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Abstract In this paper we consider filtering and smoothing of partially observed
chaotic dynamical systems that are discretely observed, with an additive Gaussian
noise in the observation. These models are found in a wide variety of real applica-
tions and include the Lorenz 96’ model. In the context of a fixed observation interval
T, observation time step 4 and Gaussian observation variance o%, we show under
assumptions that the filter and smoother are well approximated by a Gaussian with
high probability when / and O’%h are sufficiently small. Based on this result we show
that the maximum a posteriori (MAP) estimators are asymptotically optimal in mean
square error as O’%h tends to 0. Given these results, we provide a batch algorithm for
the smoother and filter, based on Newton’s method, to obtain the MAP. In particular,
we show that if the initial point is close enough to the MAP, then Newton’s method
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converges to it at a fast rate. We also provide a method for computing such an initial
point. These results contribute to the theoretical understanding of widely used 4D-Var
data assimilation method. Our approach is illustrated numerically on the Lorenz 96’
model with state vector up to 1 million dimensions, with code running in the order of
minutes. To our knowledge the results in this paper are the first of their type for this
class of models.

Keywords Filtering - Smoothing - Chaotic dynamical systems - Gaussian approxi-
mation - Newton’s method - Concentration inequalities - 4D-Var

Mathematics Subject Classification 37D45 - 65K10

1 Introduction

Filtering and smoothing are among the most important problems for several appli-
cations, featuring contributions from mathematics, statistics, engineering and many
more fields; see, for instance, [13] and the references therein. The basic notion of such
models is the idea of an unobserved stochastic process that is observed indirectly by
data. The most typical model is perhaps where the unobserved stochastic process is
a Markov chain or a diffusion process. In this paper, we are mainly concerned with
the scenario when the unobserved dynamics are deterministic and, moreover, chaotic.
The only randomness in the unobserved system is uncertainty in the initial condition,
and it is this quantity that we wish to infer, on the basis of discretely and sequentially
observed data; we explain the difference between filtering and smoothing in this con-
text below. This class of problems has slowly become more important in the literature,
particularly in the area of data assimilation [27]. The model itself has a substantial
number of practical applications, including weather prediction, oceanography and oil
reservoir simulation, see, for instance, [24].

In this paper we consider smoothing and filtering for partially observed determin-
istic dynamical systems of the general form

du
E:—Au—B(u,u)+f, (1.1)

where # : Rt — R is a dynamical system in R for some d € Z,, A is linear
operator in R? (i.e. Aisad x d matrix), f € R? is a constant vector, and B(u, u)
is a bilinear form corresponding to the nonlinearity (i.e. B isad x d x d array). We
denote the solution of Eq. (1.1) with initial condition u(0):=v for ¢t > 0 by v(¢). The
derivatives of the solution v(¢) at time ¢t = 0 will be denoted by

. dv(t
Div= 2D e, (12)
dtl =0

in particular, D’ = v, Dv:=D'v = —Av — B(v, v) + f (the right-hand side of
(1.1)), and D*v = —AD'v — B(D'v, v) — B(v, D'v).
FolCT
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In order to ensure the existence of a solution to Eq. (1.1) for every t > 0, we assume
that there are constants R > 0 and § > 0 such that

(Dv,v) <0forevery v € R with lv|| € [R, R + $]. (1.3)

We call this the trapping ball assumption. Let Bg:={v € R? : ||v|| < R} be the ball
of radius R. Using the fact that <(% v(1), v(t)> = %%Ilv(r)“z, one can show that the

solution to (1.1) exists for t > O for every v € Bg and satisfies that v(t) € By for
t>0.

Equation (1.1) was shown in Sanz-Alonso and Stuart [42] and Law et al. [27] to
be applicable to three chaotic dynamical systems: the Lorenz 63’ model, the Lorenz
96’ model and the Navier—Stokes equation on the torus; such models have many
applications. We note that instead of the trapping ball assumption, these papers have
considered different assumptions on A and B (v, v). As we shall explain in Sect. 1.1,
their assumptions imply (1.3); thus, the trapping ball assumption is more general.

We assume that the system is observed at time points t; = jh for j = 0,1,...,
with observations

in:Hu(tj) +Zj,

where H : RY — R% is a linear operator and (Z;) ;> are i.i.d. centred random
vectors taking values in R% describing the noise. We assume that these vectors have
distribution 7 that is Gaussian with i.i.d. components of variance a%.l

The contributions of this article are as follows. In the context of a fixed obser-
vation interval 7', we show under assumptions that the filter and smoother are well
approximated by a Gaussian law when U%h is sufficiently small. Our next result, using
the ideas of the first one, shows that the maximum a posteriori (MAP) estimators (of
the filter and smoother) are asymptotically optimal in mean square error when O’%h
tends to 0. The main practical implication of these mathematical results is that we
can then provide a batch algorithm for the smoother and filter, based on Newton’s
method, to obtain the MAP. In particular, we prove that if the initial point is close
enough to the MAP, then Newton’s method converges to it at a fast rate. We also
provide a method for computing such an initial point and prove error bounds for it.
Our approach is illustrated numerically on the Lorenz 96’ model with state vector up
to 1 million dimensions. We believe that the method of this paper has a wide range of
potential applications in meteorology, but we only include one example due to space
considerations.

We note that in this paper, we consider finite-dimensional models. There is a sub-
stantial interest in the statistics literature in recent years in nonparametric inference
for infinite-dimensional PDE models, see [15] for an overview and references, and
Giné and [21] for a comprehensive monograph on the mathematical foundations of
infinite-dimensional statistical models. This approach can result in MCMC algorithms

1 We believe that our results in this paper hold for non-Gaussian noise distributions as well, but proving
this would be technically complex.
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that are robust with respect to the refinement of the discretisation level, see, for exam-
ple, [11,12,14,39,50,52]. There are also other randomization and optimization based
methods that have been recently proposed in the literature, see, for example, [2,51].

A key property of these methods is that the prior is defined on the function space,
and the discretisations automatically define corresponding prior distributions with
desirable statistical properties in a principled manner. This is related to modern
Tikhonov—Phillips regularisation methods widely used in applied mathematics, see [4]
for a comprehensive overview. In the context of infinite-dimensional models, MAP
estimators are non-trivial to define in a mathematically precise way on the infinite-
dimensional function space, but several definitions of MAP estimators, various weak
consistency results under the small noise limit, and posterior contraction rates have
been shown in recent years, see, for example, [10,16,19,23,25,34,36,49]. Some other
important works on similar models and/or associated filtering/smoothing algorithms
include [6,22,28]. These results are very interesting from a mathematical and statisti-
cal point of view; however, the intuitive meaning of some of the necessary conditions,
and their algorithmic implications are difficult to grasp.

In contrast to these works, our results in this paper concern the finite-dimensional
setting that is the most frequently used one in the data assimilation community. By
working in finite dimensions, we are able to show consistency results and convergence
rates for the MAP estimators under small observation noise/high observation frequency
limits under rather weak assumptions. (In particular, in Section 4.4 of Paulin et al. [38]
our key assumption on the dynamics was verified in 100 trials when A, B and f were
randomly chosen, and only the first component of the system was observed, and they
were always satisfied.) Moreover, previous work in the literature has not said anything
about the computational complexity of actually finding the MAP estimators, which is
a non-trivial problem in nonlinear setting due to the existence of local maxima for the
log-likelihood. In our paper we propose appropriate initial estimators and show that
Newton’s method started from them converges to the true MAP with high probability
in the small noise/high observation frequency scenario when started from this initial
estimator.

It is important to mention that the MAP estimator forms the basis of the 4D-
Var method introduced in Le Dimet and Talagrand [29] and Talagrand and Courtier
[44] that is widely used in weather forecasting. A key methodological innovation of
this method is that the gradients of the log-likelihood are computed via the adjoint
equations, so that each gradient evaluation takes a similar amount of computation
effort as a single run of the model. This has allowed the application of the method on
large-scale models with up to d = 10° dimensions. See Dimet and Shutyaev [17] for
some theoretical results, and Navon [35], Bannister [1] for an overview of some recent
advances. The present paper offers rigorous statistical foundations for this method for
the class of nonlinear systems defined by (1.1).

The structure of the paper is as follows. In Sect. 1.1, we state some preliminary
results for systems of the type (1.1). Section 2 contains our main results: Gaussian
approximations, asymptotic optimality of MAP estimators and approximation of MAP
estimators via Newton’s method with precision guarantees. In Sect. 3 we apply our
algorithm to the Lorenz 96’ model. Section 4 contains some preliminary results, and
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Sect. 5 contains the proofs of our main results. Finally, “Appendix” contains the proofs
of our preliminary results based on concentration inequalities for empirical processes.

1.1 Preliminaries

Some notations and basic properties of systems of the form (1.1) are now detailed
below. The one-parameter solution semigroup will be denoted by ¥; ; thus, for a starting
point v = (vq,...,v4) € R4, the solution of (1.1) will be denoted by ¥;(v), or
equivalently, v(¢). Sanz-Alonso and Stuart [42] and Law et al. [27] have assumed that
the nonlinearity is energy conserving, i.e. (B(v, v), v) = 0 for every v € R?. They
also assume that the linear operator A is positive definite, i.e. there is a A4 > 0 such
that (Av, v) > A4 (v, v) forevery v € RY. As explained on page 50 of Law et al. [27],
(1.1) together with these assumptions above implies that for every v € R?,

1d s 10 kA,
~—lv( < —If 1> = 2% 1.4
¥T o)l T A1 > l[vll (1.4)

From (1.4) one can show that Bg is an absorbing set for any

R > %; (1.5)

thus, all paths enter into this set, and they cannot escape from it once they have reached
it. This in turn implies the existence of a global attractor (see, for example, [45], or
Chapter 2 of Stuart and Humphries [43]). Moreover, the trapping ball assumption (1.3)
holds.

For ¢t > 0, let v(¢) and w(¢) denote the solutions of (1.1) started from some points
v, w € R?. Based on (1.1), we have that for any two points v, w € Bg, any t > 0,

%(v(t)—w(t))= —AQ@@O)—-w@)—B@(@), v()—w()) — Bw()—v(), w())),
and therefore by Gronwall’s lemma, we have that for any ¢ > 0,

exp(=G)|lv —w|| < [[v() —w(@)|| < exp(GD)[v —w], (1.6)
for a constant G:=||A|| + 2||B|| R, where

[All:=sup [Av] and |[B]:= sup 1B(v, w)ll.

veR?:||v|=1 v,weR:|v||=1,||w|=1

For t > 0, let ¥;(Bg):={¥;(v) : v € Bg}, then by (1.6), it follows that ¥; :

Br — W,(Bg) is a one-to-one mapping, which has an inverse that we denote as
v, ¥, (Br) — Bg.

The main quantities of interest of this paper are the smoothing and filtering distri-

butions corresponding to the conditional distribution of u(#y) and u(fy), respectively,

For Tl

@Springer ,_ﬁjo'}



Found Comput Math

given the observations Yo.x:={Yo, ..., Yi}. The densities of these distributions will
be denoted by 1™ (v]Y¢x) and wi(v|Y o-%). To make our notation more concise, we
define the observed part of the dynamics as

@ (v):=HY;(v), (1.7)

for any t € R and v € Bp. Using these notations, the densities of the smoothing and
filtering distributions can be expressed as

k
W (|Y o) = []_[n (Y — o, (v))] qz(::n) for v € Bg, and O for v ¢ Bg (1.8)
i=0 k
k
v
10| Y o) = [l_[n (¥; - a>,,_,k<v))} |det(JW_y, (0))] w for v € ¥, (Bg).
i—0 k
and 0 for v ¢ ¥, (Bgr), (1.9)

where det stands for determinant, and sz, Z,? are normalising constants independent
of v. Since the determinant of the inverse of a matrix is the inverse of its determinant,
we have the equivalent formulation

-1
det(J¥—y, (8) = (det(T v, %)) - (1.10)

We assume a prior g on the initial condition that is absolutely continuous with respect
to the Lebesgue measure, and zero outside the ball Bg [where the value of R is
determined by the trapping ball assumption (1.3)].

For k > 1, we define the kth Jacobian of a function g : R% — R% at point v as a
k 4+ 1-dimensional array, denoted by J*g(v) or equivalently J ﬁ g , with elements

ak

@i g =

—gik+1(v)s 1 S ilv"'sik Sdlv ] S ik+1 Sd2'
Vi ... 0V,

We define the norm of this kth Jacobian as

175 g )|l
= sup (J*¥g(v)) [v(l), e v(k+1)] ,

vMeR9 . v® R p*+DeR2: 0D | <1, 1<j<k+1

where for a k 4+ 1-dimensional d; x ... X di41-sized array M, we denote

(1) (k+1) | . . . (1) (k+1)
M[v R ]._ Z M’lﬁ---slkJrl'Uil RS
I<iy=di,...,1<ijq1=<dis
FolCTM
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Using (1.1) and (1.3), we have that

dvu(t)
sup | ——| < vma:=IAlIR+ |BIR* + | fI. (1.11)
veBg,t>0
dv(r)
sup (| Jur) < amax'=||A[l + 2| B||R. (1.12)
veBR, >0 dr

By induction, we can show that for any i > 2, and any v € RY, we have
o (i1
D’v:—A-D"%—Z( , )B(va, Dl—l—fv). (1.13)
; J
j=0

From this, the following bounds follow (see Section A.1 of “Appendix” for a proof).

