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Abstract

We introduce the theory IHy of interacting Hopf algebras, parametrised over
a principal ideal domain R. The axioms of IHy are derived using Lack’s
approach to composing PROPs: they feature two Hopf algebra and two
Frobenius algebra structures on four different monoid-comonoid pairs. This
construction is instrumental in showing that IHy is isomorphic to the PROP
of linear relations (i.e. subspaces) over the field of fractions of R.
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1. Introduction

We introduce the theory of Interacting Hopf Algebras, characterising lin-
ear relations. Its equations are obtained via Lack’s composition of PROPs [1].

Diagrammatic formalisms are widespread in various fields, including com-
puter science, control theory, logic and quantum information [2]. Several
recent approaches [3], 4, [5, ©, [7, 8, [0 10, 11, 12}, 13|, [14] consider diagrams rig-
orously as the arrows of a symmetric monoidal theory (SMTs). By SMT
we mean a presentation of a PROP: a set of generators—the syntax of
diagrams—together with a set of equations that, in conjunction with the
usual laws of symmetric monoidal categories, give the notion of diagram
equality. Of particular importance are SMT featuring both algebraic and
coalgebraic structure, subject to compatibility conditions: notable examples
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are Frobenius algebras and bialgebras whose equations witness an interaction
between a commutative monoid and cocommutative comonoid.

Lack [I] showed that several such situations can be understood as arising
from PROP composition where a distributive law—a notion closely related to
standard distributive laws between monads [I5]—witnesses the interaction.
The beauty of this approach is that one can consider distributive laws to be
responsible for the newly introduced equations, resulting in a pleasantly mod-
ular account of the composite algebraic theory. For example, the equations
of (strongly separable) Frobenius algebra [16] can be obtained in this way.
Another example is the theory of bialgebras: here monoids and comonoids
interact through a different distributive law, thus yielding different equations.

Our chief original contribution is the study of the interaction of the PROP
HAg of Hopf algebras, parametrised over a principal ideal domain R, and its
opposite HAZ?. As in the case of the PROP of commutative monoids and its
opposite, two different distributive laws can be defined, yielding TH>” and TH?
respectively. Our main theory of interest IH is the result of merging together
these two equational theories. These ingredients constitute the topmost face
in the following commutative cube in the category of PROPs.

HA, + HA TH
me=—— °| m, < |
" | X . @)
~ Mat R + Mat R°? — — Span(MatR)
Cospan(Mat R) SV,

The bottom face of describes the linear algebraic nature of our SMTs.
First, HAy is isomorphic to the PROP MatR of R-matrices. Second, since
the equations of IH? and TH" arise from distributive laws, these SMTs iso-
morphic to PROPs of spans and cospans of R-matrices, respectively — these
latter PROPs exist because Mat R has pullbacks and pushouts whenever R
is a principal ideal domain. The isomorphism between [Hg and SV, follows
from the fact that the top and the bottom faces of are pushouts. SV, is
the PROP of linear relations over the field k of R-fractions: an arrow n — m
is a k-linear subspace of k™ x k™, composition is relational.

We contend that IHy is a canonical syntaz for (finite dimensional) lin-
ear algebra: linear transformations, spaces, kernels, etc. are all represented
faithfully in the graphical language. This perspective will be pursued in the



paper: several proofs mimic—at the diagrammatic level—familiar techniques
such as Gaussian elimination. We believe that that the string-diagrammatic
treatment of linear algebra is of cross-disciplinary benefit: indeed, some ap-
plications of the theory herein have already been developed; see below.

Applications and related work. For different choices of R, the theory of
interacting Hopf algebras has several applications in diverse disciplines. A
particularly interesting instance is the polynomial ring R = Riz]: IHy, is
a string-diagrammatic account of signal-flow graphs, which are foundational
structures of control theory and signal processing that capture behaviour
defined via recurrence relations/differential equations. IHy,; provides a for-
mal syntax and semantics, a sound and complete equational theory and an
analogue of Kleene’s theorem [17] stating that all rational behaviours can be
denoted within IHg,;. The interested reader is referred to [10, 111, 12].

After the submission of [10] and the appearance of an earlier version of
this manuscript on arXiv (http://arxiv.org/abs/1403.7048), Baez and
Erbele [13] independently gave an equivalent presentation of IHg,;. The main
difference is our use of distributive laws, which enables us to obtain IH; = SV,
using universal properties as well as the span/cospan factorisations in IH.

An earlier conference version of this work appeared in [20] and only con-
sidered the theory IH,,, which also has significant applications. First, it
is closely related to the algebra of stateless connectors [21], modeling con-
current interactions of software components. Second, it is the phase-free
fragment of the ZX-calculus [4, 22], an SMT for interacting quantum observ-
ables which originated in the research programme of categorical quantum
mechanics [3, 23]. Completeness for ZX has been intensively studied in re-
cent years [24} 25, 26] and our work yields a free model SV, for the phase-free
fragment. Our modular analysis also gives new insights about the algebra
of quantum theories: while the Frobenius structures have traditionally been
regarded as being fundamental, our construction reveals that the basic blocks
are Hopf algebras, and the Frobenius equations arise by their composition.

Synopsis. Section [2| provides the background on SMTs and composing
PROPs. In Section [3| we recall the theory of Hopf Algebras on a princi-
pal domain R and show that it presents the PROP of R-matrices. Section
introduces a mild generalisation of Lack’s technique for composing PROPs,
which is needed to accommodate the case of interacting Hopf algebras.

In Section [5| we introduce the theories of interacting Hopf algebras for
span and cospans of R-matrices. First, TH>> and its compact closed structure
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are introduced (Subsection . Then, Subsection is devoted to proving
that TH® presents the PROP of spans of matrices. Finally, in Subsection
we also give the presentation TH for cospans of matrices.

Section [6] concerns the theory of interacting Hopf algebras for linear sub-
spaces. To obtain the characterisation we show that the bottom face of is
a pushout (Subsection[6.1)) and that the rear faces commute (Subsection [6.2).

Section [7] is an example of our construction: the theory of interacting
Hopf algebras for rational subspaces.

2. Background

Notation. Cla,b] is the set of arrows from a to b in a small category C,

composition of f: a — b, g: b — cis written f;g: a — ¢. We will sometimes

: eC :
write a 5 b or a 255 b for f:a — bin C. When names are unnecessary

we simply write % or = if C is clear from the context. For C symmetric
monoidal, @ is its monoidal product and o,5: a b — b® a is the symmetry
associated with a,b € C. Given C with pullbacks, its span bicategory has the
objects of C as 0-cells, spans of arrows of C as 1-cells and span morphisms
as 2-cells. We denote with Span(C) the category obtained by identifying the
isomorphic 1-cells and forgetting the 2-cells. Dually, if C has pushouts we
can form its bicategory of cospans and denote with Cospan(C) the category
obtained by identifying the isomorphic 1-cells and forgetting the 2-cells.

2.1. PROPs

A one-sorted symmetric monoidal theory (SMT) is determined by (X, )
where ¥ is the signature: a set of gemerators o: n — m with arity n and
coarity m where m,n € N. The set of X-terms is obtained by combining
generators in X, the unit 7d: 1 — 1 and the symmetry o;;: 2 — 2 with ;
and @. This is a purely formal process: given ¥-terms t: k — [, u: | — m,
v: m — n, we construct new Y-terms t;u: k > mand t ®v: k+n — [+ n.
The set E of equations contains pairs of Y-terms of the form (¢,¢:k — 1); the
only requirement is that ¢ and ¢’ have the same arity and coarity as Y-terms.

SMTs are presentations of PROPs [27] [I] (product and permutation cat-
egories). A PROP is a strict symmetric monoidal category with objects nat-
ural numbers, where & on objects is addition. Morphisms between PROPs
are identity-on-objects strict symmetric monoidal functors. PROPs and their
morphisms form the category PROP. Any SMT (X, E) freely generates a
PROP by letting the arrows n — m be the set of X-terms n — m modulo
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the laws of symmetric monoidal categories and the (smallest congruence con-
taining the) equations ¢t = ¢’ for any (¢,¢') € E. There is a natural graphical
representation of these terms as arrows of monoidal categories (see [6]): we
will commonly refer to these string diagrams as circuits.

For example, let (X, Eyr) be the SMT of commutative monoids. The
signature X,; contains two generators: multiplication — which we depict as
a circuit p}: 2 — 1 — and unit, represented as [o}: 0 — 1. Graphically,
the generation of 3j/-terms amounts to “tiling” T} and [} together with
the circuit DJ (011: 2 — 2) and  (idy: 1 — 1). Equations E,, assert
associativity , commutativity and identity .

= a1y Di=p=>} @2 Dol=hHh>t (A3

Let M denote the PROP freely generated by (X, Ear). For later refer-
ence, we also introduce the PROP C of commutative comonoids, generated
by the signature consisting of circuits f«J, fo] and the following equations.

=11 A9 fd=1q A5 L[ d=rCg (A6

Modulo the white vs. black colouring—which will be justified later—the
circuits of C can be seen as those of M “reflected about the y-axis”. This
observation yields C = (M).

Remark 2.1 (Models of a PROP). The assertion that (X, Ey) is the
SMT of commutative monoids—and similarly for other SMTs appearing in
our exposition—can be made precise using the notion of model (sometimes
also called algebra) of a PROP. Given a strict symmetric monoidal category
C, a model of a PROP T in C is a symmetric strict monoidal functor F: T —
C. Then Model(T, C) is the category whose objects are the models of T in C.
Turning to commutative monoids, there is a category Monoid(C) whose
objects are the commutative monoids in C, i.e., objects x € C equipped with
arrows t®x — x and I — x, satisfying the usual equations. Given any model
F: M — C, it follows that F(1) is a commutative monoid in C: this yields
a functor Model(M, C) — Monoid(C). Saying that (X, Epr) is the SMT of
commutative monoids means that this functor is an equivalence natural in C.
We shall not focus on models as they are not necessary for our applications:
for us, the theory THy of Interacting Hopf Algebras is more interesting as a
diagrammatic language to express and reason about linear systems.



