between the output
of the actual plant and the output of the observer is zero,
and the observer states converge to the system states even if
the system is not stable. A simulation example shows that
the proposed approach is effective.

II. SYSTEM DESCRIPTION AND PROBLEM STATEMENT

Consider the nonlinear interconnected systems

N

di(t) = fi(w:) + gi(wui + Afi(w:) + Y Dij(a;) (1)
i

hi(:ci), i=1,2,"',N

yi(t) = 2



where z; € Q; C R™ (£); is a neighbourhood of the origin),
y; € R and u; € U; C R (U; is an admissible control
set) are the state, output and input of the i-th subsystem
respectively, fi(z;) € R™ and g;(x;) € R™ are smooth
vector fields defined in the domain €;, and h;(z;) € R
are smooth in the domain ; for i = 1,2,---, N. The
term Af;(x;) includes all the uncertainties experienced by
the i-th subsystem. The term 3 7., D;j(x;) is the nonlinear

. . . JF#i
interconnection of the i-th subsystem.
Definition 2 The systems

z(t) fi(zi) + gi(zi)ui + Afi(ws) 3)
yi(t) = hi(x;) €]

fori=1,2,---, N are called the isolated subsystems of the
systems (1) — (2).

Zi(t) filz) + gi(zi)u; )
yz(t) = hi(l‘i), i:172a"'7N (6)
are called the nominal isolated subsytems of the systems

(1) - (2).

In this paper, under the assumption that the isolated
subsystems (5) — (6) have uniform relative degree r; in the
considered domain §2;, the interconnected systems (1) — (2)
are to be analysed. The objective is to explore the system
structure based on a geometric transformation to design a
robust asymptotic observer for the interconnected system

(1) = (2).
III. SYSTEM ANALYSIS AND ASSUMPTIONS

In this section, some assumptions are introduced to facil-
itate the observer design.
Assumption 1. The nominal isolated subsystem (5) — (6)
has uniform relative degree r; in domain x; € €; for i =
1,2,---,N.

Under Assumption 1, it follows from [6] that there exists
a coordinate transformation

T; : x; — col((y,m:) @)
where
Gi1 hi(z;)
G2 Lyhi(z;)
G=| . | = : €R" (8)
Cirg L?_lhi(fi)
for ;i =1,2,---,N, and n; € R™~" is defined by
i1 Bi(ry41) (i)
1i2 ¢i(r7¢+2)(xi)
m=| . |= : : ©
Mni—r; ¢lm (xl)

for #,2,---, N. The functions ¢;(,,+1)(Zs), Pi(r,+2) (i),
-+, ¢in, (z;) can be obtained by solving the following partial
differential equations:

Ly ¢i(x;) =0, x;,€8Q;, i=12,---,N. (10)

From [6], it follows that in the new coordinate system
(Ci,m:), the nominal isolated subsystem (5) — (6) is equiva-
lent to following form

Go= A+ Bi(Giymi, i) (11)
i = qi(G,m) (12)
yi = CiG (13)
where
[0 1 0 0
o o0 1 - 0
0 0 0 1
_0 0 0 -+ 0
c; = [10 0]eR"™m (15)
[ 0
Bi(Cismisui) = 0 (16)
L Bi(Giymiyus)

where

Bi(Ciymiyui) =
L hi(T (o)) + Lg, L7 (T (Go i) us

It is clear to see that the pair (A4;,C;) is observable. Thus,
there exists a matrix L; such that A; — L;C; is Hurwitz
stable. This implies that, for any positive-definite matrix
Q; € R"*"i, the Lyapunov equation

(A; — LiC)" Py + Pj(A; — LiCy) = —Q; (17)

has a unique positive-definite solution P; € R™*" for
i=1,2,---,N.
Assumption 2. The uncertainty Af;(z;) in (1) satisfies

8.’131‘ Afz(li7) o |: 0 :|

(18)

where T;(-) is given in (7), E; € R"*" is a constant matrix
satisfying

El'p, = H;C; (19)

with P; satisfying (17), and  ||AY;(x;)| < ki(z;), where
k;(x;) is continuous and Lipschitz about z; in the domain
Q; fori=1,2,---,N.