Lemma 1.1 Foranyi >0,k > 1, v € Bg, we have

HD"v” < Co(Caer)' - il (1.14)

|75 (p70)| = (c) it where (1.15)
£ IB|

Co:=R + ﬁ Caeri=lIAll + [BIR + 11 C:=2"(Caer + I BI). k > 1.

(1.16)

In some of our arguments we are going to use the multivariate Taylor expansion for
vector-valued functions. Let g : RY — R® be k + 1 times differentiable for some
k € N. Then using the one-dimensional Taylor expansion of the functions g; (a + th)
in t (where g; denotes the ith component of g), one can show that for any a, k € R4,
we have

1 . .
sa+m=g@+ Y —(Je@h' 1)+ Reri@ ), (117)
I<j<k "
where h/:=(h, ..., h) denotes the j times repetition of k and the error term

Ry (a, h) is of the form

k+1 ! k pk+1 k+1
Riii(a, h)y=—— - 1 -0 g(@ +th)[W*, 1dt, 1.18
il i [ =0 7 e (1.18)
whose norm can be bounded using the fact that ftlzo(l — t)kdt = ﬁ as
1A *+! Kt
| Ri+1(a, h)| < < sup |J" gla +th)|. (1.19)

(k + 1)! 0<r<l1
EOE';W
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In order to be able to use such multivariate Taylor expansions in our setting, the
existence and finiteness of J klI/,(v) can be shown rigorously in the following way.

—1
Firstly, for 0 < f < (C(Jk)) , one has

k _ gk - i ﬁ
Jwt(v)—Jv(;Dv-”>,

and using inequality (1.15), we can show that

T, (v) =§J’; (Div) :_l'

is convergent and finite. For r > (C&k)) l, we can express ¥;(v) as a composition
@ (... (¥, (v))) for t; +--- + 1, = t and establish the existence of the partial
derivatives by the chain rule.

After establishing the existence of the partial derivatives JX¥; (v), we are going to
bound their norm in the following lemma (proven in Section A.1 of “Appendix”).

Lemma 1.2 Forany k > 1, let
(k)._~k
D, :=2" (||All + IIBl + 2IIBIIR) . (1.20)

Then for any k > 1, T > 0, we have

M (T):= sup sup ||Jkllf,(v)|| < exp (D(Jk)T>, and (1.21)

veBg 0<t<T

M(Ty:= sup sup 1170, )l = IHIM(T) < [ Hllexp (DP'T). (1.22)

veBg 0<t<T

2 Main Results

In this section, we present our main results. We start by introducing our assumptions.
In Sect. 2.1 we show that the smoother and the filter can be well approximated by
Gaussian distributions when agh is sufficiently small. This is followed by Sect. 2.2
where based on the Gaussian approximation result we show that the maximum a
posteriori (MAP) estimators are asymptotically optimal in mean square error in the
o%h — 0 limit. We also show that Newton’s method can be used for calculating the
MAP estimators if the initial point x( can be chosen sufficiently close to the true
starting position u. Finally, in Sect. 2.3 we propose estimators to use as initial point
x¢ that satisfy this criteria when a%h and A are sufficiently small.
We start with an assumption that will be used in these results.

FolCT
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Assumption 2.1 Let 7 > 0 be fixed, and suppose that T = kh, where k € N.
Suppose that ||u|| < R, and that there exist constants hmax(#, T) > Oand c(u, T) >
0 such that for every v € Bg, for every h < hpnax(u, T) (or equivalently, every
k > T/hmax(u, T)), we have

k
, T
> l@, ) — &, ) = #nu — .

i=0

2.1)

As we shall see in Proposition 2.1, this assumption follows from the following assump-
tion on the derivatives (introduced in Paulin et al. [38]).

Assumption 2.2 Suppose that [|u|| < R, and there is an index j € N such that the
system of equations in v defined as

HD'u=HD'vforevery0 <i < j (2.2)
has a unique solution v := u in Bg, and

span[v(HDl'u)k:05i5j,1 §k§d0}=Rd, 2.3)

where (H D! u) , refers to coordinate k of the vector H D'u € R% and V denotes the
gradient of the function in u.

Proposition 2.1 Assumption 2.2 implies Assumption 2.1.

The proof is given in Section A.1 of “Appendix”. Assumption 2.2 was verified
for the Lorenz 63’ and 96’ models in Paulin et al. [38] (for certain choices of the
observation matrix H); thus, Assumption 2.1 is also valid for these models.

We denote int(Bg):={v € R? : ||v|| < R} the interior of Bg. In most of our results,
we will make the following assumption about the prior g.

Assumption 2.3 The prior distribution ¢ is assumed to be absolutely continuous with
respect to the Lebesgue measure on R?, supported on Bg. We assume that v — ¢(v) is
strictly positive and continuous on B and that it is 3 times continuously differentiable
at every interior point of Bg. Let

(O i -
Cq’ = sup || J'loggq(v)| fori=1,2,3.

veint(Bg)

We assume that these are finite.
FolCTM
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After some simple algebra, the smoothing distribution for an initial point u and the
filtering distribution for the current position u(7") can be expressed as

1 @IY 00) 24)
k
1
= exp [—2—2 > (1) — @, @) +2(2, () — @, (@), zi))} Lq)/ ",
97 i=0

@Y 0.) = lewy Bo)) - 1™ (Po1 ()Y o) - |det (JW—_1(v))] (2.5)
= lpew, Bp)) - 4(W—1 (v)) - [det (JY_7 ()| /C™

k
1
exp {—20—2 > (19 @ ) = &, @I +2 (@, (-1 () - @, (W), zi))} ,
Z i=0
(2.6)

where C;™ is a normalising constant independent of v (but depending on (Z}) j>0).

In the following sections, we will present our main results for the smoother and
the filter. First, in Sect. 2.1 we are going to state Gaussian approximation results, then
in Sect. 2.2 we state various results about the MAP estimators, and in Sect. 2.3 we
propose an initial estimator for # based on the observations Yy, ..., Y, to be used as
a starting point for Newton’s method.

2.1 Gaussian Approximation

We define the matrix Ay € R*? and vector By € R as

k
A=Y (I0, @) T2, @) + P, @ Z41) @.7)
i=0
k
By:=) Jo,w) - Zi, 2.8)
i=0

where J®;; and J 2@,,, denote the first and second Jacobian of @,,, respectively, and
J 2@,,. (uw)[-, -, Z;] denotes the d x d matrix with elements

do
= Z(qu)’i (W))iyin,; Z] for 1 <iy,ir <d.
j=1

[P @l- - 2]

i1,i2

If Ay is positive definite, then we define the centre of the Gaussian approximation of
the smoother as
ud =u— A By (2.9)
Elol:;ﬂ
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and define the Gaussian approximation of the smoother as

1/2 N G
1 (W]Y o) = ) [‘(v u?) Ao —u7)

d’ 2
(2m)/2 . o4 205

} . (2.10)

If Ay is not positive definite, then we define the Gaussian approximation of the
smoother u%m(-|Y0;k) to be the d-dimensional standard normal distribution (an arbi-

trary choice), and u9 :=0.1f Ay is positive definite, and uY e Br, then we define
the Gaussian approximation of the filter as

det(Ay)1/? 1
|det(J¥r @9))|  2m)d/? - of

(v = vr@) (1or@h) ™) A (Jor @)™ (v - vr @)

2
205

uG @Y o) =

- exp

@2.11)

Alternatively, if Ay is not positive definite, or uY ¢ Bpg, then we define the Gaussian
approximation of the smoother Mg('ﬂ’o:k) to be the d-dimensional standard normal
distribution.

In order to compare the closeness between the target distributions and their Gaus-
sian approximation, we are going to use two types of distance between distributions.
The total variation distance of two distributions 1, u» on R? that are absolutely
continuous with respect to the Lebesgue measure is defined as

1
drv(un, 1a) = —f 11(0) — pa()d, 2.12)
2 xeRd
where w1 (x) and uy(x) denote the densities of the distributions.
The Wasserstein distance (also called first Wasserstein distance) of two distributions
L1, Mo on R4 (with respect to the Euclidean distance) is defined as

dw(pn, o) = inf / Il — ylldy . y). 2.13)
yel(p.in2) Jx, yeRd

where I" (i1, (2) is the set of all measures on R? x R with marginals @1 and us.

The following two theorems bound the total variation and Wasserstein distances
between the smoother, the filter and their Gaussian approximations. In some of our
bounds, the quantity 7' + hmax (#, T') appears. For brevity, we denote this as

T@W):=T + hmax(u, T). (2.14)
EOE';W
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We are also going to use the constant C) 4 defined as

Cay := M\(T)* - T(u) + cw. 1)

(2.15)

Theorem 2.1 (Gaussian approximation of the smoother) Suppose that Assumptions
2.1 and 2.3 hold for the initial point u and the prior q. Then there are constants
C%l\}(u, T), C%z\}(u, T), C\(Xl,) (u,T), and C\(,g) (u, T) independent of oz, h and ¢ such
that forany 0 < ¢ < 1,07 > 0, and 0 < h < hpmax(u, T) satisfying that UZ«/E <
%CTV(u, T, s)’l, we have

2h
and dry (15" (1Y 0.0). k3" (1Y 04)) < Crv (@, T, e)ozv/h (2.16)

, T C
P|:C(u )Id<Ak<%Id

and dy (1" (1Y 0). 1 (1Y 02)) < Cw(u, T, &)ozh

u] > 1—¢, where (2.17)

1 2
Crv(, T, &) = Cw, T) + CR)u, T) <1og (Z)) , and (2.18)
1 2
Cw,T,e):=CH@, T)+ 2w, T) <10 (-)) . (2.19)
wli, £, W 5 W 5 g P

Theorem 2.2 (Gaussian approximation of the filter) Suppose that Assumptions 2.1
and 2.3 hold for the initial point u and the prior q. Then there are constants
Dp(rl\),(u, T), D%Z(u, T), D&,)(u, T), and D\(,\z,) (u, T) independent of oz, h and ¢
such that for any 0 < ¢ < 1,0z > 0, and 0 < h < hmax(u, T) satisfying that
JZ«/}_L < %DTv(u, T, we have

, T C
]P’[C(u )Id < A < %Id and u% e Br and

drv (WP CIY 010, 1 (1Y0n)) < Drv(w, T, e)oz/h and

dw (1 CIY 00, ECIY00) = Dw(a, T,e)03hlu] = 1 — e, where  (2.20)

1 2
Drv(u, T, &) := D\ (u, T) + DX (u, T) <log (-)) , and 2.21)
&
1 2 1\)*
Dw(u,T,¢) := DY (u,T) + DG (u, T) (log (-)) . (2.22)
£

Note that the Gaussian approximations 33" and ug as defined above are not directly

computable based on the observations Y .k, since they involve the true initial position

u in both their mean and covariance matrix. However, we believe that with some addi-

tional straightforward calculations one could show that results similar to Theorems 2.1
Elo [y
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and 2.2 also hold for the Laplace approximations of the smoothing and filtering distri-
butions (i.e. when the mean and covariance of the normal approximation is replaced
by the MAP and the inverse Hessian of the log-likelihood at the MAP, respectively),
which are directly computable based on the observations Y ¢.x.

2.2 MAP Estimators

Let #°™ be the mean of the smoothing distribution, z" be the mean of the filtering
distribution, and fiyg p be the maximum a posteriori of the smoothing distribution, i.e.

Ayiap = argmax, ez, " (0]Y o). (2.23)

In case there are multiple maxima, we choose any of them. For the filter, we will use
the push-forward MAP estimator

A

al = v @ ,). (2.24)

Based on the Gaussian approximation results, we prove the following two theorems
about these estimators.

Theorem 2.3 (Comparison of mean square error of MAP and posterior mean for
smoother) Suppose that Assumptions 2.1 and 2.3 hold for the initial point u and the
prior q. Then there is a constant Sy, (u, T) > 0 independent of 07 and h such that

for0 < h < hmax(u, T), ozh < S (u, T), we have that

max
E[7™ — u|?|u]
2
ozh

[E[lap — ullPlu] - B[1@" - ulPu]| < ke, @3R3, 226)

C™u, T) < <C"w,T), and (2.25)

where the expectations are taken with respect to the random observations, and
—Ssm . o .

C*™(u,T), C" (u, T), and Cyfy\p(u, T) are finite positive constants independent of

oz and h.

Theorem 2.4 (Comparison of mean square error of MAP and posterior mean for
filter) Suppose that Assumptions 2.1 and 2.3 hold for the initial point u and the prior
g. Then there is a constant S (u, T) > 0 independent of o7 and h such that for

max

0 <h < hmax(u, T), oz/h < SB_(u, T), we have that

E[l@" — u(T))?|u]
O’%h

[E[1a" — u(r)Plu] — E[17® - u(T)Plu]| < Chapt. Ti0FME, 228)

Cliu,T) < <C"u, T), and (2.27)

where the expectations are taken with respect to the random observations, and
—fi . .. .
gﬁ (u,T), C (u,T), and C&Ap(u, T) are finite positive constants independent of
oz and h.
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Remark 2.1 Theorems 2.3 and 2.4 in particular imply that when 7 is fixed, and oz v/h
tends to 0, the ratio between the mean square errors of the posterior mean and MAP
estimators conditioned on the initial position # tends to 1. Since the mean of the
posterior distributions, #*™ (or u' for the filter), is the estimator U (Y o) that minimises
E(|U (Y ox) —ul|?) (or E(|U (Y o) —u(T)||?) for the filter), our results imply that the
mean square error of the MAP estimators is close to optimal when oz /1 is sufficiently
small.