We will sometimes adopt the language of formal logic and refer to the free
PROPs which arise from SMTs — e.g. to the examples above — as syntactic
PROPs in order to distinguish them from semantic PROPs: an example of
the latter is F where arrows n — m are functions

{0,....n—1} = {0,...,m —1}.

There is an isomorphism M = F that takes circuits (syntax) ¢ € M[n, m] to
functions (semantics) of type {0,...,n—1} — {0,...,m —1}. For instance,
Dot @ [o}: 2 — 2 maps to the function f: {0,1} — {0,1} constant at 0.

As observed by Lack [I], PROPs can also be seen as objects of a certain
coslice category. To explain this, we need to introduce PROs: these are strict
monoidal (i.e. not necessarily symmetric) categories with objects the natural
numbers and addition as monoidal product. Morphisms of PROs are strict
monoidal identity-on-objects functors. The PRO of permutations P, where
P[n,m] is empty if n # m and otherwise consists of permutations on an
n-element set, is of particular interest. PROPs can be understood as some
of the objects of the coslice category P/PRO, where PRO is the category
of PROs and their morphisms. In fact, PROPs define a full subcategory
since morphisms of PROPs are those morphisms of PROs that preserve the
permutation structure. Working in the coslice is intuitive: e.g. P is the initial
PROP and to compute T; + Ty in PROP one identifies the permutations
of Ty and Ts. For SMTs, a useful observation is that if T; is presented by
(21, El) and TQ by (227 Eg), then Tl +T2 is presented by (21 (] 22, E1 ) EQ)

2.2. Composing PROPs

The sum Ty + T is not a typical way of combining theories: more usual
is to quotient T; + Ty by equations that express some compatibility between
structures in Ty and Ts. This is a standard pattern in algebra: e.g. a ring is
given by a monoid and an abelian group, subject to equations that ensure that
the former distributes over the latter. Similarly, bialgebras and Frobenius
algebras describe two different ways of combining a monoid and a comonoid.

In [1] Lack shows how these phenomena can be understood as arising from
the operation of composing PROPs; we now give a brief account. As shown by
Street [I5], the theory of monads can be developed in an arbitrary bicategory.
Similarly to how small categories are monads in the bicategory of spans in
Set—see e.g. [28]—PROPs are monads on P in the bicategory Prof(Mon)
of strict monoidal categories and profunctors [I]. PROPs T; and Tj can be



composed via a distributive law \: Ty ; Ty — Ty ; Ty between the associated

monads, and A makes T ; Ty into a PROP whose arrows can be seen as formal

. €T €T : :
pairs n JEn, 95T 1 of an arrow in T, then one of Ty. A key observation

is that (the graph of) A gives a set of equations =2 =-ty— 11 €12 "1 fact, if
T, and Ty are syntactic then Ty ; Ty is presented by the equatlons of Ty + Ty
together with those obtained from .

For example, composing PROPs C and M of commutative comonoids
and monoids yields the PROP of commutative bialgebras. First observe that
circuits of C correspond to arrows of F?, because C = (M) = F°?. We can

then express a distributive law A: M[; C = C; M as having the type F; F°? =

[P ;F. This amounts to saying that A maps cospans n T to spans

pelF q€eF
—

m. Defining this mapping via (chosen) pullback satisfies the
conditions of distributive laws [I]. One can now read the relevant equations
from pullback squares in F. For instance:

1 Dt o1
2<6>0 = 2§< >0 yields  $otife] = La];[ ]

where the second diagram is obtained from the pullback by applying the
isomorphisms F = M and F°? = C. In fact, the equations C; M arise from
(those of C + M and) just four pullback squares (see [Il, §5.3]) that yield:

e = 1] (A7) pd={S2 @y
~d=[ (A9) = (A10)

Therefore C; M is the free PROP of commutative bialgebras, obtained as
the quotient of C + M by (A7))-(A10). Furthermore, each circuit c: n — m

can be factorised as n <5-=% m and the SMT of commutative bialgebras is
a presentation of the PROP Span(F) = F° ; I of spans.

There is a dual presentation of Cospan(F). The distributive law, of type
C;M = M;C, is defined by pushout in F. Its equations are presented
by the PROP of strongly separable Frobenius algebras [16]. We refer to [I]
for the details. Interestingly, the Frobenius equations also appear in our
development (Section , though for different reasons.




3. Hopf Algebras: the Theory of Matrices

In this section we recall the folklore presentation of the PROP of matrices
over a principal ideal domain R. The resulting theory HAg of R-Hopf algebras
is constructed in a modular fashion, by composing PROPs. First, let R be
the PROP generated by the signature consisting of scalars for each k € R
and the following equations, where ky, ks range over R.

o= @A foet- (A12)
Our building blocks in this section are M, C (introduced in Section
and R, which we compose together using distributive laws of PROPs.

Lemma 3.1.

o There is a distributive law o: M ;R = R ;M yielding a PROP R ;M
presented by the equations of R + M and, for all k € R:

Dol = 12xl (A1) o®} = [} (A14)

o There is a distributive law 7: R;C = C;R yielding a PROP C;R
presented by the equations of C + R and, for all k € R:

o = 2] (AlD) =[] (A16)

PRrooF. For the first statement, let T be the PROP obtained through quo-
tienting R + M by and (Al14). Then R and M are subcategories of
T and equations and yield a representation of each circuit of T
as one of R followed by one of M, which is unique up-to-permutation. This
factorisation, by [I, Th. 4.6], induces the required distributive law of PROPs.
The proof of the second statement is similar. O

We now combine the distributive laws of Lemma/|3.1jand \: M; C = C;M
introduced in Section to build the composite PROP C ;R ; M.

Proposition 3.2. There is a distributive law 6: M; (C;R) = (C;R);M
yielding C; R ;M presented by the equations of (R;M) 4+ (C;R) + (C; M).

PrOOF. In [29] Cheng shows that the natural transformation 6 := Az ;Co
(or, equivalently, the natural transformation ¢ := RA;7y: (R;M);C =
C;(R;M)) is a distributive law yielding the monad C;R ;M provided that
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the three distributive laws A, o and 7 satisfy the Yang-Baxter compatibility
condition. This is given by commutativity of the following diagram, which
can be easily verified by case analysis on the circuits of M ;R ; C.

Mo M;C;R—>>\R C;M;R

—— T
M;R:;C C;R;M

o> RA —mr

¢ R;M;C—R;C;M ™

As shown in [29], the multiplication for the monad C;R ;M — and thus
composition in the PROP C;R;M — is equivalently defined by 6 or ¢.
This means that the equations holding in C;R ;M are all those given by the
distributive laws composing # and ¢, that is, A\, o and 7. By the presentation
of these laws given in Section and Lemma (3.1} it follows that C;R ;M
can be presented by the equations of (R;M) + (C;R) 4 (C; M). O

The PROP R only accounts for the multiplicative part of R. In order to
describe also its additive component, and thus faithfully capture R-matrices,
we need to quotient C; R ; M by two more equations.

Definition 3.3. The PROP HAg is defined as the quotient of C;R;M by
the following equations, for all ky, ke € R:

o= @ o= (A18)

Remark 3.4. The name ‘R-Hopf algebra” is justified by the principal ideal
domain Z. Indeed, as we shall see in Section [7, the presenatation of HA,
consists of the usual equations of (commutative) Hopf algebras (see e.g. [9,

30, [31]). Indeed, HA, can be presented by equations (A3])-(A10) and those
(A11))-(A18)) where k ranges over {—1,0,1}: is the antipode, which
we write (- = . The well-known Hopf law holds in HAg:

-9 - (5
Any circuit in C;R;M, and therefore also any circuit in HAg, can be

factorised as <55 Moreover, by (A17)-(A18), we can assume that any
port on the left (i) has exactly one connection with any port on the right, and
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by (A12)) and (i) that any such connection passes through exactly one scalar
@. In diagrams we will typically omit to draw 1 scalars, by virtue of ,
and omit the 0 scalar by , leaving the ports in question disconnected.
A circuit b; s;w satisfying (i) and (i7) is said to be in matriz form — in such
circuits we say that there is a k-path from ¢ to j if k is the scalar on the path
from the ith port on the left to the jth port on the right, assuming a top-
down enumeration. Circuits in matrix form have an obvious representation
as R-matrices, as illustrated below.

Example 3.5. Consider the circuit t € HAg[3, 4] (on the right) and its rep-
resentation as a 4 x 3 matrix (on the left).

B ky
i T 1
| M:<k2

0

1o o

o= OO

O O oo

Note M;; = k exactly when there is a k-path from j to i.

We will often write for the circuit, in matrix form, corresponding to
a matrix A. We now make the matrix semantics of circuits in HAy formal:
write MatR for the PROP whose arrows n — m are m X n-matrices over
R, where ; is matrix multiplication and A @ B is the matrix (’3 g) The
symmetries are permutation matrices. Given matrices A: n — z, B: m — z,
C:r—nand D:r — m, we write (A| B): n+m — 2z and (£): 2 > n+m
for the matrices given by universal property of the biproduct n + m: the
notation reflects the way these matrices are constructed.

Definition 3.6. The morphism Sys,: HAz — MatR s defined inductively:
=t B o0y K&e () B ()

sHt— SHAR(3> © SAB(t) s;t— SHAR<3) ;SAB(t)

where 1: 0 — 1 and j: 1 — 0 are the unique arrows given by univeral prop-
erties of 0 in MatR. It follows that Sya, is well-defined, as it respects the
equations of HAg.

The following folklore result is of central importance for the original tech-
nical developments in this paper.
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Proposition 3.7. Spy,: HAzx — MatR is an isomorphism of PROPs.