Remark 1. Denote the nonlinear uncertain term AW;(x;) in
(18) in the new coordinate frame ({;, ;) by A®;((,m;) i.e.

A (Gisni) = [AV(Gis i)l g, =1 (¢mo)

From Assumption 2, there exists a function p;({;,n;) such
that

(20)

1AL (G, )|l < pilGis i)

and p;((;,m;) satisfies the Lipschitz condition in T: ().
Thus for any ({;,n;) and (¢, 7;) € T3(Q;),

lpi(Gis i) = pi(Gos A < BNIG = Gill + Bllms — Aill - (22)

2y



where both ¢ and [ are positive constants. Consider the
interconnections D;;(z;) in system (1). Then partition the
term gT D;;(z;) as follows

aT;
%Dij(xj)‘fj:Tfl(ij) - [

where ng(gj,nj) € R,
1,2,---,N and i # j.
Assumptlon 3. The nonlinear terms I'f;((;,7m;) € R™,

I ®.(¢j,mj) € R™~T satisfy the Lipschitz condition in
T ().
Assumption 3 implies that there exist positive constants

L%(CGm;) ] 23)

F?j((jaﬁj)
IY(¢,m;) € R for i =

oy, b, p; and p?; such that
5 (Goom) = TGl < ol — G
+ afy [l ny — iyl 24)
T35 (Giome) = TGl < sl = G
+ iy Iy =gl 25)
fori = 1,2,---,N and ¢ # j. From (11) — (13) and the

analysis above, it follows that under Assumption 2, in the
new coordinate system ((;,7;) the system (1) —(2) can be
described by

Goo= A+ Bi(Gmiy i) + B AT (Cymi)
N
+ > T4(Gm)) (26)
e
o= qi(Cimi) +Zr (¢ mj) 27)
J#l
yi = CiG (28)

where A; and C; are given in (14) and (15) respectively,
Bi(-) is defined in (16) and T'Y;(-) and T'?;(-) are defined in
(23).

Remark 2. Since f;(+) is continuous in the domain 7;(€2;),
it is straightforward to see that there exists a subset in a
domain T;(€2;) such that the function $;(-) is Lipschitz in
the subset

| Bi(Giy i i) — Bi(Cir iy wa) || <
o (i) | G =G |+ of () || i — i | (29)
where v%(u;) and v?(u;) are function of w; for i =
1,2,---,N.
Assumption 4. The function ¢;((;, ;) in equation (27) has
the following decomposition

¢i(Ciymi) = Min; + 0:(Cism4)
where M; € R(mi—ri)x is a Hurwitz matrix and
0.(¢i,n;) are Lipschitz in domain T;(£2;).

Under Assumption 4, there exist constants 7 and 70 such
that.

(30)

(ni—ri)

i (G i) 1< 7 || G = G
+77 | i — s ||

I|165(Cirmi) —
€29

where ¢ = 1,2,---, N. Further, from the fact that M, is
Hurwitz stable for A; > 0, the following Lyapunov equation
has a unique solution II; > 0

MIT; 4+ TLM; = —A;

IV. NONLINEAR OBSERVER SYNTHESIS

(32)

In this section an observer is designed for the transformed
systems (26) — (28) and then an observer for the inter-
connected systems (26) — (28) is synthesised. For system