Next we propose a method to compute the MAP estimators. Let g5 : Bg — R be

k
1
g (v) := —log(g() + —5 > _I¥i — @, ()|, (229)
205 =

Then —g®™ (v) is the log-likelihood of the smoother, except that it does not contain
the normalising constant term.

The following theorem shows that Newton’s method can be used to compute &3 p
to arbitrary precision if it is initiated from a starting point x¢ that is sufficiently
close to the initial position u. The proof is based on the concavity properties of the
log-likelihood near u. Based on this, an approximation for the push-forward MAP
estimator & can be then computed by moving forward the approximation of #tyjp by
time 7" according to the dynamics ¥r. [This will not increase the error by more than
a factor of exp(GT') according to (1.6)].

Theorem 2.5 (Convergence of Newton’s method to the MAP) Suppose that Assump-
tions 2.1 and 2.3 hold for the initial point u and the prior q. Then for every
0 < & < 1, there exist finite constants Sy (u, T, e), N (u,T) and D (u,T) €
(0, N™(u, T)] (defined in (5.62) and (5.63)) such that the following holds. Ifazx/ﬁ <
Seo(u, T, e), and the initial point xo € Bpg satisfies that || xo — ull < Dyay (u, T),
then the iterates of Newton’s method defined recursively as

xig1=x; — (V2g™(x) ™ Vg™ (x) fori € N (2.30)

satisfy that

P(for everyi € N, x; is well defined and

21
N llxo — ull
lx; — dipgppll < N™(u, T) (m ul>1-e. (2.31)

Remark 2.2 The bound (2.31) means that the number of digits of precision essen-
tially doubles in each iteration. In other words, only a few iterations are needed to
approximate the MAP estimator with high precision if x( is sufficiently close to u.
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2.3 Initial Estimator

First, we are going to estimate the derivatives H D'u for [ € N based on observations
Y ¢.x. For technical reasons, the estimators will depend on YO;]; forsome 0 < k <k

(which will be chosen depending on /). For any j € N, we define vU/6) e RE1 a5

. PN J
pUlR .= {(%) } , with the convention that 0% :=1. (2.32)

0<i<k

For jmax € N, we define M Umaxl®) ¢ RUmax+Dx*+D) 59 5 matrix with rows v©lF),

v(deX‘k) We denote by I ;. +1 the identity matrix of dimension jiyax + 1, and by
e(”/mﬂx) a column vector in R/max+1 whose every component is zero except the / + 1th
one which is 1. For any / € N, jnax > [, k > Jjmax, we define the vector

cUimal®) . — 2 g Cmanlbyy (M<Jmax|k>(M<Jmax|k>)) . eUlimax) (2.33)
(kh)’

Then

k .
43(1|/max)(Y0:]2) — Zci(”]max”() A Yi (234)

is an estimator of H D'u. The fact that the matrix M Cmax O (M (jm““;))’ is invertible
follows from the fact that v .. pUmaxl®) are linearly independent (since the matrix
with rows v<0|’€), e, v(/@\/@) is the so-called Vandermonde matrix whose determinant
is nonzero). From (2.33), it follows that the norm of c! Lmax ) can be expressed as

Hcaumaxué)” _ [(Momdxk)(Momdxk))) } L 235)
(kn)! I+1,0+1

To lighten the notation, for jy.x > [ and k > jmax, we will denote

. » A . » . 7 71
C}(‘Q]max”() = \/k . |:<M(]max|k) (M(]maxlk))/) i| . (236)

I+1,1+1

The next proposition gives an error bound for this estimator, which we will use for
choosing the values k and jmax given [.

FoE'ﬂ
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Proposition 2.2 Suppose that jmax > 1 and k > 2jmax + 3. Then for any 0 < ¢ < 1,

IP|: Hé(”jma)()(Yo:];) — HD'u H

o ) log (1/¢
Z CI(‘QJlik) . l' . g(l, jmaX’ k) : 1 + logil(—{i—)l)‘u} S 8’
0

where
jmax+1
o GOlHICEST e
L, jmaxs k) 1= —ee 8 (k) (ki) T 2074/ 2d, log (dy + 1).
8, jmax, k) j—— (kh) (kh) z olog(d, + 1)
(2.37)
The following lemma shows that as k — oo, the constant C(”J maxf) tends to a limit.

Lemma 2.6 Let KUmx) ¢ RimxtD¥mtl bo g marrix with elements K Ejj'.““) =
—,~+}_1 for1 <i,j < jmax + 1. Then for any | € N, jmax > 1, the matrix KUm) js
invertible, and

: 7 . —1
Ahm C}(‘Q]max‘k) — I:(K(]max)) i| . (238)
k—o0 I+1,1+1

The proofs of the above two results are included in Sect. 5.4. Based on these results, we
choose k € {2 jmax + 3, ..., k} such that the functlon g, jmax, k) is minimised. We
denote this choice of & by kop[ (I, jmax)- If g, jmax, k) takes the same value for several
12, then we choose the smallest of them.) By taking the derivative of g(/, jmax., 12) in 12,
it is easy to see that it has a single minimum among positive real numbers achieved at

1/(jmax+3/2)

1 (Gzﬁ\/do log(do + 1) (jmax +3/2)(1 +1/2)
h

lgmin(la Jmax) = — B Jmax+1
(Jmax + 1 = DCol H||C4
(2.39)
Based on this, we have

kopt(l’ jmaX) = 1’€min(l,jmax)§2jmax+3 ’ (2jmax + 3) + 1]2min(lsjmax)2k -k

+ 12jmax+3</€min(1,jmax)<k o arg mip g, jmax, k).
ke{[kmin (l»jmax)J s [kmin (ls]'max)“ }
(2.40)

Finally, based on the definition of lgopt (I, jmax), we choose jr?lg; (I) as

: (] jmax ]Eo (la.'max)) . r .
r(rjlgtx(l) = argmin (CM“ Vopeh:d - g, jmax, kopt (1, ]max))) ) (2.41)

. 1
I < jmax ijiu)\x
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where Jéfa)lx e{l,l+1,...,|(k—3)/2]}is a parameter to be tuned. We choose the

smallest possible jmax Where the minimum is taken. Based on these notations, we
define our estimator for H D'u as

.opt

0 .— qg(lljmax(l))(y . opt

OZkopl(laJmax)). (242)

The following theorem bounds the error of this estimator.

Theorem 2.7 Supposethatu € B, and T = kh. Then foranyl € N, there exist some
positive constants hl(fl?dx sggx (T)and Sr(é;x (T) such that for any choice of the parameter

(O,
Jmax € (L 141 Lk=3)/2]) anye > 0,0 <5 < s (T), 0 < h < e,
1+1o§(d,,+81)

0 < ozvh < S8

14372
]P’(”HDlu — é(l)H > s‘u) <e.
The following theorem proposes a way of estimating u from estimates for the

derivatives (H Diu) . This will be used as our initial estimator for Newton’s
method.

0=<i<j

Theorem 2.8 Suppose that for some j € N there is a function F : (R%)/+1 — R4
independent of u such that

F (Hu, L HD-/'u) —u, and (2.43)
12

2
’ (2.44)

J
IFE©, . xY) —ul| < Cr@) - Z HHD’ﬁ —x®
i=0

for {:0 ||HDiu —x® ||2 < Dr(u), for some positive constants Cr(u), Dp(u).

~ al . . . a2
Then F(©, ... &) satisfies that if ¥°_, ”HDlu —6D|" < Dp(), then

1/2
2
(2.45)

J
I (69.....60) —u] < crw - (32 [m0ru— 0]
i=0

In particular, under Assumption 2.2 and for j as determined therein, function F defined
as

. ] i i 2
Fx©, . xWy.= argminz HHD’v — x(l)) (2.46)
i=0

UEBR

satisfies conditions (2.43) and (2.44).
EOE';W
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Thus, the initial estimator can simply be chosen as

J ) 2
X0 1= argminz HHD’v —® ‘ , (2.47)
UEBR i=0

with the above two theorems implying that the estimate gets close to u for decreasing
oz+/h. Solving polynomial sum of squares minimisation problems of this type is a
well-studied problem in optimization theory (see [26] for a theoretical overview), and
several toolboxes are available (see [40,47]). Besides (2.46), other problem-specific
choices of F satisfying conditions (2.43) and (2.44) can also be used, as we explain
in Sect. 3.2 for the Lorenz 96’ model.

2.4 Optimization Based Smoothing and Filtering

The following algorithm provides an estimator of u given Y o.;. We assume that either
there is a problem-specific F' satisfying conditions (2.43) and (2.44) for some j € N,
or we suppose that Assumption 2.2 is satisfied for the true initial point #, and use F
as defined in (2.46).

Algorithm 1 Optimization based smoothing

Input: k € N (window size parameter), Apjn > 0 (minimum step size parameter), ¥ (. (observations).
Step 1: We compute the estimators 45(0), A &) based on (2.42), and set the initial point as xo =
F (@(0) ,,,,, qs<j)>.

Step 2: We compute the iterates x; fori > 1 based on (2.30) recursively until ||x; —x;_1 || becomes smaller
than Apin, and return & = x, for n := minjez, [X; —x;—1l < Amin-

The following algorithm returns an online estimator of (u(7;));>¢ given Y ;; at time
t;.

Algorithm 2 Optimization based filtering

Input: k € N (window size parameter), Apj, > 0 (minimum step size parameter), (¥;);>( (observations
come consecutively in time).

Step 1: For i < k, return the estimate u/(B =0.
Step 2: Fori > k, we first compute the estimate z
and then return tﬁtk\) = wr @),

(=R) of u(tj_j) based on Algorithm 1 appliedon Y; _g.;,

This algorithm can be modified to run Step 2 only at every K step for some K € Z
(i.e. fori = k 4+ [K for [ € N) and propagate forward the estimate of the previous
time we ran Step 2 at the intermediate time points. This increases the execution speed
at the cost of the loss of some precision (depending on the choice of K).

Based on our results in the previous sections, we can see that if the assumptions of
the results hold and A, is chosen sufficiently small then the estimation errors are

Elol:;ﬂ
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of O(oz \/ﬁ) with high probability for both algorithms (in the second algorithm, for
i>k).

3 Application to the Lorenz 96° Model

The Lorenz 96’ model is a d-dimensional chaotic dynamical system that was intro-
duced in Lorenz [31]. In its original form, it is written as

%“i = —uj—1ui—p +ui—1Uiy1 — u; + f, (3.1
where the indices are understood modulo d, and f is the so-called forcing constant.
In this paper we are going to fix this as f = 8. (This is a commonly used value that is
experimentally known to cause chaotic behaviour, see [32,33].) As shown on page 16
of Sanz-Alonso and Stuart [42], this system can be written in the form (1.1), and the
bilinear form B (u, u) satisfies the energy-conserving property (i.e. (B(v, v),v) =0
for any v € RY).

We consider 2 observation scenarios for this model. In the first scenario, we assume
that d is divisible by 6 and choose H such that coordinates 1,2,3,7,8,9, ...,d —
5,d —4, d —3 are observed directly, i.e. each observed batch of 3 is followed by a non-
observed batch of 3. In this case, the computational speed is fast, and we are able to
obtain simulation results for high dimensions. We consider first a small-dimensional
case (d = 12) to show the dependence of the MSE of the MAP estimator on the
parameter k (the amount of observations), when the parameters oz and % are fixed.
After this, we consider a high-dimensional case (d = 1,000,002) and look at the
dependence of the MSE of the MAP estimator on oz +/.

In the second scenario, we choose H such that we observe the first 3 coordinates
directly. We present some simulation results for d = 60 dimensions for this scenario.

In Paulin et al. [38], we have shown that in the second scenario, the system satisfies
Assumption 2.2 for Lebesgue-almost every initial pointz € R?. A simple modification
of that argument shows that Assumption 2.2 holds for Lebesgue-almost every initial
point u € RY in the first observation scenario, too.

In each case, we have set the initial point as u = (%, %, R 1). (We have
tried different randomly chosen initial points and obtained similar results.) Figures 1,
2 and 3 show the simulation results when applying Algorithm 1 (optimization based
smoother) to each of these cases. Note that Algorithm 2 (optimization based filter)
applied to this setting yields very similar results.

In Fig. 1, we can see that the MAP estimators RMSE (root-mean-square error)
does not seem to decrease significantly after a certain amount of observations. This
is consistent with the non-concentration of the smoother due to the existence of leaf
sets, described in Paulin et al. [38]. Moreover, by increasing k£ above 100, we have
observed that the Newton’s method often failed to improve significantly over the initial
estimator, and the RMSE of the estimator became of order 10!, significantly worse
than for smaller values of k. We believe that this is due to the fact that as we increase k,
while keeping oz and / fixed, the normal approximation of the smoother breaks down,
and the smoother becomes more and more multimodal. Due to this, we are unable to
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find the true MAP when starting from the initial estimator and settle down at another
mode. To conclude, for optimal performance, it is important to tune the parameter k
of the algorithm.