PROOF. Since Spy, is identity-on-objects, it suffices to prove that Sy, is
full and faithful. Fullness is immediate: given a matrix M, it is clear how to
generalise the procedure described in Example|3.5|in order to obtain a circuit
in matrix form that maps via Sy, to M. For faithfulness, recall that any

circuit of HAy can be first factorised as 6 5 S and then put in matrix
form. Therefore, it suffices to check that, for ¢,d: n — m in matrix form,
Smag(€) = Smag(d) implies ¢ = d. This follows by induction on n, m. O

We are interested in the interaction of HAy with its opposite HAZ?, which
we now briefly describe. Circuits of HAZ? are represented as those of HAg
reflected about the y-axis, that means, HAZ? is freely obtained by generators
{[«3, D}, Fo], =0, {@&H | k € R} and equations (A1)-(A18) “in the mirror”,
which we indicate with (A1])°P-(A18)?. The duality between HA, and HAZ
is witnessed by the obvious contravariant morphism (-)*: HA; — HAZ".

The PROP HAZ is isomorphic to MatR° via 8, : HAZY — MatR.
This means that, since Sga, maps f«J to (1) € MatR[L, 2], then Stia, MAaps
D} to (1) € MatR?[2,1]. Therefore, one should intuitively follow the same
procedure of Example to compute the matrix of a circuit in HAZ?, but
reading the circuit from right to left — meaning that columns are ports on
the right boundary and rows are ports on the left boundary. We shall draw

for the image under (-)* of the circuit representation of the matrix A.

4. Generalising Distributive Laws by Pullback and Pushout

The theory of interacting Hopf algebras is obtained by combining HAg
and HAZ” using the techniques introduced in Section [2.2] For this, the orig-
inal formulation by Lack [I] is too restrictive. Recall that Lack identifies

PROPs T and S with monads on P in Prof(Mon). The 1-cell T;S consists of

pairs ﬂg—es—h where (f, g) and (f’, ¢’) are identified if they are “equal up-to

permutation”, i.e. if 3 an arrow 7 in P such that f;7 = f  and 7;¢ = g.
This, roughly speaking, amounts to identifying the permutations of T and S.

This is the case for the distributive law F ;F°? = F° ; F defined by pull-
back in F (Section . However, this is a particularly fortunate situation:
(co)limits in F are unique up-to permutation, because in F permutations
happen to coincide with the isomorphisms. In general, isomorphisms in an
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arbitrary PROP T include but do not coincide with permutations. This pre-

vents us from using pullbacks to obtain a distributive law T ; T = T ;T
fET geTeP and f’eT\ g'eToP

tion, pulling back 58 and L& yields isomorphic pairs of arrows, but the
witnessing iso is not necessarily a permutation.

We therefore propose a mild generalisation of Lack’s approach that allows
us to consider distributive laws by pullback (resp. pushout) for an arbitrary
PROP T with pullbacks (resp. pushouts). For distributive laws involving
T and T, we need to identify more structure shared by the two PROPs,
namely the sub-PROP J (called the core of T) whose arrows are the isomor-
phisms in T. Formally, this amounts to view PROPs T and T not as monads
on P but rather on J. Then, composites T ; T and T ; T in Prof(Mon) will
identify composable pairs of arrows when they are equal up-to an arrow of
J, i.e., up-to iso in T.

in the sense of Lack: given

> equal up-to permuta-

Proposition 4.1. Let T be a PROP and J the core of T.
1. T and T° are monads on J in Prof(Mon).

2. If T has pullbacks, there is a distributive law of type T ; T? = T ;T,
defined by pullback, yielding the PROP T ; T = Span(T).

3. If T has pushouts, there is a distributive law of type TP ;T = T ; T,
defined by pushout, yielding the PROP T ; T°? = Cospan(T).

PrOOF. It is routine to check commutativity of the relevant diagrams. The
reader may consult [32, Sec. 2.4.5] for the details. O

Remark 4.2. Rosebrugh and Wood [28] consider distributive laws of cate-
gories and investigate distributive laws by pullback and pushout. To do this,
they propose to relax the definition of distributive law so that the associated
conditions are required to hold up-to an arrow of a fized groupoid J (in our
case, J is the core of T ). This yields a bicategory as the result, which can be
turned into a category by quotienting hom-sets by equivalence up-to J.

This construction does not work for PROPs: differently from categories,
distributive laws of PROPs need to be well-defined as mappings between equiv-
alence classes of pairs of arrows equal up-to permutation, which as explained
above is not guaranteed for the case of pullback and pushout. Our mild gen-
eralisation of Lack’s approach handles this challenge while staying within the
confines of the standard notion of distributive law.
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5. Interacting Hopf Algebras I: the Theories of Spans and Cospans
of Matrices

In this section we commence the exploration of several theories that arise
from composing HA; with HAZ? which is the main focus and contribution
of this work. Collectively, we refer to them as interacting Hopf algebras.

We first introduce THY” — the superscript Sp represents the fact that THZ?
will be shown to be the theory of spans of R-matrices. In § we introduce
TH", which will be shown to be the theory of cospans of R-matrices.

Definition 5.1. The PROP TH' is the quotient of HA; + HAZ by the fol-
lowing equations, where | is any non-zero element and k any element of R.

odl = (W1) [o—]=[] (W2)
Sl=-Dd=1 w3 [Sl=Dd=lT] wy

o—(] = |e-a ] (W5) po| = g (W6)
Bl = Tgpror  (WT) gt =ad®l  (ws)

We fix notation oq: HA, — IH and oo: HA? — IHP for the PROP
morphisms interpreting circuits of HA; and HAZ?, respectively, as circuits
of TH:P. Syntactically speaking, the generators of HAg together with those
of HAZ are also the generators of THY” and therefore we will often abuse

notation by confusing ¢ in HAg with o1(c) in THY, and the same for HAZ?.

The following are some of the derived laws of TH:?, where k is any element
and [ any non-zero element of R (¢f. [Appendix B). In (D10]) below and in
the sequel, we shall use the shorthand notation Jﬁ for the comultiplication

@ from 1 to 3, and more generally @ for the one from 1 to an arbitrary

n. This convention is harmless by ({A6)). We will adopt an analogous notation
for multiplications [r} of arity bigger than 2.

e |= }o (Dl) — [= O—C (D2)
o ™ Gl-let oy
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o] = [} (D5) Do = o (D6)
- (D7) >l = B (D)

B | = = [B__ & (D9)

=y o (D10) = (D11)

Equation (D3) states that the antipodes of HA; and HAZP coincide in
IH;", which allows us to use the same notation {84 for the two of them.
Also observe that, because of and , the black structure in TH?
forms a separable Frobenius algebra [I6]. The white structure, by (W3], also
forms a Frobenius algebra that however is not separable, that is, the equation
@: 1 is not present. The situation is dual (separability for the white
but not for the black structure) for IH investigated in Section

+—o0

5.1. Compact Closed Structure of TH

The PROP IHL® enjoys a self-dual compact closed structure [33]: we
associate n with circuits 7,: 0 — n + n and €¢,: n +n — 0 defined by
induction as follows:

ap: 2 —2:= DJ Qni1: 2(n+1) = 2(n+1) =

M:0—=0=[] Mas1: 0= 2(n+1) =

Q
3
+
[t

=TT

S
—C]

Bo: 2 — 2= :@: Brs1:2(n+1) = 2(n+1) = 9 Eﬂ o

Bn—|—1

€:0—=>0:=[] €nt1: 2(n+1) = 0=

The first three instances of 7,, are:

14



- e e [BE

We will often write for n,, for €, and for ud,. Similarly,
(resp. ) denotes the n-fold monoidal product of fo] (resp. fe]).

T T

Proposition 5.2. THY is self-dual compact closed with structure given by n,,
and €, for each n € TH}.

PROOF. It suffices to verify the following equality, for each n € THL".

n n

S == e, (con)

The details of this derivation in IH? can be found in [Appendix C| 0

As observed in [34, Remark 2.1], we can define a contravariant PROP
morphism (-)* as follows:

n m m n
c — cH— = "

Corollary 5.3. For any circuit c: n — m of IHL?,

= m. o n " n " n
m ! Rle = e (CC2 = n (CC3)

PROOF. The following is the derivation of (CC2)) in IH;*. The one of (CC3))
is analogous.

n
- ne Defc ¥ €D
—‘nm—m

m

0

The following proposition ensures that the notation (-)* used above ac-
tually does not conflict with the one used for the contravariant identity
HA; — HAZ defined in Section[3] in the sense that o (¢)* = oy(c*). First, let
(): IH® — IH be the contravariant PROP morphism given inductively:

15



to] = [o4 [of = ] [ = ] tol = [
Bt = 4 g~ Dt D= g = Dt
@ @ @~ o

“HapH e = Ha A N Clla

Proposition 5.4. ¢* = ¢ for all circuits c: n — m of THLP.

PROOF. The proof is by induction on c. See for the details. [

5.2. THY: the theory of spans of R-matrices

Since R is a principal ideal domain, every submodule of a free module is
itself free (see e.g. [35, Ch. 23]): this means that pullbacks in the category
of finite-dimensional free R-modules—which is equivalent to Mat R—can be
computed as in the abelian category of R-modules. Given that MatR has
pullbacks, we can consider the PROP Span(MatR). We now develop the
tools necessary to show that IH}? is a presentation of Span(MatR).

Theorem 5.5. THY” = Span(MatR).

Our proof relies on the properties of composed PROPs. Seeing that
HA; = MatR (Proposition and the fact that MatR has pullbacks we
form the PROP Span(HAg) = HAZ ; HA; via a distributive law

App: HAg ; HA? — HAZP ; HAR
which maps a cospan EHAr, EHAR 46 its pullback span Elhe A, Apb 1S @
distributive law by Proposition |4.1| (¢f. the SMT of bialgebras of Section.
Also, by Propositionwe have that Span(Mat R) = Span(HAg). Therefore,
in order to prove Theorem it suffices to show that all equations of TH?
are derivable in Span(HAg) (soundness) and vice-versa (completeness).