(26) — (28), construct dynamical systems
&= AiGi+ Lilyi — CiGi) + BilCis i wa)
N
Ky, G i) + DTG 1y) (33)
=
. ~ N ~
N o= M +0;(Goni) + Y T%(Goiy) (34
j=1
J#i

where the term K;(y;, @, 7;) is defined by
Ki(yi, Cii) =
PCT (yi—Cily) ) (F o s
{ Hyi_ciéi‘l || HZ || pl(Cl?"?Z)? y’L CZC/\Z # 0 (35)
0, yi —Ci¢; =0

where P; and H; satisfy (17) and (19) respectively. It should
be pointed out that the structure of the proposed observer
n (33) — (34) is variable due to the term defined in (35).
Therefore, it is called variable structure observer throughout
this paper. The following results are ready to be presented.
Theorem 1. Suppose Assumptions 1 — 4 hold. Then, the
dynamical system (33)—(34) is a robust asymptotic observer
of system (26) —(28), if the function matrix W' (-)+W (-) is
positive definite in the domain 2, where the matrix W () =
[wij(-)]o o and its entries w;;(-) are defined by

Amin(Qi) = 2Amax (Pi)v = 20 (| Ci| [ Hall,
i=J,1<i<N,

_2Amax(R,)aJ
i#5,1<i<N,1<j<N
)\min(AifN)_Z)\max(Hz N) Zb N>
i =73, N+1<:i<2N,

_QAmaX(H(z ))N/l()z N)(j—N)>
1£J N+1<i<2N,N+1<j<2N

*2[)‘maX(Pi)U? + lfHCﬁ”HHZH + AmaX(Hi)Tz‘a],
j—i=N,1<i<N,N+1<j<2N

_2)\max(-P7L)ali)(j,N)a

J—i#N,1<i<N,N+1<j<2N
0,i—j=N,N+1<i<2N,1<j<N

_2AmaX(Hi—N)M?i,N)j7
i—j#N,N+1<i<2N,1<j<N




Proof. Let e, = Q—éi and e,, = n;—n); fori =1,2,---, N.
Compare systems (26) — (28) and (33) — (34). It follows that
the error dynamical systems are described by

e, = (A —LiCyec, + Bi(Ciymisus) — Bi(Giy iy wi)
+EAY; (G, mi) — '(Z/u@,ﬁi)
N
+> T%(Gomy) ZFU ) (36)
st‘:flz J#Z
+ZF (Gismj) ZF Cgﬂlg (37)

J#l 3752

Now, for the system (36) and (37) consider the following
candidate Lyapunov function

N N
V= Z egP,»eQ + Zefiﬂiem
i=1 i=1

Then, the time derivative of the candidate Lyapunov function
can be described by

(38)

N
> (L Piec, + el Piet,)
1=1
(el MWey, + el Tiéy, )] (39)

Substituting both é., in (36) and é,, in (37) into equation
(39), it follows by direct computation that the time derivative
of the function V' in (38) can be described by

N

Vo=
=1 N
+26C1P[51(Q77’}17Uz) ﬂl(gﬂﬁ’“ul)}
+2[e] P-E-A\I!-(Q,m) — el PiKi(yi, Giy i)
+2¢L P, Z (Giomy) = TG 07)]

J#l
+ep (MITL; + L M;)n; + 2¢] 11
x[05(Ciumi) — 03(Giy i)

N
+2e] 10, Y (02 (Gjom5) —
i
From (19),(21),(22) and (35)
@) If y; — C;¢; = 0, then
el BEA®; (Giyni) — e, PiKi(yi, Giy i)
= e CITHI A®;(¢ims)
= [Hi(yi — C:{)A®;((i,m:)] =0
(i) If y; — C;¢; # 0, then

(Gaaly @0

el BEA®; (Giyni) — e, PiKi(yi, Giy i)
P Iy - CiGi
= L CTHF A®;(¢iymy) — eF P (v = Cici)
llyi — CiGill

ALH | pi(Gis i)

T 620?02'6@ [N
= el CENNH:pi(Cismi) — WHI‘L‘HM(Q,W)
= |leZCENHN{pi(Civns) — pilCir i) }
< ek CENMHEN{IENCG = Gll + Lllms — all