In Fig. 2, we present results for a d = 1,000,002-dimensional Lorenz 96’ system,
with half of the coordinates observed. The observation time is 7 = 1073. The circles
correspond to data points with 7 = 107° (so k = 10), while the triangles correspond
to data points with h = 2 - 1077 (so k = 50). The plots show that the method works
as expected for this high-dimensional system and that the RMSE of the estimator is
proportional to oz ~/.

Finally, in Fig. 3, we present results for a d = 60-dimensional system with the first
3 coordinates observed. The observation time is 7 = 1073, The circles correspond
to data points with 4 = 5. 107>, while the triangles correspond to data points with
h = 2.5-107°. We can see that Algorithm 1 is able to handle a system which has
only a small fraction of its coordinates observed. Note that the calculations are done
with numbers having 360 decimal digits of precision. Such high precision is necessary
because the interaction between the 3 observed coordinates of the system and some
of the non-observed coordinates is weak.

The requirements on the observations noise oz and observation time step % for the
applicability of our method depend heavily on the parameters of the model (such as the
dimension d) and on the observation matrix H . In the first simulation (Fig. 1), relatively
large noise (o7 = 1073) and large time step (2 = 10~2) were possible. For the second
simulation (Fig. 1), due to the high dimensionality of the model (d = 1,000,002),
and the sparse approximation used in the solver, we had to choose smaller time step
(h < 10_6) and smaller observation noise (07 < 10_6). Finally, in the third simulation
(Fig. 3), since only a very small fraction of the d = 60 coordinates is observed,
the observation noise has to be very small in order for us to be able to recover the
unobserved coordinates (o7 < 107120),

In all of the above cases, the error of the MAP estimator is several orders of mag-
nitude less than the error of the initial estimator. When comparing these results with
the simulation results of Law et al. [28] using the 3D-Var and extended Kalman filter
methods for the Lorenz 96 model, it seems that our method improves upon them,
since it allows for larger dimensions and smaller fraction of coordinates observed.

In the following sections, we describe the theoretical and technical details of these
simulations. First, in Sect. 3.1, we bound some constants in our theoretical results for
the Lorenz 96’ model. In Sect. 3.2, we explain the choice of the function F in our initial
estimator (see Theorem 2.8) in the two observation scenarios. In Sect. 3.3, we adapt
the Taylor expansion method for numerically solving ODEs to our setting. Finally,
based on these preliminary results, we give the technical details of the simulations in
Sect. 3.4.

3.1 Some Bounds for Lorenz 96’ Model

In this section, we will bound some of the constants in Sect. 1.1 for the Lorenz 96’

model. Since A is the identity matrix, we have ||A|| = 1 which satisfies that (v, Av) >

Lav for every v € R? for A4 = 1. The condition that (B(v, v), v) = 0 for every
Elol:;ﬂ
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Dependence of RMSE of MAP estimator on k
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v € RY was verified for the Lorenz 96’ model, see Property 3.1 of Law et al. [28].
For our choice f = 8, we have || f|| = 8+/d. Thus, based on (1.5), the trapping ball
assumption (1.3) is satisfied for the choice R := % = 8/d.

For B, given any u, v € R such that ||u||, ||v] < 1, by the arithmetic mean—root-
mean-square inequality, and the inequality (ab)* < #, we have

d
1
2 2
| B(u, v)||” = I E (Vi—18i4+1 + Ui—1Vi4] — Vi—2Uj—1 — Uj—2V;—1)
i=1
< . . 2 . . 2 . . 2 . . 2 < 4
< Wiciuir)” + Wi—1vip1)” + (Wicaui—1)” + (i—vi—1)” < 4

thus, ||B|| < 2. If d is divisible by 2, then the choice u; = v; = % shows that

this bound is sharp, and ||B|| = 2. For simplicity, we have chosen the prior ¢ as the
uniform distribution on Bg. Based on these, and definitions (1.16) and (1.6), we have

Co:=16vd, Caer <1+32V/d, and G <1+ 32/4d. (3.2)

3.2 Choice of the Function F in the Initial Estimator

In this section, we will construct a computationally simple function F satisfying the
conditions of Theorem 2.8 for the two observation scenarios.

First, we look at the second scenario, when only the first 3 coordinates are observed.
We are going to show that for j = [452], it is possible to construct a function F :
(Ré)i+1 — R4 such that F is computationally simple, Lipschitz in a neighbourhood
of u,and F (Hu, ..., HD/ v) = u, and thus satisfies the conditions of Theorem 2.8.
Notice that

Du;_y = —ujoui—3 +uiou; —uj—1 + f, (3.3)

so for m = 0, we have
up = Du; = (Dui—y — f +ui—y + ui—ou;i—3) /ui—. (3.4

In general, for m > 1, by differentiating (3.3) m times, we obtain that

m m
m _ m _
D"y | = —D"u;_y— E <Z>Dlui2-Dm i s+ E <Z)Dlui-Dm Tui_o;

1=0 =0
3.5)
thus, for any m > 1,
" m
D"u; :(Dm+]ui_1 +D"u;_ + Z (l >Dlu,~_2 . Dmilu,‘_3
=0
m—1 m
— Z (l )Dlui . Dmlui_2>/ui_2. 3.6)
=0
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Thus, for any m € N, we have a recursion for the mth derivative of u; based on the
first m + 1 derivatives of u; 1 and the first m derivatives of u; _» and u; 3. Based on
this recursion, and the knowledge of the first j derivatives of u{, u; and u3, we can
compute the first j — 1 derivatives of uy4, then the first j — 2 derivatives of us, etc.,
and finally the zeroth derivative of u3y; (i.e. u3y; itself).

In the other direction,

Duijyo = f —ujyo —uip1u; +ujp11i43; 3.7
therefore, for m = 0, we have
ui = Duj = (f — Dujo — s + wis1ui43) [Uis1. (3.8)

By differentiating (3.7) m times, we obtain that

m m
m _ m _
D"y = —Dmui+2+2 (l >Dlui+1 -D" lui+3_z <Z>Dlui'Dm "uigs
1=0 1=0
(3.9

thus,

m
m
D"u; =< — D" Ui — D™uiys + Z <Z)Dl“i+1 D" ujys
1=0

m—1
m
- ( l )D’u,- : Dm—’ui+1)/ui+1. (3.10)
=0

Thus, forany m € N, we have arecursion allowing us to compute the first m derivatives
of u; based on the first m + 1 derivatives of u; 7 and the first m derivatives of u; +1 and
u;+3 (with indices considered modulo d). This means that given the first j derivatives
of uy, up and u3, we can compute the first j — 1 derivatives of u; and uyz_1, then
the first j — 2 derivatives of uy_» and uy_3, etc., and finally the zeroth derivatives of
Ud4+2-2j, Ud+1-2j-

Based on the choice j := [‘13;31 , these recursions together define a function F for
this case. From the recursion formulas, and the boundedness of u, it follows that F' is
Lipschitz in a neighbourhood of (H u,...,HD/ u) as long as none of the coordinates
of u is O (thus for Lebesgue-almost every u € Bg).

Now we look at the first observation scenario, i.e. suppose that d is divisible by 6, and
we observe coordinates (6 +1, 6i +2, 6i +3)o<;<d/6—1. In this case, we choose j = 1
and define F (Hu, H Du) based on formulas (3.4) and (3.8), so that we can express
U6i+4, U6i—1, Usi—2 based on ue;y1, ugit2, ei+3 and Dugii1, Dugji2, Dug;i13 for
0 <i <d/6 — 1 (with indices counted modulo d). Based on Egs. (3.4) and (3.8),
we can see that F defined as above satisfies the conditions of Theorem 2.8 as long as
none of the coordinates of u is O (thus for Lebesgue-almost every u € Bg). In both
scenarios, F' is computationally simple.
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We note that in the above argument, F' might be not defined if some of the compo-
nents of u are 0. (And the proof of Assumption 2.2 in Paulin et al. [38] also requires that
none of the components are 0.) Moreover, due to the above formulas, some numerical
instability might arise when some of the components of # are very small in absolute
value. In Section A.2 of “Appendix”, we state a simple modification of the initial
estimator of Theorem 2.8 based on the above F that is applicable even when some of
the components of u are zero.

3.3 Numerical Solution of Chaotic ODEs Based on Taylor Expansion

Let v € Bg and imax € N. The following lemma provides some simple bounds that
allow us to approximate the quantities v(¢) = ¥ (v) for sufficiently small values of ¢
by the sum of the first ipa terms in their Taylor expansion. These bounds will be used
to simulate system (1.1) and to implement Newton’s method as described in (2.30).

Lemma 3.1 For any v € Bg, we have

Imax _j

v(t) — Z%Dl‘v

i=0

< Co(Cgert) ™1, (3.11)

where D° = v, and fori > 1, we have the recursion

i—1 /.
‘ , -1 . S
Dv=—-AD""v- (’ , )B (D!v, D’_l_fv>. (3.12)
j

j=0

Proof The bounds on the error in the Taylor expansion follow from (1.14). The recur-
sion equation is just (1.13). O

The following proposition shows a simple way of estimating v(¢) for larger values
t. (The bound (3.11) is not useful for ¢ > é.) For v € R?, we let

v
Pp(v) :=v - lyepg + Rm . 1[,,¢BR] (3.13)

be the projection of v on Bg.

Proposition 3.1 Let v € Bg, and suppose that A < —=—. Let 9(0) = v, 9(A) :=

Cer*
P, (Zi“;“(’)‘ f—;Div), and similarly, given V(j A), define

l' .
. A
2((j + 1 A) = Pg, (Z D (v(;A))) :
i=0
FolCT
b
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Finally, let§ := t — | £ ] Aand () := Pg, (ij;g 5D (L] A))) . Then the error

is bounded as
[9(r) — v(t)|| < (t + A) exp(G1)CoCer - (Caer A)™ .

Proof Using (3.11) and the fact that the projection Pp,, decreases distances we know
that forevery j € {0, 1, ..., [t/A] — 1},

”’i)\((.] + I)A) - lIIA (fU\(JA))” < CO (CderA)imax+] .
By inequality (1.6), it follows that
11— ja@( A) = i (j+na@((j + DA < exp(G1)Co (Caer AT,

and using the triangle inequality, we have

[1/A1—1
o) = o) < Z ¥ —ja@(jA)) = ¥ (j+1)a@(( + DA,
j=0
so the claim follows. O

3.4 Simulation Details

The algorithms were implemented in Julia and ran on a computer with a 2.5Ghz Intel
Core i5 CPU. In all cases, the convergence of Newton’s method up to the required
precision (chosen to be much smaller than the RMSE) occurred in typically 3-8 steps.

In the case of Fig. 1 (d = 12, half of the coordinates observed) the observation time
T is much larger than CLer’ so we have used the method of Proposition 3.1 to simulate
from the system. The gradient and Hessian of the function g™ were approximated
numerically based on finite difference formulas (requiring O (d?) simulations from the
ODE). We have noticed that in this case, the Hessian has elements with significantly
large absolute value even far away from the diagonal. The running time of Algorithm 1
was approximately 1 s. The RMSEs were numerically approximated from 20 parallel
runs. The parameters JTE&)X and Jé,la)x of the initial estimator were chosen as 1.

In the case of Fig. 1 (d = 1,000,002, half of the coordinates observed), we could
not use the same simulation technique as previously (finite difference approximation
of the gradient and Hessian of g°™) because of the huge computational and memory
requirements. Instead, we have computed the Newton’s method iterations described
in (2.30) based on preconditioned conjugate gradient solver, with the gradient and the
product of the Hessian with a vector evaluated based on adjoint methods as described
by Egs. (3.5)—(3.7) and Section 3.2.1 of Paulin et al. [37] (see also Le Dimet et
al. [30]). This means that the Hessians were approximated using products of Jacobian
matrices that were stored in sparse format due to the local dependency of Eq. (3.1).
This efficient storage has allowed us to run Algorithm 1 in approximately 20-40 min
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in the simulations. We made 4 parallel runs to estimate the MSEs. The parameters
Jéﬂ}x and Jélla)x of the initial estimator were chosen as 2.

Finally, in the case of Fig. 3 (d = 60, first 3 coordinates observed), we used the
same method as in the first example (finite difference approximation of the gradient
and Hessian of g*™). The running time of Algorithm 1 was approximately 1 hour (in
part due to the need of using arbitrary precision arithmetics with hundreds of digits
of precision). The MSEs were numerically approximated from 2 parallel runs. The

parameters Jég)x, R Jn(ﬂlagx) of the initial estimator were chosen as 24.