To show soundness, observe that the equations of IH:? are of two kinds:
those of HA; + HAZ?, which are also valid in Span(HAg) by construction,
and equations —. For the latter, each has the shape p;¢* = f*;g,
where p, q, f, g are circuits of HAg, and (f, g) is the pullback of (p, q) in HA.

16



Example 5.6. Equation (W5)) corresponds to the pullback square in HAg on
the left below. The pullback square in MatR 1is illustrated on the right.

PNED
PN

0 2
\1/(1 1)

33
Er\ 1 /@

Smag

It remains to show completeness: we need to verify that any pullback in
HAg (or, equivalently, in Mat R) yields an equation which is derivable in TH".
The proof of Theorem [5.5] thus reduces to the proof of the following.

Proposition 5.7. Given a pullback square in MatR (below left), the corre-
sponding circuit equation (below right) is derivable in TH.

NP
n m
A

n-z-B*m :nrm

Circuits of Invertible Matrices. In order to prove Proposition [5.7] it is
useful to first develop a string diagrammatic treatment of invertible matrices.

Lemma 5.8. For U € MatR[n, n| invertible, the following holds in THY?:

;

PrOOF. Recall that an invertible n x n R-matrix is one obtainable from the
identity n x n matrix by application of elementary row operations. Thus we
can prove our statement by induction on the number of applied operations.

The base case is the one in which no row operation is applied and thus
U = id,. Then we have the following equality in TH>, yielding .

— _ n _ ]

Inductively, suppose that U is obtained by swapping two rows of an in-
vertible matrix V. We can assume without loss of generality that the two
rows are one immediately above the other, with j the number of rows above

17



them and m the number of rows below, where n = j + 2 +m. In circuit
terms, this means that

In order to show , it suffices to prove that the circuit representing U™ is
the inverse of U, that is, U ; U* = id,, = U*; U. This is given by the following
derivations.

J_J .
n | n Axiom SMCs n n n Ind. hyp. n
VES R e vy
J J j_J .
— F—— Ind. hyp ————————— Axiom SMCs
* n P n n

The next inductive case that we consider is the one of row sum. As
above, we may assume that such operation is applied to adjacent rows of
an invertible matrix V. The circuit representing U has the following shape,
where j + 24+ m = n:

m

S

=

E

I
-

*

* n
2y By Vi ) n V n 14 Ind_hyp. n

m

J J J
*
WLy (B e @ o @
L m m m

Finally, we have the inductive case in which U is obtained by V' via multi-
plication of a row by a invertible element i € R. We denote with i~* € R
the multiplicative inverse of ¢. The circuit representing U has the following

18




shape, where z + 1+ m = n:

—_— 2

HU— = v

m

and we can derive the desired equalities in IH}® as follows.

z z
] Ln @D . . 0 [[Fln  Idhyp g
V =Ry = Vv Vv i

I
I
IS

GHY My - o (D
m m m
z
(A12) = Wi1)  pn
m

0

The next lemma guarantees that spans which are identified in Span(Mat R)
are not distinguished by the equational theory of TH:’. This means consid-
ering invertible R-matrices, as they are precisely the isomorphisms in MatR;
indeed, recall that arrows of Span(MatR) are isomorphism classes of spans

in MatR: we identify n A 25 mand n € 2 2 m iff there is an invertible
matrix U € MatR|z, z] such that the following diagram commutes:

i )

Lemma 5.9. Let A,B,C,D,U be as in . Then the following equation
holds in THEP:

—AHB = O D

PRrOOF. Since HA; = Mat R, commutativity of ([2)) yields the following equal-
ities of circuits in HAg:
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SOP = HTREA @) SEEDE = B ()
Since HA, is a sub-theory of TH?, these equations are also valid in TH’.
The statement of the lemma is then given by the following derivation.

3

iC D) CHHU D
SHCPHUFBR
nzzzm

AU U B

=

=

Def. (-)*

Lemga[m L{A*;L{U_I}L{U’L{B’ﬂ

-
- ATB

O

The next lemma is an important ingredient in the proof of Proposition[5.7}
it allows us to reduce, in the graphical theory, the computation of pullbacks
to the computation of kernels. In the following, we use the notation Ker(A)
for the matrix representing the kernel of A — or, more precisely, the indicated
arrow in the pullback square below:

er T oo
N

n 0
AN A

Lemma 5.10. Given a pullback square in MatR as on the left, the equation
on the right holds in TH}”:

C NP )
n m
N

) [t = o [Ker(A | —B)E

T
S

20



PrOOF. The pullback of A: n — z and B: m — z in the category of R-
modules and linear maps can be obtained by computing the kernel of the ma-
trix (A|—B). The pullback span (C’ and D’) then arises by post-composing
Ker(A| — B) with the projections out of the biproduct n & m.

Ker J| B)

R™ @ R™
\AI B/

Thus the spans L and £ are isomorphic and, using the conclusion of
Lemma [5.9] we infer that

= oD (V)

from which follows that

®@ » C
We can now conclude the proof of our statement:
C

Def C =n =/ n Def. (&
D C’
nm <ﬁ> e = - Ker(A ‘ 7B) ntm .

O

5
@Q

Computing Kernels in TH". We now describe how the kernel computa-
tion of a matrix can be formulated within the equational theory of TH?. We
first recall some linear algebra that will be used in our argument.

Definition 5.11. An m x n matriz A is said to be in Hermite normal form
(HNF) if there is a natural number r < n and a strictly increasing function
f:[r+1,n] — [1,m] associating to each column i a row f(i), such that:

1. the first r columns of A have all entries with value 0;
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2. for all columns i withr +1 <1 <n, Ay, #0 and
3. forall j > f(i), Aj; =0.

A matrix in HNF is given in Example below. In the following we list
some useful properties of the HNF, the first of which is immediate.

Lemma 5.12. Suppose that A is an m X n matriz in HNF and fiz a column
i <mn. Then Asuy; = 0 for all columns j <.

Every R-matrix A is column-equivalent to some matrix B in HNF (see e.g.
[36, 37]). The transformation of A into B can be encoded as an invertible
matrix U, obtained by applying to the identity matrix the sequence of ele-
mentary column operations allowing to pass from A to B. Then B = AU
and we can compute from U the kernel of A as follows.

Proposition 5.13. For an m x n matriz A, let B = AU be its HNF and
r < m the number of initial O-columns of B. Then the first r columns of U
form a basis for the kernel of A.

PROOF. A proof can be found for the PID of integers in [37, Prop. 2.4.9],
which we reformulate here for an arbitrary PID. We include the details be-
cause the next result will be essentially a graphical rendition of the argument.
For ¢ < r, let u; be the i-th column of U. By definition Au; = B;, which
is a 0-vector because 7 < r. Thus all first r columns of U are elements of
the kernel of A. Conversely, let x be a vector such that Ax = 0. Then
Ax = AUU'x = BU 'x because U is invertible. Let yi,...,y, be the
coordinates of y := U~'x. For each i in [r + 1,n], we show that y; = 0, by
backward induction on ¢. This unfolds as a kind of “chain reaction”:

(I) if i = n, let f(n) be given as in Definition [5.11} Since By = 0, then
the f(n)-th coordinate of By is

By + -+ Byt = 0. (A)

By Lemma [5.12, Bf).1,. .., Bfm)n—1 are all equal to 0, meaning by
@ that By nyn = 0. By property 2 of HNF, By,),, # 0 and thus,
since R has no non-zero divisors, y, = 0.

22



(II) For ¢ with r <4 <n, the f(i)-th coordinate of By is By 191 + -+ +
Byiynyn = 0 and by induction hypothesis y; = 0 for all j such that
i<j <mn. By Lemmam Bi(iya, - -, By@)i—1 are all equal to 0, which
means, analogously to the base case, that By y; = 0 and since By ;
then y; = 0.

(III) Thus we proved that the coordinates y,.1,...,y, of y are equal to 0.
Instead the first r coordinates of y can be arbitrary, because the j-th
row of By, for j <r,is give by Bj1y1 + -+ + By, = 0 and we know
that, by property 1 of HNF, the entries B, 1, ..., B;, have value 0.

Therefore the kernel of B is generated by the first r canonical basis vectors
ci,...c. of R". Since B = AU, then Ucy,...,Uc, form a basis for the kernel
of A. But those are just the first  columns of U: hence we have proven the
statement of the theorem. OJ

We now recast the core of Proposition “in purely graphical terms”.
For an instance of the construction used in the proof, see Example [5.15

Lemma 5.14. Let B be an m x n R-matriz in HNF and r the number of
initial 0-columns of B. Then the following holds in TH’:

n m —®
B

ProOOF. The idea is to show that the kernel computation described in the
proof of Proposition [5.13| can be carried out on circuits using the equational
theory of IHZ?. Since B is in HNF, the corresponding circuit (in matrix form)
can be assumed of a particular shape, that we depict below right.

P is some circuit only made of symmetries DJ

’
. —'eo

and scalars JElas basic components. By prop- 1 G o

erty 1 of HNF, the first » columns of B only oG P

have 0 entries, meaning that the topmost r : ;o >0

ports on the left boundary are not connected "’T;l i < o

to the right boundary. Also, by Lemma [5.12
we know that the f(n)-th row of B (where
f:[r+1,n] — [1,m] is as in Definition
has only one non-0 value k£ € R, at position
By(n)n- In circuit terms, this allows us to as-
sume that the f(n)-th port on the right

DYENE

o
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boundary only connects to the n-th and last port on the left boundary. As
yet another consequence of the definition of HNF, we know that, for each
i with m > i > f(n), row i only has 0 entries, allowing us to represent all
the rows below f(n) in the circuit above as ports on the right boundary not
connected to any port on the left. Once we plug counits on the right of the
circuit representing B, we trigger the chain reaction described in the proof
of Proposition which we now reproduce in circuit terms. By backward
induction on ¢ with n > ¢ > r, we construct circuits B, ..., B,y such that:

Bl = i Bytro =-oo= Bl e = Tt

Clearly, this suffices to prove the main statement.