Then, from (i) and (ii), it follows that
el PiE;AD(Ciomi) — el PiKi(yi, Giy i)
< llec, CilllHall{I e, || + 2 llen. I} (41)
Substituting (24), (25), (29), (31), and (41) into (40) yields

*Z{ mln Ql -
'H@QHQ 22/\max

J?él

V S max(-Pi)Uzq - 21;1H01||HHZ||]

llecllllec Il = [2 max(P)v"’+2l’?IIC’IIIIH'II
+2Amax (1) 77"][lec, Il ex, I 2ZAW
J#Z
[lec e, 1T = Z2Amax uijllec len |
.7751
+[Amin(Ai) - 2)\max(H ) ]Hem ||2
ZzAmax #U Hem||||€mH}
.7751

Then, from the definition of the matrix W (-) and the in-
equality above, it follows that

. 1

V< =g XTWT() + W ()X
where X = [llec, [, llec,ll, -~ llecy [ls llens [l lens I, -~ -
lleny l1F. Since WT'(-) + W(-) is positive definite in the

domain T(Ql) x Uy X T(Qg) X Uy X+ X T(QN) x Uy, it
is clear that V'|(33)_(34) is negative definite. Therefore

Jim G5 =Gl =0 andJim s (6)= (1) = 0 (42)

Hence, the conclusion follows. AN

Assume that % is bounded in T;(€;) for i =
1,2,---, N. There exists a positive constant 7; such that

H 3Ti(<i, ni)
(G, mi)
Define #; =T,

‘ S’Y’ia (Cian’i) EE(Ql)a i:1727"'7N

I(CA’LW 771)’

zi — Zill

1=1,2,---, N Then,
1T (Goums) — Ty (o) |
Yi (16 = Gll + i — 7all)

IN

(43)



Then, from (42) and (43), it follows that
Tim [las(t) — &(8)| = 0

This implies that z; is an estimate of x; fort =1,2,--- N.
Remark 3 From the analysis above, it is clear to see that,
in this paper, it is not required that either the nominal
isolated subsystems or the interconnections are linearisable.
The uncertainties are bounded by nonlinear functions and
are fully used in the observer design in order to reject the
effects of the uncertainties, and thus robustness is enhanced.
The designed observer is an asymptotic observer and the
developed results can be extended to the global case if the
associated conditions hold globally.

V. NUMERICAL EXAMPLE
Consider the nonlinear interconnected systems:

xr12 0
—0.1sinzqs + 11 [w
—31‘%1 — 3.251‘13 — 2{,1;‘12 0

T, =

g1(z1)
AO’l 02(.’[%1 + 1'22)
+ | 0.5A0; | + 0
—2A0q 0.1sinzoq

f1(z1)

(44)

Afi(xy) D2

Y1 = T11 (45)

~—
hl(Il)
—T21
—3; — 3299 + cos(z3; + x92) — 1
—2x93 + 0.223,

Ja2(z2)
1 —AO'Q
-+ —2x91 U2 + 2291 Ao2
0 0

g2(z2) Afa(z2)

[ 0
+ | 0.1sin(x13 + 2211)
0

(40)

D2y

Y2 = T21 47)
~—
hg (a?g)

where T = COl(I’ll,Ilg,l'lg,) and To = COl(IQl,IQQ,Igg),
h(z) = (hu(@1), ha(z2)T and u(t) = (ur(t), us(t))” are
the system state, output and input respectively, D12 and Doy
are interconnected systems, and Af;(z1), Afa(z2) are the
uncertainties experienced by the system which satisfy

IAfi(z)]] =
1A fa(22)]]

The domain considered is

(48)
(49)

0.1|x13 + 2x11| sin? ¢

0.1z3,| cost|

‘xlll < 3,

Q= {(33117 T2, T13, T21, T2, T23),

[wo1| < 1.3, w11, T12, 13, Ta1, T2z, T2z € R} (50)

By direct computation, it follows that the first subsystem has
a uniform relative degree 2, and the second subsystem has a
uniform relative degree 1.