4 Preliminary Results

The proof of our main theorems are based on several preliminary results. Let

k

@) = Y (195 0) = @, @ +2{@, 0) = &y @), Z)) , and (@)
i=0
15" (v) == (v —u) A(v —u) +2 (v —u, By). 4.2)

These quantities are related to the log-likelihoods of the smoothing distribution and
its Gaussian approximation as

wm(|Yox) =

q(v) [ 0)
exp | —

sm 2
Cy 20

det(Ay)'/2 B.A'B ()
U 0]V o) = A exp[—M Rl ER )

d’ 2 2
(2m)/% . o} 205 o;

:| , and if A > 0, then 4.3)

where > denotes the positive definite order (i.e. A > B if and only if A — B is positive
definite). Similarly, > denotes the positive semidefinite order.

The next three propositions show various bounds on the log-likelihood-related
quantity °™ (v). Their proof is included in Section A.1 of “Appendix”.

Proposition 4.1 (A lower bound on the tails of /™ (v)) Suppose that Assumption 2.1
holds for u, and then for any 0 < ¢ < 1, for every oz > 0, h < hpmax(u, T), we have

c(u,T) Ci(u,T,e)oyz
P lsm > _ 2 _ N\t L —_ e B
( (v) > A lv —ul| \/ﬁ lv — ul| for every v R u)
2 1 — &,
where

Ci(u,T,¢) :=44(Mr(T)R + A’Zl(T))\/T(u)(d + Dd,

+ 2\/27(14)[101\210) log (é)
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Proposition 4.2 (A bound on the difference between /5™ (v) and ém (v)) If Assumption
2.1 holds for u, then forany 0 < ¢ < 1,07 > 0,0 < h < hmax(u, T), we have
u)

Co(u,T) + C3(u, T, e)oz'h
. A -for every v € Bg

P (usm(v) W) < v —ul?

>1—ce,
where

Co(u, T) := T(uw)M\(T)M>(T) and
_ _ - . 2
C3(u, T, &) := 22(M3(T) + M4(T)R) (d + D)d,T (u) + \/:T(u)M3(T)d0 log (g)

Proposition 4.3 (A bound on the difference between V/*™(v) and Vlém(v) ) If
Assumption 2.1 holds for u, then forany 0 < e < 1,07 > 0,0 < h < hmax(u, T),
we have

2 Caw.T) + Cs. T.e)oz/h
h

P(IIVlsm(v) = VIg" | = [lv—ul

u)zl—a,

Ca(u, T) := 4T ()M, (T)Mx(T), and
Cs(u, T, ¢) =66 (M3(T) + Ma(T)R) \/ T (w)(2d + 1)d,, + 2\/T(u)M3(T)do log (é)

The following lemma is useful for controlling the total variation distance of two
distributions that are only known up to normalising constants.

for every v € By

where

Lemma 4.1 Let f and g be two probability distributions which have densities on R?
with respect to the Lebesgue measure. Then their total variation distance satisfies that
for any constant ¢ > 0,

dv(f.g) < /

x el

@) —cg(o)ldx.

Proof We are going to use the following characterisation of the total variation distance,

1
drv(f,8) = 5/ iy |f(x) — g(x)ldx
xXe

_ / (f(x) — gx))sdx = f (f(x) — g(x))_dx.
xeRd xeRd
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Based on this, the result is trivial for ¢ = 1. If ¢ > 1, then we have

/ (f(x) —gx))-dx < / (f(x) —cg(x))—dx < / [f(x) —cg(x)ldx,
xeRd xeRd xeRd

and the ¢ < 1 case is similar. O

The following lemma is useful for controlling the Wasserstein distance of two
distributions.

Lemma 4.2 Let f and g be two probability distributions which have densities on R?
with respect to the Lebesgue measure, also denoted by f(x) and g(x). Then their
Wasserstein distance (defined as in (2.13)) satisfies that for any y € R?,

dw(f.g) < f

xeR

. [f(x) —g(x)]-llx — ylldx.
Proof Let m(x) := min(f(x), g(x)), y 1= [, cga m(x)dx, fx) = f(x) —m),

g(x) := g(x) — m(x). Suppose first that y # Oand I —y # 0. Let v?; denote

the distribution of a random vector (X, X) on R? x R? for a random variable X

with distribution with density m(x)/y. (The two components are equal.) Let vﬁ)g

be a distribution on R? x R? with density v}zz, (x1,x2) = ];(Tx;/) . gl(%]z/) (The two
components are independent.)
We define the optimal coupling of f and g as a probability distribution vy, on

RY x R as a mixture of v;l;, and v(fzz,, that is, for any Borel-measurable E € RY xRY,

vrg(E) = yv') (E) + (1 =y (E). 4.5)

It is easy to check that this distribution has marginals f and g, so by (2.13), and the
fact that /x.eRd fxDdx, = fxzeRd 8(x2)dxy =1 — y, we have

dw(f,g) < f 11 — x2lldvy g (x1, x2)
x1,x2€R4
Fxngxa)
=/ X082 xoldxdxs
xl,xze]Rd 1- Y

F(x1)&(x2)
5/ TOD8CD) ey 4 2 — I dxrdis
xl,xzeRd 1 -V

=/ Feenlx —y||dx1+/ §(x2)llx1 — ylldxa
xlele szR
=/ (f )+ g(x))llx — ylldx,
xeRd
FoCTM
e
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and the result follows from the fact that f (x) + g(x) = |f(x) — g(x)|. Finally, if
y = 0 then we can set vy, as v(z) , and the same argument works, while if y = 1,

then both sides of the claim are zero (since f(x) = g(x) Lebesgue-almost surely). O

The following two lemmas show concentration bounds for the norm of By and the
smallest eigenvalue of A;. The proofs are included in Section A.1 of “Appendix”.
(They are based on matrix concentration inequalities.)

Lemma 4.3 Suppose that Assumption 2.1 holds for u, then the random vector By
defined in (2.8) satisfies that for any t > 0,

t2
P(||B ! - M ' '
(IBill = t1u) < (d + )e"p< (k+1>doM1<T>2<f§) o

Thus, for any 0 < ¢ < 1, we have

u) < ¢ for Cg(e) := \/log (%) - M(T)2T (w)d,.
4.7)

P(ann z@(s)%

Lemma 4.4 Suppose that Assumption 2.1 holds for u, then the random matrix Ay
defined in (2.7) satisfies that for any t > 0,
u>

t2
<2dexp| — — ; 4.8
=P < *k+ 1)a§M2(T)2d0) @8

T (u)

(uvT) > 2
—tor|[Axll = M(T) —,

C
P (Amin(Ak) =< T

thus, for any 0 < ¢ < 1, we have

c,T) — Ca(e)oz/h

P (Amin (Ap) >

h
and | Ax]l < B,(T)? - T:‘) + CA%)"Z) <efor
2d ~ _
Cale) = \/log (?) - Mo (T)2T (u)d,. (4.9)

The following proposition bounds the derivatives of the log-determinant of the
Jacobian.

Proposition 4.4 The function logdet JWr : Bgr — R is continuously differentiable
on int(BR), and its derivative can be bounded as
sup  [[Vlogdet J¥r (v)|| < Mi(T)M>(T)d.
veint(Bg)

FoC'T
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Proof Let M? denote the space of d x d complex matrices. By the chain rule, we
can write the derivatives of the log-determinant as functions of the derivatives of
the determinant, which were shown to exist in Bhatia and Jain [5]. Following their
notation, we define the kth derivative of det at a point M € M as a map D* det M
from (M?)¥ to C with value

ak

DfdetM(x',... X"y = ———
oty ... 01

det(M—i—thl—i-...—i-thk).

t1=...=t;=0

They have defined the norm of kth derivative of the determinant as

ID* det M| := sup )Dk det M(X', ...,Xk)‘.
(X"} 1<i<k:| X7 ||=1 for 1<i<k

From Theorem 4 of Bhatia and Jain [5], it follows that for any £ > 1, the norm of the
kth derivative can be bounded as

|DFdet M|| < |M|*d* - | det M]|. (4.10)

Based on the chain rule, the norm first derivative of the log-determinant can be bounded
as

V det JW D det J¥ 2y
IV log det J & ()| = et J¥r (v) < | D det J¥r ()|l T(v)I|7
det J¥r (v) | det J¥r (v)]
and the result follows by (1.21) and (4.10) fork = 1 and M = JW¥r(v). O

5 Proof of the Main Results
5.1 Gaussian Approximation

In the following two subsections, we are going to prove our Gaussian approximation
results for the smoother and the filter, respectively.

5.1.1 Gaussian Approximation for the Smoother

In this section, we are going to describe the proof of Theorem 2.1. First, we will show
that the result can be obtained by bounding 3 separate terms, then bounds these in 3
lemmas and finally, combine them.

Elol:;ﬂ
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By choosing the constants C%l\g(u, T) and Céz\a(u, T) sufficiently large, we can

assume that Cty(u, T, ¢) satisfies the following bounds,

2CA(D)

Crv(u,T,e) > @) (5.1)
C3(u, T, %)

Crv(u,T,e) > m 5.2)

-3/2
1

Crv(u,T,¢) > | 2C2(u, T) min —a R flull (5.3)
2¢

& 3
Crv@u, T, ¢) > 512 (M) . (5.4)
c(u, T)
3
Crv(u, T, ¢) > 64 (Cl(u’ L&), T)) (5.5)
c(u, T)

Based on the assumption that ozﬁ < lCTV(u, T, 8)_1, (5.1), and Lemma 4.4, we
have

(5.6)

, T C
P(cul )Id<Ak<%Id’u)Zl—

€
2h 4’

where C| 4 is defined as in (2.15). The event Ayin (Ax) > C(’;}IT) implies in particular
that Ay is positive definite. From Lemma 4.3, we know that

& Oz &
P| |B Cgl-) — >1—-. 5.7
(u i <cn(3) ﬁu)_ . 5.7)
From Proposition 4.1, we know that
c(u, T) , Ci(u,T.5)oz
P ™ (v) > - -~V % v — u f eB
( (v) > A [[lv — u|| NG lv — u|| for every v rRlu
>1- 2 5.8)
> 1 .

Finally, from Proposition 4.2, it follows that

. Co(u,T)+C3(u, T, %) oz

IP’(Ilsm(v) — I =< lv—u A

for every v € Bg

&
u> >1- -, (5.9)

~

In the rest of the proof, we are going to assume that all four of the events in
Egs. (5.6), (5.7), (5.8) and (5.9) hold. From the above bounds, we know that this
happens with probability at least 1 — €.
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Let Z be a d-dimensional standard normal random vector, then from the definition
of usgm, it follows that when conditioned on By and Ay,

W:i=0; A, Z+u—-A;'B, (5.10)

has distribution ué;m( |Y 0.1 ). This fact will be used in the proof several times.

Since the normalising constant of the smoother C;™ of (2.4) is not known, it is not
easy to bound the total variation distance of the two distributions directly. Lemma 4.1
allows us to deal with this problem by rescaling the smoothing distribution suitably.
We define the rescaled smoothing distribution (which is not a probability distribution
in general) as

A (] o) ==

det(Ap)/2 [ BkA,:lBk] q(v) [ l“%v)}
-exp | — . -exp | — s

@22 . o8 202 q(u) 202

(5.11)

which is of similar form as the Gaussian approximation

det(Ag)!/? B:A'B I5™ ()
WP @Y o) = A T e [—M op| T | G2
o

d 2 2
(2m)d/2 . of 205 7

Let 2013
(hoz)
h, =t 5.13
p(h,oz) 36w T) (5.13)

then based on the assumption that UZ\/E <Crtv(u,T, 8)_1, (5.2) and (5.3), it follows
that

5 1/3

(h.07) < mi hog L R—ul

p(h,oz7) < min X ,R—||lu
Co(u, T) + Cs@, T, $yozv/h ) " 2c)

(5.14)
Let B, :={v € R? : |lv — u|| < p(h, 0z)} and denote by B; its complement in R4,
Then by Lemma 4.1, we have

drv (1 (1Y 00, 1 (1Y 00)) < /

ve

y | (@Y o) — ug" (@Y o) | dv (5.15)

< @*™(By|Yox) + ug (BolYox) + / [ (1Y o) — 1" (0¥ o) | do.

veB,

(5.16)
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By Lemma 4.2, we can bound the Wasserstein distance of %™ (-|Y o.x) and y, (Y 0:1)
as

dw (" CIY 0:0), ng" (1Y 0:)) =< / p lv—ull - 1™ @Yox) — ng" (@]Y o) |dv
ve

5/ o =l | 1Y o) — 1 0] ¥ 00| do
veB,

+/ v —ullusm(vIYo:k)var/ v — ullug" (|Y ox)dv. (5.17)
veBS ve

Bj
In the following six lemmas, we bound the three terms in inequalities (5.16) and (5.17).
Lemma 5.1 Using the notations and assumptions of this section, we have

/ | (0] Y o) — nZ* (Y o4) | dv < Dy (u, T, &)oz~/h + Da(u. T, e)o5h for
veB,

205 (%) 2d 20\ 2085\
cw ) "\ ewn T (6<c(u,T)> +2<c(u,T)) ’

€ 2d \*? 2C5(5H\°
Dy(u,T,e) :=Cs (u, T, Z) (6 <c(u, T)) + 2<c(u, T ) .