(I) For the base case, suppose i = n. Since k # 0, we can use the derived
law (D10) of TH® to “disconnect” the n-th port on the left from any
port on the right. We define B,, in terms of the resulting circuit.

1 17
r+1 4—a;] [i p—1—o r+1 +—e(| B el
r«\.»274<: : P [ r—o T+2‘_‘<_ : P i o
nil 7—(. B HIE " n— _ : 'C: HIE R U B m o
n ; D}——O - nl 1o g: 33——0 - n
g olo
813 s
S
B

by,

We assign the name P, to the circuit P depicted above and proceed
with the inductive step of ¢ with n > i > r.
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(IT) The inductive construction gives us a circuit
B;11 as on the right. The ¢-th port on the
left boundary corresponds to column ¢ in B+
and thus it is assigned a row f(i). This 1
corresponds to the f(i)-th port on the right  * ]
boundary of the circuit representing B;,,. By
Lemma [5.12 such a port has no connections
with ports 1,...,7 — 1 on the left boundary.
Moreover, by inductive hypothesis it also has C g
no connections with ports ¢ + 1,...,n on the Bi—l—l

left boundary. Therefore port f(7) on the right
connects only to port ¢ on the left. These connections are part of the

circuit P;.; — which by inductive construction only contains ©J and
as basic components. It should then be clear that we can “move
port f(i) towards the left side of the circuit”, isolating its connections
from the others in P, 1, while preserving equality in TH>’. The resulting
circuit is the depicted below, where P; results from the rearrangement
of P41 in order to allow the move of port f(i) towards the left side of
the circuit.

Pitq

i+1

SSIERAA,

9S8 N P!

b

=

5

P;

9.9 )" A AL

9-79-9
10

We now focus on the sub-diagram depicting the connection of port ¢
on the left with (former) port f(¢). In the derivation below, (D10]) can
be applied because ki = By, # 0.

7 @ ]
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Thus @ is equal to the circuit below left, from which we define B;.

r+1
2-1 1

Z
i1

n

?J%J%?J)?M !
IR A

IS

P

| B,

(III) Finally, at step 7 + 1, our inductive construction produces a circuit as
on the left below. We have disconnected all ports ¢ on the left and all
ports f(i) on the right: P,;; only contains the entries {2} on rows not
in the image of f (if any). We can then easily remove also this last

NN e

piece of information.
e o]
r+1 40 OT :
: ol
o
o
o_

\- /

Br—|—1

(A14),(AT)

r+1 4

n

10

7-99-97 1.9
NDYDIE!

W) —e
— n-r
—0

For the first equality, observe that by inductive construction P, is
only made of basic components of the kind DJ and @: the white
units plugged on the left boundary of P, cancel DJ by naturality of
symmetries in the symmetric monoidal category TH:? and cancel @

by (A14)). The second equality holds by repeated application of (W2]).

Example 5.15. We show the construction of Lemma [5.1

matrix form that represents the following Z-matrix in HNF.

[ el

SO OO

2
1
1
0
0
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117
588
117
588

Given A € MatR[n, m| and r < n, let the r-restriction of A be the matrix
A, € MatR[r, m] consisting of the first r columns of A. It is useful to make

the following observation.

Lemma 5.16. Let U € MatR[n,m| be a matriz and fir v < n. Then the

following holds in THLP:

ArTn:

r
n-r Ain

PrROOF. Observe that multiplying the matrix corresponding to oﬁ by A
yields A},. Then the statement holds by the isomorphism HA; = MatR. O

We now have all the ingredients to state the soundness of kernel compu-
tation for an arbitrary R-matrix of MatR.

Proposition 5.17. Let A € MatR[n,m| be a R-matriz. Then the equation
below left, which corresponds to the pullback on the right, is valid in TH:.

A

I Ker(A)*

27
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PRroOF. Let B = AU be the HNF of A for some invertible matrix U: n — n.
Consider the following derivation in TH?.

Abte - BT
= n_im

Lemma B3 n

T B
I

- U n-r

2B (U )
Lemma [5.16] ( r n )*

= I‘T.

Prop. n *| r
f— — Ul‘,r.

By Proposition [5.13] the columns of the matrix U},: » — n yield a basis for
the kernel of A. Thus U},: r — n together with j: r — 0 is also a pullback

span in (7)) and since Sga.(j: 7 — 0) = _r, we know by Lemma [5.9| that

U= = "{Ker(4) -

which concludes the proof of our statement. O

We now have all the ingredients to provide a proof of our completeness
statement, from which the characterization result of Theorem follows.

PROOF (PROPOSITION . Let A, B, C, D be as in the statement of Propo-
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sition and consider the following derivation in TH?":

A
“-B]

2 Def. Sya, (A|—B)

Prop;@

Lemma [5.10]

Def. Spag %

Prop. 4

n—+m

. n *T
ey
D]

The proof is concluded by the following derivation, yielding the desired equa-

tion in TH".

m Def. (-)*
AE
o)
(A13),(A12)
Def. (-)*

29
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We detail the various derivation steps. First, we can “bend” our circuit using
the compact-closed structure (-)*. Then we iteratively apply equation ([D1])
to turn the rightmost part of the compact-closed structure from black into
white. This produces z copies of the antipode {#. The third equality is
given by iteratively applying axiom to push the antipodes in front of
each scalar in circuit B, and then multiply all those scalars by the antipode
value —1 using axiom . As a result, we obtain the (circuit representing)
the matrix —B. Then we can easily conclude using derivation . U

This concludes the proof of Theorem As an immediate consequence,
we obtain the following factorisation property.

Corollary 5.18. Let ¢ € TH’[n, m] be a circuit. Then ¢ = oa(c1);01(c2) with
c1 € HAP[n, z] and co € HAg[z, m] for some natural number z.

5.3. THP: the theory of cospans of R-matrices

In this section we provide a circuit characterization of Cospan(MatR).
Since we already have such a result for Span(MatR), and MatR is self-dual
by matrix transpose, then our strategy will be to understand the transpose
in terms of circuits, as this will give “for free” also the syntactic PROP of
Cospan(MatR). We begin with the presentation of Cospan(MatR).

Definition 5.19. The PROP THS is the quotient of HA; + HAZ by the
following equations, for k any element and | any non-zero element of R.

-5 @ -u ®
-SZEZE (B3) §_= (] ZE (B4)
(B5) | = oo (B6)
&1 = @t (B7) Tt = <@ (B8)

Similarly to the case of TH", we write 71: HAr — TH and 7o: HAZ —
THS for the PROP morphisms interpreting circuits of HAz and HAZ, re-
spectively, as circuits of TH.

R
:

The axioms of IH” are the photographic negative of the ones of THY, that
is, they are the same modulo swapping the black and white colors (and the
orientation of scalar circuits). More formally, we inductively define a PROP
morphism N: TH> — TH by the following mapping.

30



fo] = £ [ = [ [t = [} to] =t
Bt = D d = td D = D td - td
Bt (& [@ =B e = N(e);N(E) cdd — N(e) @ N()

The next lemma confirms that N is well-defined.

Lemma 5.20. For all circuits ¢, of TH?, ¢ = ¢ in THY if and only if
N(e) = N() in TH.
PROOF. By construction, the equations presenting IH? are the image under

N of the equations presenting IH". Thus the statement is also true for all
the derived laws of the two theories. 0

Lemma 5.21. N is an isomorphism of PROPs.

PROOF. Fullness of N is easily verified by induction on ¢ € TH® and faith-
fulness follows by the “only if” direction of Lemma [5.20] O

We now specify the matrix counterpart of N. The operation of taking the
transpose of a matrix yields a PROP isomorphism (-)7: MatR = MatR".
This also induces a PROP morphism T: Span(Mat R) — Cospan(Mat R) map-

. A B . AT BT . . .
ping n <— z — m into n — z <— m. To see that this assignment is functo-

rial, observe that pushouts in Mat R — giving composition in Cospan(Mat Z)
— can be calculated by transposing pullbacks of transposed matrices. Be-
cause (-)T is an isomorphism, also T is an isomorphism.

We can now obtain an isomorphism between TH> and Cospan(MatZ) as:

]IHE”—N>]IH;"—§>Span(MatZ)—“T>Cospan(MatZ) . 9)

6. Interacting Hopf Algebras II: the Theory of Linear Subspaces

In this section we give the presentation IHy of the PROP of linear rela-
tions, obtained by merging theories THY and THS. Since we want to identify
the generators of HAg + HAZ on which both THZ® and IHS are based, we
formally define it as the following pushout in PROP.

HA, + HAZ

THE? [p1,02]
X j /
IH,

31
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The PROP morphism © quotients TH:? by the equations of THZ> and A
quotients THS” by the ones of IHP. Then [y, po]: HAg + HA? — THg is
defined by commutativity of the diagram. We can give a presentation of the
resulting theory IHy as follows.

Definition 6.1. The PROP IHy is the quotient of HAx + HAZ? by the fol-
lowing equations, for | any non-zero element of R.

= (11) = (12)
<] =l m Sl=Dg="] @w

o~ = e ] (I5) o | = T me (16)
ot = (I7) KO =F (18)

One can readily verify that the axioms above suffice to present the theory
resulting from the pushout (Top|). In particular, the missing equations from

the presentations of IH? — (W2), (W7) and (W8) — and of TH — (B2),

and (B8) — are all derivable from ([I)-(I8)) (see [Appendix D).
By definition, IH is both a quotient of TH}” = Span(HAg) and of IH" =
Cospan(HAg). Therefore, it inherits their factorisation property.