The corresponding transformations are obtained as follows:

it = 211 G2 = 221
) _ ) _ .2
Ty:q C2 = @12 To:{ Mmo1 = o5 + T2
m = 13+ 2T T2 = 23

In the new coordinates, the system (44) — (47) can be
described by:

: 0 1 (11 0
G = { 0 0] [ Ci2 } * { —0.1sin Gy + ]
——
A1 ﬁl
Aoi(Ci,m) 0.2m21
51
+ |: 0.5A0’1(<1,’I71) 0 ( )
E1AY(¢1,m) re,
m = —3.25m +0.25¢} +0.4m0; +0.1sinls  (52)
q1(C1,m) rs,
(i
= 1 0 53
wo= (1o 63
G2 = — G+ us —Ao2(C2,m2) (54
Ay B2 Ey AV (¢2,m2)
. -3 0 121 cosng — 1
w= [0 S]] ]
q2(C2,m2)
" [ 0.15611771 ] (55)
—_——
Iy,
Y2 = (2
where ¢; = (Ci11, G2)", m € R, o € R, and 1 =
(7721,7722)?
From (48) — (49)
AV ()l < [[Aci(C,m)l]
AWy (Co,m2)l| < [|Ad2(C2,m2)]]
[Acy(Com)ll < 0.1|m|sin®¢
—_——
gl(')
[Ao2(C2,m2)l] < 0.1¢5[cost
—_—

p2()
Then, for the first subsystem, choose

L=[3 2]", Q=TI

It follows that the Lyapunov equation (17) has a unique
solution:
0.5 —05
A= [ —-05 1 }

and the solution to equation (19) is H; = 0.25. As M; =
—3.25, let Ay = 3.25. Thus the solution of equation (32) is
II; = 0.5. Now, for the second subsystem, choose

L2:O7 Q2:2



It follows that the Lyapunov equation (17) has a unique
solution P, = 1 and the solution to equation(19) is Hy =

—1. As
-3 0
=55
let
1 0
Ao = { 01 } . (56)
Then,
0.1667 0
Mz = { 0 025 }

By direct computation, it follows that the matrix W7 4 W
is positive definite in the domain  defined in (50).
Thus, all the conditions of Theorem 1 are satisfied which
implies that (33) — (34) is an observer. Based on the
parameters provided above, the observer (33)—(34) has been
well defined.
For simulation purposes, the controllers are chosen as:

Uy = _Cll — 2<12 and wuo = cos CQ +5
The simulation results in Figure 1 shows that the designed
observer estimates the states of the interconnected system
r1 = C01($11,£12,1‘13) and To = col (.7321,3)22,.%23) in
(44) — (57) even though the system is not asymptotically
stable.

11

12
o Xy
— . — . estamation ofx11
— . — . estamation ofx12

— . — . estamation ofx13

0 2 4 6 8 10
Time s
5 T T T
= X1
\\ P X
oly A= = 22
D X3
5 \ — — - estamation of x,,,
N N — . — . estamation of Xy,
—10} \ - — - — - estamation of x,,,
\
-15 . L . .
2 4 6 8 10
Time s

Fig. 1. The time response of both Ist and 2nd subsystems, the states
z1 = col (w11, 12, 213) and their estimation £1 = col (211, %12, %13),
the states xo = col (x21,x22,%23) and their estimation &2 =
col (Z21, &22,Z23)

VI. CONCLUSIONS

In this paper, a class of nonlinear large scale intercon-
nected systems with uniform relative degree have been
considered. An asymptotic observer is developed for an
uncertain system representation using a Lyapunov approach
together with a geometric transformation which has been
employed to exploit the system structure. It is not required
that either the isolated nominal subsystems or the inter-
connections are linearizable. Robustness to uncertainties is
enhanced by using the system structure and the structure of
the uncertainties within the design framework.
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