Proof Note that by (5.14), we know that B, C Bg, and

Di(u,T,e):=

. w™ (] Y k)
sm sm sm

w2 Y o) — g (0¥ o) | dv = / wg @Yo |1 =~
/i;eBp | ¢ | g wg (Y ox)

veB,
_ sm _ q(v) (lsm(v)_l (v))

Now using (5.14), we can see that SUPyep, ‘log (%)‘ < Cél) . 2C1“) < %, and
q

" () —Ig" (v)

using (5.9), we have Ey
VA

% Using the fact that |1 — exp(x)| < 2|x| for

—1 < x < 1, and the bounds | log(g (v)/q(@))| < C{" ||lv — u|| and (5.9), we can see
that for every v € B,

- M 2 (et 20D+ T H oz o —ul?
¢ (0Yox) h 207 ’
(5.18)
Fol:rﬂ
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therefore,

[ ol¥e - ug ol¥eo| @
veB,

Cow, T)+C3(u, T, %) ozvVh v —ul?
52/ ug @ Yox) [ CM v —ul + (w.1. 5) — -
veRd h 2(IZ

Let Z denote a d-dimensional standard normal random vector, then it is easy to see that
E(I1Z]) < B(1ZII*)'/? < d'? and E(| Z%) < (B Z]|*)** < (3d?)*/* < 3d°/2.
Since we have assumed that the events in (5.6) and (5.7) hold, we know that

172 2 . 2C (§)
A < , and ||A, Bl < 5.19
[ V[ ™ A, Bkl < . ) -az/h. (5.19)

Finally, it is not difficult to show that for any a,b > 0, (a + b)3 < 4(a3 + b3).
Therefore,

/ |5 (0] Y o) — w (0]Y 0)| dv
ve

Bﬂ
Cow,T)+C3(u, T, %) oz/h |W —u|?
h 20%

Ag, Bk:|

—1/2 —
4- (304, P Po3a®? + 1A Bl

<E [c;“nw —ul +

= " (147 Bull + o147 21Va)

Cz(u T)+C3(u,T,%) UZ\/_
20’%/1

- (203 (%) Y >62ﬁ+ Cou, T)+Cs (u, T, §) az/h

cu,T) cu,T) 202h

3
2h \*? 2Cp (¢
a5(2) .ggdz/u(ﬂ.am) ;

c(u,T) c(u, T)

thus, the result follows. O

Lemma 5.2 Using the notations and assumptions of this section, we have

cu,T)- (azﬁ)2/3>

SMBCIYnr) < (d + 1 -
g (BplYou) = (d + )e"p< 64dCx(u, T)?

Proof Note that if Z is a d-dimensional standard normal random vector, then by
Theorem 4.1.1 of Tropp [46], we have
/2
P(|Z|| > t) < (d+ 1)exp <_ﬁ> for any ¢ > 0. (5.20)

Fo C 'ﬂ
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Since the random variable W defined in (5.10) is distributed as y,sgm(~|Y0:k) when
conditioned on Ay, By, we have

ng (BylYox) =P (IW —ull > p(h, 02)| Ak, Br)

_ 2Cp(5)
h, —|1A7'B oh,o7) — =240 .o, h
<P (IIZII - p(h,oz) — 1A} k||> <P (||Z|| - cw.T) .

Aa7Y? [_2h
oz ”Ak ” Oz - cw,T)

Based on the assumption that O’Z\//; <Crv(u,T, 8)_1, and (5.4), we have 255 (TZ)) .
oz h < 2oz) (héUZ) , and

| W13 ST
W (B Vo) < P (uzn NG AR C )) ,

4/2C>(u, T)
and the result follows by (5.20). O

Lemma 5.3 Using the notations and assumptions of this section, we have

—2/3

™ (BS|Yox) < Da(u, T) - —
w(BylY o) < D3(u )CXP( Daw. T)

ap V25UPuets, 4 )

D3(u,T) = C”A|| . Ja D -(d+1)and
16d - (Ca(u, T))?
D4(u, T) = %

Proof Let gmax 1= SUpyc Br q(v). By our assumption that the event in (5.8) holds, we
have

z
v —u||* — ———— . ||v — ul| forevery v € Bg, and thus
y

Vh
det(Ay)1/2 By A; ' By
Q2. od 202

P (v) >

c(u,T) 2 Ci(u,T,%)o
h

R (By|Y o) <

Ci(u.T,%
() (Do — P — T2y — )
/ —.exp | — 5 dv
veBy q(u) 205
dj2 gmax
<C .
= YAl (27.[)01/2 A (O'Z\/E)d
(. T)llo = wl? = €y (. 7. §) o7/h - v — ul )
/ exp | — dv,
veEB)

202h
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where in the last step we have used the fact that det(A;)'/? < || A ||/%. Based on the
assumption that 0z+/h < Cry(u, T, &), and (5.5), we have

1
sew. Dy —ul? = Ci (w.T. 7)oz v = ul for [v —ul = p(h. oz).

therefore by (5.20), we have

2
0 : d/2 gmax c, T)|v—ul
(B Yox) < C . / exp | UL DIV Zulm ) )
P A (27‘[)11/2 . (GZ\/E)d veB}g 40_%}1
a2 Gmay/2 Ja
= C”éH . _Ymax .[p><||ZI| >ph,o7)  ———=,
c(u,T) V20,Jh
and the claim of the lemma follows by (5.20). O

From inequality (5.16) and Lemmas 5.1, 5.2 and 5.3, it follows that under the
assumptions of this section, we can set C%l\g(u, T) and C%)(u, T) sufficiently large
such that we have

drv (1B C1Y o), 3 (Y 0)) < /

velR

<Crvu,T,&)ozvh. (5.21)

BT 1Y 0x) — g 0] 0| do

Now we bound the three terms needed for the Wasserstein distance.

Lemma 5.4 Using the notations and assumptions of this section, we have

/ lo —ull - [£™ @Y 0x) — 1" 0] ¥ o) | dv
veEB,

2
<oh- (c;‘(u, T)+Ciu,T) <log (é)) ) ,

for some finite positive constants C{(u, T), C5(u, T).

Proof Note that for any v € Bp, we have

EROY0
ng (0¥ ox)

W@ Yor) LT Yox)
am@lYox)  png (@Y ox)

< |FOYor) | AT @Y ox)
T g (0¥ ox) ng @Y o)

" ([Yox) 1‘
a™ (0] Y o:x)
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From (5.21), and the fact that 2%™(-|Yo.x) is a rescaled version of 5™ (-|Y¢.x), it
follows that for JZ\/Z < %CTV(u, T, 5)_1, we have

—1

‘M <201y, T, &)oz/h. (5.22)

A (| Y o)

By (5.18) and (5.14), it follows that “smggo") < 3 for every v € BB,. By using these

2 You) _ :
1TV 0.4) 1) via (5.18), we obtain that

and bounding

/ o —ull - | (@Y ox) — ng (Y ox)| dv
veB,

P

=/ ng @Yo llv —ul x
veB

P

5/ Y om0 llv —
veRd

. (Z(C(U”v o+ Co(u,T)+ C; (u T, %) ozVh . v — u”S)
q

h 20%

w3 (] Y o)
sm —1
ng (Y ox)

+6Cty(u, T, e)azﬁ)dv

= E<I|W —u|l - 6Ctv(u, T, &)oz/h + [|W —u|*- ZC(gl)

gt 2D E G (u,T,5)ozvh

W -
|| i

Ak,Bk).

Based on (5.19), we have

IW—ul = oz A, Z — A7 Bill < oz2vh 2 ||Z||+2CB(%)~ :
k k - cu,T) c(u,T)

where Z is a d-dimensional standard normal random vector. The claimed result now
follows using the fact that E(|| Z|)) < ~/d, E(|Z||?) < d,and E(| Z|*) <3d*>. O

Lemma 5.5 Using the notations and assumptions of this section, we have

) ~2/3
/ v —u||w™™(v|Yox)dv < 4RD3(u, T) - exp (—u> .
veB¢

Dy(u,T)

FoE'ﬂ
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Proof Using (5.22), Lemma 5.3, and the fact that UZ«/Z < %CTV(u, T,e)" L, we
have

- n)—2/3
M (BS|Y o) < 2™ (BS|Yox) < 2D3(u, T) - exp (_%) ’

D4(u,T)

and the result follows from fveB(. lv — u|| ™ (v|Y g )dv < 2R - Msm(B;|Y0:k). O
0

Lemma 5.6 Using the notations and assumptions of this section, we have
/’BHv—ﬂwugxwYawdvS(Eahfﬁww<—ciw,T)szV%YQ”),
veB]

for some finite positive constants C3(u, T), Cj(u, T).

Proof Let W be defined as in (5.10) and Z be d-dimensional standard normal. Using
the fact that for a nonnegative-valued random variable X, we have E(X) = f[o:oo P(X >
t)dt, it follows that

f v — ulpug @ Yox)dv = E (W — wllyw—ujzpoz.h| Ak Bk)
veB;
oo

=memm?wp+f P(IW —ul > 1) dr
t=p(oz,h)

. © t c(u, T)
swwzmmmwn+/ P(iz] > - dr
G S imotorhy oz /h 2

o) t2
- ) I(BEY 4+ (d + 1 By L
< (p(oz ))Mg ( P) ( ) t=p(oz,h) o < 4d0%h/c(u’ T)>

cu,T) (o773
64dCo(u, T)?

4mdolh ploz. h)?

and the claim of the lemma follows. (We have used Lemma 5.2 in the last step.) O

=< (p(oz, h))(d + 1) exp <—

From inequality (5.17) and Lemmas 5.1, 5.2 and 5.3, it follows that under the
assumptions of this section, for some appropriate choice of constants C\(,\l,) (u,T) and
c? (u,T), we have

W ’ ’

dw (1" Y ox), nG" 1Y ox)) < Cw(u, T, £)ogh. (5.23)

Proof of Theorem 2.1 The claim of the theorem follows from inequalities (5.21)
and (5.23), and the fact that the assumption that all four of the events in
Egs. (5.6), (5.7), (5.8), and (5.9) hold happens with probability at least 1 — €. O
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5.1.2 Gaussian Approximation for the Filter

In this section, we are going to describe the proof of Theorem 2.2. We start by some
notation. We define the restriction of /Lsgm (-]Y 0:x) to Bg, denoted by MSQITBR (-1Y o) as

ng" (S N BrlYox)

for any Borel-measurable S ¢ R?. 5.24
wg' (BrIY o) Y 424

1z, (1Y 0:x) =

This is a probability distribution which is supported on Bg. We denote its push-forward
map by ¥r as Tlg('|Y0:k)» i.e. if a random vector X is distributed as “SQITBR 1Y o),

then ng(.wo:k) denotes the distribution of ¥ (X).

The proof uses a coupling argument stated in the next two lemmas that allows us
to deduce the results based on the Gaussian approximation of the smoother (Theorem
2.1).

Lemma 5.7 (Coupling argument for total variation distance bound) The total vari-
ation distance of the filtering distribution and its Gaussian approximation can be
bounded as follows,

drv (" (1Y 0x). G 1Y 0200) < drv (™ C1Y o), g C1Y 0x))
+drv (G ClY 0). 1 (1Y 00)).

Proof First, notice that by Proposition 3(f) of Roberts and Rosenthal [41], we have

drv (™ (1Y 0:0), kg, C1Y 0:x)) = / (" 1Y 0x) — 1gs, C1Y 0:))+

veBR

< / y (@Y 0x) — ng (1Y 0:u))+ = drv (1" CIY o), g C1Y 0:4))-

By Proposition 3(g) of Roberts and Rosenthal [41], there is a coupling (X, X7) of
random vectors such that X1 ~ us™(-|Yox), X ~ [LE.TBR(-|Y0;]{), and P(X| #
X2|Yox) = drv(u™ Y ox), “EJH\IBR('WO?’())' Given this coupling, we look at the
coupling of the transformed random variables (¥r(X1), ¥r(X>)). This obviously
satisfies that (W7 (X1) # Y1 (X2)|Yox) < drv (™ (1Y o), g, (1Y 0:4)). More-
over, we have W (X1) ~ u" (Y ox) and W7 (X2) ~ 5§ (-|¥ 0): thus,

dry (U (1Y 00). nG (1Y 0)) < drv (™ CIY o), 1z, (1Y 04))
< dry (™ Y 010, 1 C1Y 0:0)).