=

Theorem 6.2 (Factorisation of THy). Let ¢ € THg[n, m] be a circuit.
(i) There exist c; in HAZY and co in HAg such that ¢ = ps(cy);p1(ca).
(ii) There exist c3 in HAg and cy in HAZY such that ¢ = p1(c3) ; pa(ca).

PROOF. The first statement follows by Corollary [5.18 Since TH has been
shown to be isomorphic to Cospan(HAy), then a result analogous to Corollary
also holds for THS?, yielding the second statement. O

Remark 6.3. In the case in which the PID under consideration is actually

a field, we can replace and by the axiom = -”I , for k # 0.

The PROP SV, of linear relations over a field k is defined as follows:

e arrows n — m are subspaces of k" x k™, considered as a k-vector space
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e composition is relational: given V:n — 2z, W: 2z — m,

(x,z) e VW & Ty (x,y) eVA(y,z) eW

e the monoidal product is given by direct sum

e the symmetry n 4+ m — m + n is the subspace {((3), (%)) | x € k" A
y € k™}.

We can now state our main result.
Theorem 6.4. Let k be the field of fractions of R. Then THg = SV,.

The proof consists of the construction of the cube shown in the Intro-
duction. We already noted that the top face (Top|) is a pushout. We next
prove that the bottom face is also a pushout (Section [6.1). Then, in Sec-
tion [6.2], we show commutativity of the rear faces, whose vertical arrows are
isomorphisms. The isomorphism IH; — SV, will then be given by universal
properties of the top and bottom faces (Section .

6.1. The Cube: Bottom Face

In this section we show that the following diagram, which is the bottom
face of the cube , is a pushout in PROP.

Mat R + MatR» "2 Span(MatR)
l‘b (Bot)

SVk

[t1, 2]

Cospan(MatR)

In the diagram above, we define
id A A id
ki(A:n—m)=(n<+n=>m), ka(A:n—m)=(n< m—m),

Ll(A:n—>m):(ni>m<ﬁm) and LQ(A:n%m):(niném).
For the definition of ®, we let ®(n &5 m) be the subspace

{x,y)|xek", yek™ Jzck’®. Az=xANBz=y}.
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Instead, ¥(n A& m) is defined to be the subspace
{x,y) | xek", yek™, Ax =By}

In the sequel we verify that ® and ¥ are indeed functorial assignments.
This requires some preliminary work. Let ModR be the category of finite-
dimensional R-modules and linear maps. We define Mod k analogously. FMod R
and FMod k are the full subcategories of free modules of Mod R and Mod k re-
spectively (note that, of course, FMod k = Mod k). There is an obvious PROP
morphism /: MatR — Matk interpreting a matrix with entries in R as one
with entries in k. Similarly, we have an inclusion J: FMod R — FMod k. This
yields the following commutative diagram, where ~ denotes equivalence.

Mat R — FMod R

| |

Mat k —— FMod k

Lemma 6.5. [: MatR — Matk preserves pullbacks and pushouts.

PROOF. Because the transpose operation induces a duality in both MatR
and Matk, the morphism MatR — Matk preserves pullbacks iff it preserves
pushouts. It is thus enough to show that it preserves pullbacks. This can be
easily be proved directly as follows. Suppose that the diagram

B

r—m
al o (%)
n-—-z
is a pullback in MatR. We need to show that it is also a pullback in Matk.
Suppose that, for some P: ¢ — n, (): ¢ — m in Mat k we have that CP = D@
in Matk. Since R is a PID we can find least common multiples: thus let d
be a common multiple of all the denominators that appear in P and Q.
Then dP: g — n, dQ: ¢ — m are in MatR and we have C(dP) = d(CP) =
d(DQ) = D(dQ). Since () is a pullback in MatR, there exists a unique
H:q— r with AH = dP and BH = d(@). This means that we have found a
mediating arrow, H/d: ¢ — r, in Matk since A(H/d) = AH/d = dP/d = P
and similarly B(H/d) = (). Uniqueness in Matk can also be translated in
a straightforward way to uniqueness in MatR. Basically if H' is another
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mediating morphism and d’ is the least common multiple of denominators in
H' then we must have d'(H/d) = d’H' because of the universal property in
Mat R. Dividing both sides by d’ yields the required equality. 0

We are now able to show that

Lemma 6.6. ®: Span(MatR) — SV, is a PROP morphism.

ProoOF. We must verify that ® preserves composition. In the diagram below
let the centre square be a pullback diagram in MatR.

r
y \Gll\
21 Z9
n z m

FiF) GoG

By definition of composition in Span(MatR), ({2 5) ; (L2 £ = (S22 220,
FIF} GoG

Now, by definition, if (x,z) € ®(+—=——%) then there exist w with

x = Fi1Fjw and z = G2G)w. Therefore (x,z) € @(&%),@(&%) by

commutativity of the square.

Conversely, if (x,z) € @(&ﬂ»,@(&%) then for some y we must

have (x,y) € @(&%) and (y,z) € @(&%) Thus there exists u with
x = Fiu and y = Gju and there exists v with y = Fov and z = Gov. By
Lemma [6.5] the square is also a pullback in Matk and then it translates to a

pullback diagram in FMod k. It follows the existence of w with Fiw = u and

Giw = v: thus (x,z) € @((&ﬂ)) ; (&%)) This completes the proof. [

The proof that also ¥ is a functor will rely on the following lemma.

Lemma 6.7. Let the following be a pushout diagram in FMod k.
U-—>~WwW
L

Suppose that there exist v.€ V, w € W such that pv = qw. Then there
exists u € U with fu=v and gu = w.
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ProoOF. Pushouts in FModk = Modk can be constructed by quotienting
the vector space V + W by the subspace generated by { (fu,gu)|u € U }.
Thus, if p(v) = ¢(w) then there exists a chain uy, uy, ..., u, with f(u;) = v,
g(u) = g(uz), f(uz) = f(us), ..., f(up-1) = f(we—1) and g(up) = w. If
k = 1 then we are finished. Otherwise, to construct an inductive argument we
need to consider a chain uy, uy, uz with f(u;) = v, g(uy) = g(uy), f(uy) =
f(uz) and g(uz) = w. Now f(u; —uy +u3) = f(uy) — f(uz) + f(uz) = v
and g(u; —uz + u3) = g(uy) — g(uz) + g(uz) = w, so we have reduced the
size of the chain to one. O

Lemma 6.8. V: Cospan(MatR) — SV, is a PROP morphism.

PrOOF. We must verify that U preserves composition. Let the square in

the diagram below be a pushout in MatR. By definition of composition in

Cospan(MatR) we have (iﬂ&) : (&H&) _ Rl R2Qr

n z m
k A A A
21 z9
IA A
T

Consider (x,z) € \P(ﬂﬂm—%). Then R1Pix = Ry()sz =y € k". Since

the pushout diagram maps to a pushout diagram in FMod k, we can use the

conclusions of Lemma to obtain y € k* such that 1y = Pix and Py =

(Q2z. In other words, we have (x,y) € \IJ(EH&) and (y,z) € \I/(&H&),

meaning that (x,z) € \P(i&) : \II(&)&)

Conversely if (x,z) € \Il(iﬂ&),\lf(g&) then Jy € k* such that

(x,y) € \I/(EH&) and (y,z) € \P(i&) It follows that Ry Pix = R1Q1y =
Ry Pyy = Ry(Q)2z and thus (x,z) € W(%(RZ—QQ) as required. O

Remark 6.9. The proof of Lemma 6.7 relies on the fact that, for k a field,
pushouts in FMod k coincide with those in Modk. It would not work for an
arbitrary PID R: FMod R has pushouts for purely formal reasons, because it
has pullbacks and is self-dual. However, differently from pullbacks (for which
one can use, as we do in Section that submodules of a free R-module
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are free), pushouts generally do not coincide with those calculated in Mod R.
This asymmetry is the reason why proving functoriality of ¥ requires more
work than for ®.

We now verify some properties of (Bot|).
Lemma 6.10. (Bot|) commutes.

Proor. It suffices to show that it commutes on the two injections into
MatR + MatR®. This means that we have to show, for any A: n — m
in MatR, that

7

(L) = p(S )

and , ,
Oy = w(BE),

These are clearly symmetric, so it is enough to check one. But this follows
directly from the definition of ® and V:

Lemma 6.11. Given an arbitrary PROP X and a commutative diagram

Mat R + Mat R LN Span(MatR)
[L1,L2]j Jr (T)
Cospan(MatR) X

consider the following diagram in MatR:

1
To To

(i) if () is a pushout diagram then F(ig) A(

1

(i) if (¥) is a pullback diagram then F(ig) A(
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(i13) if G ind 292 have the same pushout cospan in MatR then
D(E2 ) = T(£25),

1

() if D & and 2 &2 have the same pullback span in MatR then A(EHQ—) =
AL,
PROOF.

(i) Suppose that P& s the cospan obtained by pushing out L% i
Mat R. Then

(ii) Suppose that L% s the span obtained by pulling back rE Then,
reasoning in a similar way to (i), we get A(ﬂﬂg) = F(ig)

(iii) Suppose that 28 s the cospan obtained by pushing out 9 and
&9 Using (i) we get T(¢295) = A(D &) = 12 %),

(iv) The proof of (iv) is similar and uses (ii). O

Lemma 6.12. The following are equivalent:

(i) n By o & and n 2 20 &2 m have the same pullback in MatR.

(ii) U(2E) = o282,

PROOF. The conclusions of Lemmas and give that (i) = (ii). It thus

suffices to show that (ii) = (i). Indeed, suppose that \I/(EH&) = \Il(&)&)

In particular on elements x € R", y € R™ we have (x) Pix = 1y if and only
if Pox = ()oy. Compute the following pullbacks in MatR:

Fy Fy
rn—m To —>Mm
G1L lQl G2l lQ2
—_— _—

n P 21 n 7 Z9
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By (%) we can conclude that PGy = Q1F, and P,G; = (QoF). This, using

the universal property of pullbacks, implies that the spans S By and &2
are isomorphic. ([l

Lemma 6.13. The following are equivalent:

A e R G .
(i) n < z; — m and n <= z, —> m have the same pushout in MatR

(i) D(LE9L) = o(L2 ),

PROOF. The conclusions of Lemmas and again give us that (i) =
(ii). It thus suffices to show that (ii) = (i). Assume @(&%) = @(&%)
Compute the following pushouts in Mat R:

F1 F2
21 —>N 29 —>T
GlL Q1 GQl le
m _>P1 1 m _>P2 T2
. P @ Py Q2 .
By the conclusion of Lemma|6.11] we have U (—<—) = U(—<—). Applying
the conclusion of Lemma [6.12] P8 and 22 have the same pullback

span. Call this span A5, Then both 25E&% and 22 are the pushout

cospan of ﬁi, thus they must be isomorphic. 0

Lemma 6.14. ®: Span(MatR) — SV, and ¥: Cospan(MatR) — SV, are
both full.

PROOF. Take any subspace S: n — m in SV,. Picking any finite basis (say,
of size r) for this subspace and multiplying out fractions gives us a finite set
of elements in R"*™. In the obvious way, this yields

S1 Sa
n<«—r—m

in Span(MatR) with <I>(<—Si£2—>) — S. Thus ® is full. Let 25 be the

cospan obtained from pushing out S50 MatR. By the conclusion of

Lemma [6.11, (£58%2) = ¢(EL24) = 5, which shows that U is full. O

Theorem 6.15. (Bot|) is a pushout in PROP.
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PROOF. Suppose that we have a commutative diagram of PROP morphisms
as in (f|). By the conclusions of Lemma it suffices to show that there ex-
ists a PROP morphism ©: SV, — X with ©® =T" and ©¥ = A — uniqueness

is automatic by fullness of ® (or of W).
Given a subspace S: n — m, by Lemma there exists a span PINEEN
with ®(EL2) = S, We let ©(S) = T(<X2%). This is well-defined: if

si s S| s
<2 is another span with ®(<—-2) = S then applying the conclusions of

S|
Lemma 6.13|gives us that <% and <% have the same pushout in Mat R.

s, s
Now the conclusions of Lemma [6.11] give us that D(<:2%) = D(+22).

This argument also shows that, generally, ©® = I'. Finally, © preserves
composition:

O(R;8) = O(0(L212) (2 2))
(

It is also easy to show that ©U = A: given a cospan L8 et &2 beits
pullback span in MatR. Using the conclusions of Lemma [6.11} A(iﬂg) =
TNE£2) = 0L =5l 0

Remark 6.16. [t is interesting to notice that, if one tries to glue in the
same way spans and cospans of F (the PROP of functions, as considered in
Section @), the resulting pushout object is the terminal PROP:

F + F° —— Span([F)

| |

Cospan(F) ——1
Syntactically, this corresponds to the observation that summing the SMTs of

bialgebras and of separable Frobenius algebras (defined on the same monoid-
comonoid pair) one obtains the trivial theory.
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6.2. The Cube: Rear Faces

To complete the proof of Theorem [6.4] it remains to show that the rear
faces of the cube (E8) commute.

THE ol A, o HAY T e
|
smgpt Stag JVFSE&R Lsmgp (Rear)
Cospan(MatR) MatR + Mat R"p[—>5pan(Mat R)

L1,l2 R1,k2

For this purpose, we give an explicit description of the isomorphisms IH” —
Span(MatR) and IH" — Cospan(Mat R), whose existence has been shown in
Sections [5.2{5.3] in the same inductive way as Spya, is defined.

The two isomorphisms are noted in with Sanp and SHHE{’ respec-
tively. For the definition of ki, k2, ¢t1 and iy see the beginning of Sec-
tion [6.1 The PROP morphisms oq: HA, — IHY?, 0o: HA? — IH? and
71 HAg — THY, 75: HA? — TH® have been introduced by Definition
and respectively.

An inductive presentation of Smap. The PROP morphism SHH? : THY? —

Span(Mat R) is defined by induction on circuits of IH;?, where ¢ € Yya, means
that c is a generator in the signature of HAg, and similarly for ¢ € Xgyer.

K1(8am(c)) if c=o01(c) and ¢ € Epa,
ko (8%5()) if c = 0y(c’) and ¢’ € Eppor
¢ SHng(cl) ;szp(@) if c=cp;0

SHng(cl) D SHHst(CQ) if c=c ® ey

The mapping is well-defined as all the equations of THY are sound w.r.t.
SHH?. It is clear by definition that SHH? makes the rightmost square in (Rear)

commute. It remains to show the following result.

Proposition 6.17. 8 s an isomorphism of PROPs.

S
THZP

PROOF. For fullness, let n < z 25 m be an arrow in Span(MatR). By
fullness of Sy, there are circuits ¢; € HAg[z,n] and ¢o € HAg[z, m] such
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that Sgas(c1) = A and Sgag(c2) = B. The following derivation shows that
né S mis targeted by oa(c});o1(ca) € IHg[n, m].
SHHSRP (UQ(CD 01 (02)) = 8]1]1—]129 (UQ(CD) ;SHH%’ (01 (02))
= Ko(Sp, (€1)) ; K2 (Smag(c2))
=ro(A:n — 2);Kka(B: z = m)
A id id B
=nz—2);(z2—>m)
—nd B,

It remains to show faithfulness. For this purpose, let ¢ € TH:’[n, m] and ¢ €
TH:?[n, m] be circuits and suppose that SﬂHép(c) = SHng(C/ ). By Corollary|[5.18
it follows that

Smag(cy)  Smag(c2)
SHH;p(c) =n z >

Smag (c)  Smag(ch)
z

SHng(C/) =ns

for circuits ¢, ] of HAZ? and ¢y, ¢y of HAg such that ¢ = o9(cy);01(c2)
and ¢ = oy(c));01(c,). Since SHng(c) = SHng(c’) are the same arrow of
Span(MatR), that means they are isomorphic spans: thus there is an invert-
ible matrix U € MatR|[z, z] making the following diagram commute.

Suag (c) < Suag (c2)
n

z
Smag (1) Stiag (c2)

m

Then by Lemma we have that ¢ and ¢ are equal as circuits of THP. O

An inductive presentation of 8 c,. Similarly to what we did for IHY,
R
we define a PROP morphism 8¢, : THZ® — Cospan(Mat R) by induction on
R

circuits of TH as follows:

11(8ap(c)) if c=m7(d) and ¢ € Epa,
2(8%5()) if ¢ =7(¢) and ¢ € Tpyor
¢ SHng(Cl) ;SHng (cg) fe=er;e

SHng(Cl) ® SHng(Cz) ifc=c @ ey

The mapping is well-defined as all the equations of TH® are sound w.r.t.
SHHQ" Also, SHng clearly makes the leftmost part of (Rear) commute.
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Proposition 6.18. S, is an isomorphism of PROPs.
R

Proor. Following @D, it suffices to show that SHng = N5SHH§P ;T. This
can be easily verified by induction on ¢ € THZ. For instance, SHHEp maps

(1)

D2 — 1into 2 9 & 1 Tnstead N3SHH§" ;T maps e} first to Drd,

1
thent02<£2g>1andﬁnallyt02ﬁ>2<ﬁ1. O
6.3. The Cube Rebuilt

The results of the previous two sections conclude the proof of Theo-
rem [6.4 We are now in position to patch together all the faces of the cube
(Ed). This will also give us an inductive presentation of the isomorphism

S]I]HIR: HHR — SVk

[o1,02]

HA, + HA® IH
THC A TH, e
Sung +S2.
: Sthg
8 uco MatR + Mat Rer — 2" Span(MatR)

Cospan(MatR)

Above we draw the PROP morphism [¢/1, 9] : Mat R+Mat R? — SV, defined
by commutativity of the bottom face. Commutativity of all the faces yields
commutativity of the “section”:

HA, + HAZ?
[1,02]
SHAR +S]L1-)]IXR HHR
(Sec)
Mat R + Mat R°? S
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Diagram (Sec|) provides us a recipe for an inductive presentation of Sy, for

circuits of IHg, similarly to what we previously did for SHHEp and SHng:
1 (Smag () if c = ¢1(c) and ¢ € Epa,
. Va(85ia, () if ¢ = (') and ¢ € Eppor

SHHR(Cl) ;SJHHIR (Cz) if c=c1;09
Stag(c1) ® S (c2) fc=c1 ey

By observing the definition of Sga, and [t1, to] ; ¥ (or, equivalently, [k1, ko] ; P),
one can compute the value of Sy, on the generators in gy, as follows:

B — (1), (3))] Bt = 1((2), (1)), ((5), (1))
El— (1), ()] 3= (). (0] {Br— (1), (¥))]

A generator ¢ in Ygyor is mapped to the inverse relation of S (¢*). In
the above definition, notation [(x1,y1), ..., (X, ¥:)] for an arrow in SV, [n, m|
indicates the subspace of k™ x k™ spanned by pairs (x1,¥1), ..., (X,,y,) of
vectors, where each x; is in R” and each y; is in R™. Also, ( ) denotes the
unique element of the space of dimension 0.

7. Example: Interacting Hopf Algebras for Rational Subspaces

In this concluding section, we exhibit a simple, yet important, example of
our construction: the axiomatisation IH, for the PROP of rational subspaces.
As in general case, we begin by describing the sub-theory of integer matrices.