The statement of the lemma now follows by the triangle inequality. O

FoC'T
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Lemma 5.8 (Coupling argument for Wasserstein distance bound) The Wasserstein
distance of the filtering distribution and its Gaussian approximation satisfies that

dw (1" (Y o), 1 1Y 0:0))
< exp(GT) - [dw (™™ (1Y o), ug" 1Y o)) + 2RuG" (B 0x)) ]
+dw G C1Y o), 1 C1Y 0)).- (5.25)

Proof By Theorem 4.1 of Villani [48], there exists a coupling of random vari-
ables (X1, X3) (called the optimal coupling) such that X| ~ u*™(:|Yox), X2 ~
G C¢1Yox), and

E(1X1 = X2l1Y0x) = dw (™ (1Y 0x), ug" 1Y 0:0))-

Let X'z =X Ixy <R+ H§_§H - R -1y x, 1> r] denote the projection of X on the ball

Bg. Then using the fact that X| € By, itis easy to see that ||X2 X1l < 1X2 =X,
and therefore,

dw (LX21Y 0), £ C1Y 0x)) < dw (™Y 00), ng C1Y0x)),

where C()A( 2|Y o:x) denotes the distribution of X 2 conditioned on Y.¢.
Moreover, by the definitions, for a given Y o, itis easy to see we can couple random
variables X, and X, ~ “SQITB (+]Y 0:x) such that they are the same with probability at

least 1 — Sm(B‘ ). Since the maximum distance between two points in B is at most
2R, it follows that

dw (L(X2|Y o), 1GiB, (1Y 0:)) < 2Rug" (By).
By the triangle inequality, we obtain that
dw (11" C1Y 0:), 1gg, (1Y 0:40)) < dw (™™ (Y o), 1" (1Y 0:4)) + 2Rug" (B),
and by (1.6), it follows that
dw (1 1Y 020), 0 (1Y 04)) < exp(GT) [dw (W™ (1Y o), g (¥ 0u ) H2 RS (B ]

The claim of the lemma now follows by the triangle inequality. O

As we can see, the above results still require us to bound the total variation and
Wasserstein distances between the distributions ﬂg('|Y0:k) and ug (-|Yo:x). Let

Al = (Jor@9)Y - A - (T @), (5.26)
FoE'ﬂ
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then the density of ug(~|Y 0:k) can be written as

det(4p)? 1
| det(J W7 @9))| (2m)/2 - o4

exp [_ (v — wr@9)) Al (v — 'IIT(uQ)):| |

1 @Y op):=

(5.27)
2
205

Since the normalising constant is not known for the case of ng('lYo:k), we define a
rescaled version f;(ﬁ;(~|Y0;k) with density

(det(Ay))?
(2m)d/? 'O'él
exp [_ (v —u9) ¢ (-7 ) - ug)} |

2
205

g (V1Y 0):=1{vewr B -

(5.28)

The following lemma bounds the difference between the logarithms of ﬁg (v|Y ) and
1 @Y o).

Lemma 5.9 For any v € W7 (BR), we have
| log(iig (v1¥ o)) — log(1g (v[¥ o))

- Ma(T)|| Ax | exp(AGT) v — w7 D) |3
- 20%

+ M(T)My(T)d[v — W7 @9)].

Proof of Lemma 5.9 By (5.27) and (5.28), we have

log(7ig (v[¥ 0)) — log(ugs (v|Y 0.))=log | det(JW_ (v))|— log | det(J y, (,6)¥—1)|

1
o [ @) — w9 A @) - 1)
20

!
— (@)™ 0 - v @) Ader@) ™ o - vrwd))
The absolute value of the first difference can be bounded by Proposition 4.4 as

[log | det(J 7 (v)| — log | det(J g, ) #-1)I| < [0 = w7 @) - My(T)Ma(T)a.

For any two vectors x, y € R?, we have

x"Apx — y'Agyl
= |x'Apx —x"Agy + %' Ary — ¥ Aryl < Akl — ylldlxl + 1y,
FoC Tl
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so the second difference can be bounded as

|7 () — u%) Ap(W1 (v) — u)
— (@) @ - v @) A v @) o - vrad)
= Al [#r @) = w9 = er @)~ @ - vr@))|

(Jrr@ = | + |aer@) '@ - wr@dy)|).
Using (1.6), we have
[er@ = | + | or @)™ o - wr@d))| < 2ex0GT 0 - #r @)l
By (1.19), we have

v — @ @9) — Jor @) W_r ) —u9)|
= |¥r(W_r () — ¥r@9) — JOr @) W_r () —u9)|

! 912
< 2Mz(T)II‘I’—T('J) u” |7,
so by (1.6), it follows that

|#-r@) = u® — o @)~ @ - v @)

1
< SMa(T)expGT)|v — ¥r )|,

We obtain the claim of the lemma by combining the stated bounds. O

Now we are ready to prove our Gaussian approximation result for the filter.

Proof of Theorem 2.2 'We suppose that D%l\i(u, T) > C%}(u, T) and D%}(u, T) >
CX)(u, T), and thus Dry(u, T, ¢) > Cry(u, T, €). We also assume that DY) (u, T)
satisfies that

5 .3
23d3 My(T) exp(4GT
W, 1) » 2D xpEGT) (5.29)
VCial
2 /My (T) exp(dGT)C
PY @, 1) > W MDPECTIChay (5.30)
(R — [lulD)>
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Based on these assumptions on Dty (u, T, ¢), and the assumption that azx/l_z <
%DTV (u, T, s)_l, it follows that the probability that all the four events in Egs. (5.6),
(5.7), (5.8) and (5.9) hold is at least 1 — . We are going to assume that this is the case
for the rest of the proof. We define

25y
,0/(0'27 h) = (4O'Zh); 1 and
(Ma(T) exp(4GT)C)a)*
By :={veR?:|lv—¥r@)l < p'(oz, h)}. (5.31)

Based on (5.29), (5.30), and the assumption that oz Vh < % Drv(u, T, &)~} itfollows
that

p'(oz, h)

_ (402h)3
< min

, (R— —61n)|.
(Ma(T) exp(4GT)Cay)* 24M2(T) expAGT) e

(5.32)

The surface of a ball of radius R — ||u|| centred at u is contained in By, and it will
be transformed by ¥r to a closed continuous manifold whose points are at least
(R — |lul)) exp(—GT) away from ¥r (u) (based on (1.6)). This implies that the ball
of radius (R — |lu|)) exp(—GT) centred at Y7 (u) is contained in Y7 (Bg), and thus
by (5.32), By C W7 (Bg).

By Lemma 4.1, we have

drv (W CIY 00, (1Y o)) = / G (@1¥ o) — G (01 Y 04 ldv

DGBPI

+igBYIYox) + pG (B Yor).  (5.33)

By Lemma 5.9, (5.32), and the fact that | exp(x) — 1| < 2|x| forx € [—1, 1], it follows
that for v € B/, we have

A8 (Y o) | - MGy expéG T o - AOE
1 [Y o) oh
+2M{(T)Ma(T)d|lv — Wy 9)].

FoC'T
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Therefore, the first term of (5.33) can be bounded as

~fi
_ ne Y o)
f |772(v|Y0:k)—Mg(v|Y0:k)|dv=/ uhh @Y ox) |2 —1|d
vEBP/ DEB ’

: @Y o)
Ma(T)Cpay exp(4GT) v — Wr )|

sf Mg(v|Y0:k)< 4] SXPE

veR4 Uzh

+2M(T)M2(T)d v — lI’T(ug)H)dv-

This in turn can be bounded as in Lemma 5.1. The terms ﬁg(B;,lYo:k) and

ug(Bz,IYo;k) can be bounded in a similar way as in Lemmas 5.2 and 5.3. There-
fore, by Lemma 5.7 we obtain that under the assumptions of this section, there are

some finite constants D%l\), (u, T) and Déz\z(u, T) such that

dry (K CIY 0, 1§ CIY01)) < Drv, T, e)oz V. (5.34)

For the Wasserstein distance bound, the proof is based on Lemma 5.8. Note that by
the proof of Theorem 2.1, under the assumptions on this section, we have

dw (™ 1Y 04), ud (Y 0x)) < Cw(w, T, e)osh.
Therefore, we only need to bound the last two terms of (5.25). The fact that
ug (BelYox)) = o(oh)

can be shown similarly to the proof of Lemma 5.3. Finally, the last term can be bounded
by applying Lemma 4.2 for y := ¥ (u9). This implies that

dw (g (1Y o), & 1Y 0)) < / Rd‘ng(NYO:k)—Mg(leO:k) Mo — wr@9)|dv
ve

i
ne @Y oux)
=/ G010 W‘l o — wr @9)ldv
ve g 0:k
fi
ne (Y ox)
< / Mg(leo:k) hg— — 1] [lv — ¥r@Y)|dv
veB,, ,U«g(v|Y0:k))

+/ Ug(leO:k)'IIU—WT(ug)IIdv+/ 1B @Y ox) - lv — r @) | dv.
veBC veB®

Bp/ EBﬂ,

These terms can be bounded in a similar way as in Lemmas 5.4, 5.5 and 5.6, and the
claim of the theorem follows. O
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5.2 Comparison of Mean Square Error of MAP and Posterior Mean

In the following two subsections, we are going to prove our results concerning the
mean square error of the MAP estimator for the smoother, and the filter, respectively.

5.2.1 Comparison of MAP and Posterior Mean for the Smoother

In this section, we are going to prove Theorem 2.3. First, we introduce some notations.
LetuY :=u— Ak_lBk denote the centre of the Gaussian approximation /Lsgm (defined
when Ay is positive definite). Let p(h, 0z) beasin (5.13), B, := {v € R : lv—ul <
p(h,oz)} and By be the complement of B,. The proof is based on several lemmas
which are described as follows. All of them implicitly assume that the assumptions of
Theorem 2.3 hold.

Lemma 5.10 (A bound on [|@™ — uY|)) There are some finite constants Ds(u, T)
and D¢ (u, T) such that for any 0 < ¢ < 1, for O’Z\/}—l < % -Crv(u, T, 8)_1, we have

c(u,T) Cjaj
P I; <Ay < 1ALy
( o la<Ak=<—=la

1 2
and @™ — u9|| < (Ds(u, T) + De(u, T) (log (—)) ) ozh u) >1—¢
&

Proof This is a direct consequence of the Wasserstein distance bound of Theorem 2.1,
since

@™ — w9 =

/ x - 1 (x|Youx)dx —/ y: Msgm(leO:k)dJ’”
xeR4 yeRd

<dw (" CIY o), 1 ClY 0:))-

Lemma 5.11 (A bound on ||éyap — ) For any 0 < & < 1, we have

Ci(u, T, e)ozv/h+2CVo2h
c(u,T)

P (IIﬁi‘/FAP —u|| < u) >1—e. (5.35)

Proof From Proposition 4.1, and (4.3), it follows that forany 0 < ¢ < 1,

. , 1
]P’<10gubm(v|Y0:k) —log ™ m|Yox) < — - <C(u, Tl —ul?
205h

— (Cl(u, T,&)ozvh + 2C§1)a%h) lv — u||> for every v € BR) >1—e.

Since @iyfsp is the maximiser of log 1*™ (v|¥ o.¢) on Bg, our claim follows. O
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A Sm

Lemma 5.12 (A bound on ||@}yp —u9|) There are finite constants S\j\p > 0, S\thp,
D7(u, T) and Dg(u, T) such that for any 0 < ¢ < 1, for

—1
1\ /2
GZ\/E < (SI(VBXP + Sl(\i;xP <log (g>> ) ,

we have

3
1\ 2
P (Ak > 0 and ||iiyjap — uf| < <D7(u, T)+ Dg(u,T) <log <—>> ) o2h u)
s

>1—e. (5.36)

Proof By choosing SJE,B\P and Sﬁgp sufficiently large, we can assume that

. fcw, T) R—|ul (R — lul)c(u,T) c(u,T)
ozvVh < mln( o o, §),\/ Cél) TN (%)) . (537

From Lemma 5.11, we know that

Ci(u, T, $)ozv/h +2C" o2h
cu,T)

g (”lA‘?\;IHAP —ull < (5.38)

u)zl—

Using (5.37), it follows that if the above event happens, then ||@iyjsp|l < R, and thus

W] ™

Vlog(u’™ (AyaplY 0:))) = VI (lpfap) — ZO'%V log g (iiyiap) = 0. (5.39)

Using the fact that Vl(sjm(v) =2A;(v —uY), and Proposition 4.3, it follows that

2 Cs(u,T)+Csu, T, 5)ozh
u .
h

]P’(IIVlsm(v)ll > 124k (0 —u9)| — |lv -

d

>1—-. (5.40)

W] ™

Moreover, by Lemma 4.4, we know that for any 0 < ¢ < 1, we have

cu,T) € c(u,T)
P ( Amin(Az) > u)>1—=forozvh < ——=. 5.41
( min (Ak) o ' ) = 3 oz =2C, (%) ( )
Elol:;ﬂ
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By combining the four Egs. (5.38), (5.39), (5.40) and (5.41), it follows that with
probability at least 1 — ¢, we have

cu, T) .
20%%“ = ( h ‘) lléengap — ”g”

2
Ci, T, Hozvh +2C"o2h\" Ca(u,T)+ Csu, T, $ozvh
c(u,T) h ’

and the claim of the lemma follows by rearrangement. O

Lemma 5.13 (A lower bound on E ([|z*™ — u||?| u)) There are positive constants
Do(u, T) and D1o(u, T) such that for UZ«/E < Dio(u, T), we have

E(Hﬁsm - u||2‘ u) > Do(u, T) - o2h. (5.42)

Proof By applying Lemma 5.10 for ¢ = 0.1, we obtain that for

1
ozvh < 3 Crv@,T,0.D)7 ",
we have
cu,T) Cia
P(xmmmk) > and [| Ay < %

and [@" — u9| < (Ds(w, T) + De(u, ) log (10))?) 02

u> >0.9. (5.43)
If this event happens, then in particular, we have

_ h
|9 —ull = | A" Bill = —— - || Bll. (5.44)
Cyaj
By the definition of By in (2.8), it follows that conditioned on u#, By has d-dimensional
multivariate normal distribution with covariance matrix

k
g, =02 Z J@, () J &, ().
i=0
This means thatif Z is a d-dimensional standard normal random vector, then (¥'g, ) 1/2.
Z has the same distribution as By (conditioned on u). By Assumption 2.1, we have

Amin (ZB,) = 02 - “%D and thus ||(Zp,) "/ - Z|| > o7 - /%D 1 Z]].
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It is not difficult to show that for any d > 1, P <||Z|| > \/Tﬁ) > %. (Indeed,

if (Z))1<i<a are i.i.d. standard normal random variables, then for any A > 0,

E(e™7) = [ so Be 1710y = (™ Em Z070) = (1 4. 2742 4,

and the claim follows by applying Markov’s inequality P(| Z||> —d < —1) <
E(eIZIP=d)y . g3 for ¢ — 3d and A = 1.) Therefore, we have

1
ul>-,
)=

c(u, T) ﬁ
h 2

IED(IIBkII >o0z-

and thus by (5.43) and (5.44), it follows that

ozh - Jdeu, T)
2C) 4

P(uasm —ul > - <D5(u, T) + De(u, T) (log (10))2) a§h>

> 0.15.