The theory of integer matrices. By Proposition 3.7, the PROP MatZ
of integer matrices is presented by the axioms (A1))-(A18]) of HA,. In fact, a
finite axiomatisation is possible: let us denote by HA the PROP freely gen-

erated by the SMT with signature {4, {=], {0, [}, Do}} and equations:
58 5 -
ai-H £ =1oq L=
H=-f - >d-=] =0
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Doel=1rl  [l=[F g ={FT o= {
+C = B

Proposition 7.1. HA = HA,.

Proor. We define a PROP morphism «: HA, — HA inductively as follows.
It is the identity on Fo], &, [o} and T]. For k € Z, a(f®]) is given by:

—(n+1))y—+ > - a(n+1)

@~ 3 o=

Finally, we put a(c; @ c2) = a(c1) @ alc) and a(er;e) = aler); ales).
An inductive argument confirms that « is well-defined, in the sense that it
preserves equality of circuits in HA,. Fullness is clear by construction. For
faithfulness, just observe that all axioms of HA are also axioms of HA,. [

A pleasant example of graphical reasoning in HA is the derivation showing
that the antipode P is involutive:

e Nl S =Y N = P
iy

ST ] el

The theory of rational subspaces. By Theorem [6.4] IH, is isomorphic
to the PROP SV, of subspaces over the field Q of rational numbers. In view
of Proposition [7.1] we can give an alternative presentation of IH, based on
the finite signature of HA + HA: in axioms —, and become
notational conventions for o)) and o (&), respectively.

For a glimpse of the graphical reasoning in IH,, we give a combinatorial
circuit description of the subspaces of the 2-dimensional rational space (where
k1, ko are non-zero integers):

e B B B f@Eeh W)

\4
A 4
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The circuit {-e o4 denotes (via Sp,) the full space [(4),(7)] and fo oF

the O-dimensional subspace {( 0 )} The remaining subspaces, all of dimen-
sion 1, are conventionally represented as lines through the origin on the
2-dimensional cartesian coordinate system. Three kinds of circuit suffice to
represent all of them: {-e o denotes the z-axis; {o e} denotes the y-axis;

for ky, ky # 0, HF>1 denotes the line with slope Z—i

Conversely, using the modular structure of IH, it is easy to check that
the above combinatorial analysis (10| covers all the 1 — 1 circuits.

Notice that IH,[1, 1] contains within its structure all of rational arith-
metic: 0 can be identified with - o, and ’;—f, for k; # 0, with HED
Multiplication -: TH[1, 1] x TH,[1, 1] — TH,[1, 1] is composition = -y = z; ¥,
addition +: TH,[1, 1] x IH,[1, 1] — IH,[1, 1] is defined

r+y=fgd;(@y); Do

Multiplication is associative but not commutative in general: of course, it is
commutative when restricted to rationals. Associativity and commutativity
of addition follow from associativity and commutativity in C and M.
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Appendix A. The Frobenius Laws in ITHY

The Frobenius axioms both for the white — (W3|) — and for the black
structure — (W4]) — make valid any deformation of the internal topology of
circuits of TH:, as long as the connections between boundaries are preserved.
We list here some useful laws of that kind. In describing the various derivation
steps, we occasionally use the notation (n)°, which means the counterpart
in HAZ? of a valid equation (n) in HAg.

g li ‘}{: @ ‘D._{ " 727 (Fl)

1 JE ”Elp" JEL o
z, — — — — F2)

The following laws are derived analogously. The ones involving the white
structure use the white Frobenius axiom (W3)).

1 =DF=T%4 ) (R =-H=[S] &
Sl =t d = b B L = 1S =B ()

For later reference, we also record the following derivation.

oyl T Gl 27 gl oo™ (F)

The same equation reflected about the y-axis and the black counterparts are
proven analogously.

faroj=1"oo] (F8) [oeCal=[oe® (F9) [are|=["» (F10)

Appendix B. Derived Laws of IHY

In this section we supply the equational proofs of the laws stated in
Section |, We begin with the derivations of (D1]) and (D3)).

oo ™ Ll & e
E e ¥
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The derivation of (D2)) is analogous to the one of (D1)), with (W5|) used in
place of (W6)). Now that (D3) has been proven, we follow the convention to
write {8 for both ] and {<¢}. We give next the derivation for (D4)):

1B k<::‘a <] oq <j

The first step uses twice (['2)). The successive steps use: (W7)), (A16]), (F3),

(D1) and (E7), (F5), (A12).
We show below the proof of (D5)), where [ # 0. The ones for is

symmetric.
[A14] W]
oa] D [

Next we give the derivation of (D7), where [ # 0. The one of is
analogous.

TH(FT) | A 15)°P T W1 A16)°P Tl |
el el v @ @
a | | L

We now consider the task of deriving law . For the first half:

1l ® B | > T, E>

5
St o o

The sequence of equations that are used is the following: (D4), axiom of

SMCs, (A6]) and (A3), (A18) and (A17), (A4) and (Al). The second half of
is derived analogously as follows.

o1



GTS o | <Ol

[

In order to show the validity of (D10]), we proceed by induction on the coarity
n > 1 of the circuit, i.e., the number of gates on the right boundary. For the
case n = 1, we have the following derivation, where [ # 0.

(B.1)

\/
o o @l

+—0

—+—o0

The sequence of applied laws is: , , (A9)r, (D1), (A14), (AL)er.

The inductive case is handled as follows.

1

o 1 L L
4 T: (D6 il 1 (A9 1 Ind. hyp. (B.1) +o o
—n " E'ﬁ : Ql n :yp G—E : —og:

e} n-1 o—

Finally, we show the derivation for (D11]). The sequence of applied laws is

V). BD+(@ED», (18)+ED)~7, (AG+EF™, [DI).

= o e
O
F O} <o (Cla e <o

Appendix C. Shaping the Compact Closed Structure of IHY

We give more detailed proofs to the statements of Section |5.1

PROOF (PROPOSITION [5.2)). We give the argument proving the left side of
(CC1)) — the proof for the right side is completely symmetric. We proceed
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by induction on n. For the case n = 1, the statement is given by (F'2). For
the inductive step, let n = ¢ 4+ 1. In the sequel we show the equality

/.7:+17 - ol (Cl)

yielding the left side of (CC1)). For this purpose, it will be useful the fol-
lowing equation, allowing to “move” the compact closed structure past the
symmetries of TH?.

PS. = B (C2)
Its derivation in IH}? is the following.
5] = P53 = PEX | = S| = b

The first and the second equality holds by naturality of symmetry, applied
as on the left and on the right below, respectively.

e o12= D}
11 1a=1d 11 12 241
= = id1® Do Dreid:
o1.0=1d o11=
1 Lot 1 11— td 191

The third equality applies the axiom oy 5 = (011 @ id1); (idy & 011) of sym-
metric monoidal categories (SMCs). Finally, the fourth equality applies the
axiom o043 ;011 = idy of SMCs. We are now ready to show the derivation of
(C.1). The circuit on the left side of has the following shape.

Qo 1 it
H TH, P
1 _5z+13_.
i . e

By definition, port 1 of the bottommost circuit [«=J (call it ¢;) connects
to port ¢ + 1 on the right boundary and port 2 connects to port 1 of the
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bottommost circuit D] (call it ¢.). The other port of ¢, connects instead
to port 141 on the left boundary. By iteratively applying to ¢, we can
move it towards the middle of the circuit, past all the symmetries in ;1.
The resulting circuit is the following:

o
H aZ

e i 5
g

Note that, now that we isolated ¢; and ¢,, the circuits ;1 and ;41 become
by definition «; and [; — observe that the application of (C.2) does not
affect the arity of the symmetries in the circuit. We are now in position to

apply (F2):

v_j)—o
e e

Bi

We can then use again ((C.2)) to move the identity circuit in the middle towards
the bottom.

-
|

;)—0
Bi Fe

It is now possible to apply the inductive hypothesis on 7, obtaining as a result
the desired identity circuit as on the right side of (C.1J). O

PROOF (PROPOSITION . The proof is by induction on ¢ € TH?. First
we give the derivations for the four base cases of white/black unit/counit.

* Def.:(-)* _

[, _.3'—0 a2 EI
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* Def.(-)*
o__ pumm

x| Def.(-)*
4—0 -

T
=
S
=

I3

[+F

—o

We now consider the base cases {1} and {G&H, for k € R.

|
:
T

=

W A 16
il
o+ op
(E) (NIG)

A

>
o
=

|I% I
[

ES

=

o>

D

-

The sequence of applied laws is: definition of (

rality of symmetry, axiom of SMCs, (A Op , 1} (A5, |)

~ M

&
R

‘ ) 7 7 natu-

The remaining base cases of generators t, D} and {J are handled
in an analogous way by using the Frobenius laws derived in [Appendix A]
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The proof is concluded by examining the two inductive cases. For sequential
composition:

Ind. hyp

(e ™y = Ml e A = (e )

The derivation for the case of parallel composition & is analogous. ([l

Appendix D. Derived Laws of [Hg

We verify the claim of Section |§|, by verifying that (W2)), (W7), (W8),
(]ED, and are all derivable in [H. The following is the derivation
of (W2).

[\

(D7) NE) (AT0)
oo e O‘Q‘O — |0—e 00 o—o

The derivation of (B2 - ) is the “photograﬁc negative” of the one of (W2|). We
now show the derivations for and . For [ # 0:

| (12) AI)? o [ -
et = 1D = PGt = Dy

] ! (A13) | [ -
(&} @ Soa] © BBa © >a

The zero cases:

] (AL, i [Adfe AT, (AL YA (ATD, (AT
_@}—-:_*Ep—- = o :Aﬁ:, = 138 = [ e = _@'@‘

1@ ”’.@: (ES), (Wleer 1AD "o oA, (BT6)r[ (AT, (ATD, (AT -
| ——= | — _’ = = +O = | D 0 (.J -
4 i . i

The other two equations (W8|) and (B8|) are proven symmetrically.

(A 10) 18
D o e

(=
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