By choosing Dio(u, T) sufficiently small, we have that for ozh < Diy(u,T),

1 ozvh-Jdc, T)
2 2C) 4 ’

(Ds(u, T) + De(u, T) (log (10))2) o2h <

and the result follows. O

Lemma 5.14 (Bounding |E ([|#* — u||?|u) — E (|layap — ull*| u)|) There are
some finite constants D11 (u, T) and D12(u, T) > 0 such thatforoZ«/E < Dix(u,T),
we have

N 3
’IE(HESH‘ _ u||2’ u) _E (||u;‘4“AP _ u||2‘ u)‘ < Du@.T) (62h)3.  (5.45)

Proof We define the event Ej as

c(u, T) Cia _
Ep = Tg < Ay < 22 A B < R—ull} . (5.46)
2h h
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Under this event, we have, in particular, A > 0 and ||ug I < R. Let E,i denote the
complement of Ej. Then the difference in the variances can be bounded as

o (1 ) 5 (it )

< E(4R21 E¢

+ 1 ([1@™ =l — uS — ul?| +

A Sm 2 2
lunap — ull — uY —u|| D

‘)
< 4R?P (Ef|u) + E(lEk(Hﬁsm —u9 (||ﬁsm —u +2)ud - u||)

+ liigap — w1l (ligap — ul + 2168 — ul) ) u)

< 4R%P (Ef|u) + B (15,17 - u91?|u) + E (15, lafap — u91| )

+2,/E (15, 149 — u]?|u)

. (‘/E(lEk @™ — u9|| u) + \/E(lEk liNiap — 9 12| ")> ’ (547)

where in the last step we have used the Cauchy—Schwarz inequality. The above terms
can be further bounded as follows. By Lemmas 4.4 and 4.3 it follows that

P (E{|u)

c(u,T) Cia _
= P(Aminmk) < = or Al < % or |[A; Byl = R — |lu]

‘)

c(u, T)? (R — ul)?c(u, T)?
<2dexp| ——=———= +d+Dexp| ——=———=
4T (w)Mo(T)2d,02h T(w)M(T)d,0%h
< Cp(u, T)(ozh)*, (5.48)

for some finite constant Cg (u, T') independent of 4 and 0.
The term E ( 1g, ||ug — u||2| u) can be bounded as

2h
2 -1 2 2
B (15 1u® —ul?|u) = E (16,147 Bel?|u) < (C(u’T)> E (15181 w)

2 \? ~ 5 T , 4T@M(T)*d, ,
< M (T)“d = -oh.
—<c(u,T>> I R SR

(5.49)
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For bounding the term E (1, [@*™ — u9|?| u), we define

tmin := Ds(u, T)a%h, and

5

Qozvh)y ' =@, T)\*

Imax ‘= DS(u’ T) + Dﬁ(u, T) : ( 2) ~ O—%h’
Cry,T)

and then by Lemma 5.10, it follows that for az\/f_z < %(c&lv))—l, for t € [tmin, tmaxl,
we have

2
t/(@2h) — Ds(u,T)\’ (5.50)
De(u,T) ' '

JP(IEkIIﬁS‘“ —u9) > t‘u) < exp —(

By writing

o0

B (1@~ P |u) = [ 1@ - ) > ar
=0

t

o0
= [ ragiE -l > Vo
t

and using the fact that 1g, |ua®™ — u9|? < 4R2, one can show that for ozv/h <
S(u,T),
E ( L, 7™ — u¢ ||2\ u) < C(u, T)(ozh)?, (5.51)

for some constants S(u, T) > 0, C(u, T) < oo, that are independent of oz and /.
Finally, for bounding the term E (1, [|a3{xp — u9|?| u), we define

t' . :=D7(u, T)cr%h, and

min*

3
(o2VM)~" = Sy
fmax:= | D7(u, T) + Ds(u, T) ( o) | ozh
MAP
-1
By Lemma 5.12, it follows that for ozv/h < (Sli’&l’) ,fort € [t] ;. thax ], we have
P 3
s t/(ozh) — D7(u, T)
IP(””?\TAP —u9) > f‘ u) <exp|-— ( ZDg(u, 7D , (5.52)
which implies that for O’Z\/E < Sm(u, T),
E ( g, 7™ — ug||2‘ u) < Cm(u. T)(02h)?, (5.53)
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for some constants Sy(u, T) > 0, Cpv(u, T) > 0.
The result now follows by (5.35) and the bounds (5.48), (5.49), (5.51) and (5.53).
O

smo__ 12
Proof of Theorem 2.3 The lower bound on w
VA

E} be defined as in (5.46), then we have

follows by Lemma 5.13. Let

E (17" = ul?|u) < B (17" - ul? 15

)
u) +2E(||ug —u)?- 1Ek‘ u)

u) +2E<||ug —ul? 1

+ 2 (7" — w9 1,

54R2P(1Ez

u) +2E(||ﬁsm — a9 1

u),
E( |7 —u|?|u) .
so the upper bound on T follows by (5.48), (5.49) and (5.51). Finally, the

A
bound on |E [[|ayip — ul|*|u] — E[|[@™ — u||*|u]| follows directly from Lemma
5.14. O

5.2.2 Comparison of Push-Forward MAP and Posterior Mean for the Filter

The main idea of proof is similar to the proof of Theorem 2.3. We are going to use the
following Lemmas (variants of Lemmas 5.10-5.14).

Lemma 5.15 (A bound on ||ﬁﬁ —ruY) |I) There are some finite constants Dg (u,T)
and Dg(u, T) such that for any 0 < ¢ < 1, for az\/ﬁ < % -Dtv(u, T, 8)_1, we have

T c
P(C(';’h )1, < Ay < %Id and u9 € Bg and

g (9 : , YWY
@ — wr @) < Dy, )+ Dy, ) (1og (£ ) ) ) o3

u)zl—s.

Proof This is a direct consequence of the Wasserstein distance bound of Theorem 2.2.
O

Lellnma 5.16 (A bound on ||12ﬁ — Uy (ug)||) There are finite constants Sﬁxp > 0,
SIE,%A)P, D (u, T) and Dg(u, T) such that for any 0 < & < 1, for

-1
, , 1\ /2
azx/ﬁ < (Sl(vi/ip + SﬁA)P (log (E)) ,
FoCT
u o
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we have

]P’(Ak > 0and uY € Bg and

A~ g / / l % 2
la" —¥r@?)| < | D7, T)+ Dg(u, T) | log - ozh

u)zl—a.

(5.54)

Proof The result follows by Lemma 5.12, Theorem 2.2, and (1.6). O

Lemma 5.17 (A lower bound on E ( ||ﬁﬁ —u(T) ||2| u)) There are positive constants
Dy(u, T) and Dy, (u, T) such that for ozvh < D'y, T), we have

E ( [af — u(T)||2’ u) > Dy, T) - o2h. (5.55)

Proof The proof is similar to the proof of Lemma 5.13. By applying Lemma 5.15 for
¢ = 0.1, we obtain that for aZ\/E < % -Drv(u, T, 0.1)’], we have

, T c
DL and g < 21

P (}\min (Ak) >

and |¥_r @™ — w9 < (Dg(u, T) + Dy(u, T) (log (10))2) ozh

u) > 0.9.

(5.56)

If this event happens, then by (1.6), we have

1¥r @Y) — u(T)| = exp(—~GT)|[u¥ — u| > exp(—GT)||A; ' By

h
> exp(—=GT)——— - [| Bl
Cjaj

The rest of the argument is the same as in the proof of Lemma 5.13, so it is omitted. O

Lemma 5.18 (A bound on ‘E ( |t — u||2| u) —E ( ||f¢ﬁ — u||2) u) ‘) There are some

finite constants D', (u, T) and D\, (u, T) > 0 such that for ozvh < Di,(u,T), we
have

[E (17"~ w(D)?|u) ~ E (1"~ a0 u)| < D@, T) - @303, (557

Proof We define the event Ej, asin (5.46). Under this event, Ay > 0 and || u9 I < R,so
Mg(' |Y 0:1) is defined according to (2.11). The proof of the claim of the lemma follows
the same lines as the proof of Lemma 5.14. In particular, we obtain from (5.49) and
(1.6) that
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AT (w) My (T)*d, exp(GT
2 (15,19 ) — () P|u) = THORTENED o3 558)

Based on Lemma 5.15, we obtain that for crz\/ﬁ < E/(u, T),

E(15]@ - wr@d)|P|u) < C'a. T)o3n?, (5.59)

for some constants E/(u, T) >0, ?(u, T) < oo, that are independent of oz and h.

We omit the details. O
E( [zt —u(T)|?|u)

Proof of Theorem 2.4 The lower bound on

Similarly to the case of the smoother, we have

follows by Lemma 5.17.

7
ozh

IE(HEﬁ — u(T)||2’ u) < 4R21P’(1E£

u) +2E (@ — wr @) 15, |u)

).

which can be further bounded by (5.48), (5.58) and (5.59) to yield the upper bound on
—fi_ 2 .
EQ—uMI*l) Einatly, the bound on (IE [||ﬁh - u(T)||2|u] —E[@" - u(T)||2|u]‘

oZh
followszdirectly from Lemma 5.18. O

+2F ( 1 @9) — u(T))? - 1g,

5.3 Convergence of Newton’s Method to the MAP

In this section, we will prove Theorem 2.5. The following proposition shows a classical
bound on the convergence of Newton’s method. (This is a reformulation of Theorem
5.3 of Bubeck [9] to our setting.) For v € R, r > 0, we denote the ball of radius r
centred at v by B(v,7) :={x e R? : v — x|| < r*})

Proposition 5.1 Suppose that 2 C RY is an open set, and g : 2 — R is a 3 times
continuously differentiable function satisfying that

1. g has a local minimum at a point x* € £2,

2. there exists a radius r* > 0 and constants Cy > 0,Ly < oo such that
B(x*,r*) C 2, V?g(x) = Cy - 14 for every x € B(x*,r*), and V2g(x) is
Ly-Lipschitz on B(x*, r*).

Suppose that the starting point xo € 2 satisfies that || xo — x*|| < min (r*, 25—5)

Then the iterates of Newton’s method defined recursively for every i € N as
xipt = xi — (Vi)' Vg(x:)
always stay in B(x*, r*) (thus they are well defined) and satisfy that

i — x| < —

2CH Ly X
=TI

2i
||> foreveryi € N. (5.60)
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Proof We will show that x; € B(x™*, r*) by induction in i. This is true for i = 0.
Assuming that x; € B(x™*, r*), we can write the gradient Vg (x;) as

1
Vg(x;) = / V2g(x* 4+ t(x; — x*)) - (x; — x™)dz, therefore
t=0

Xipl —X* =x; —x* — (V2g(x;)™" - Vg(x)

1
=x; —x*— (Vg(x)) " / V2g(x* +1(xi —x*)) - (x; — x*)ds

=0
1
= (Vg(x))"! /

=0

[V2ge) = V2™ + 1 — )] - (xi = x")dbr.

By the L y-Lipschitz property of V>g(x) on B(x*, r*), we have

1
L

[ [0 = Ve e = w0 far < Sl - w1

t=0

By combining this with the fact that ||[(VZg(x;)) || < &, we obtain that [x; | —

x*|| < ZLC—‘: lx; — x*||? for every i € N, and by rearrangement, it follows that

Ly Ly
1 —|lxis1 —x™| ) <21 —|lx; — x*
og (2CH lxiy1 —x II) <2log <2CH lx;i —x ||>
for every i € N, hence the result. |

The following proposition gives a lower bound on the Hessian near u. The proof is
included in Section A.1 of “Appendix”.

Proposition 5.2 Suppose that Assumptions 2.1 and 2.3 hold for the initial point u and
the prior q. Let

i, T) = min< cw 1) R— ||u||)
S 8T ) iy (1) My (1) '

Then forany0 < e < 1,07 > 0,0 < h < hpax(u, T), we have

—3c. T) + Cou., T, e)oz/h + CPo2h |

o) d
ozh

P<v2 log 1™ (v] Y o.6) <

foreveryv e B(u,rg(u,T))

u) > 1—¢, where

Co(u, T, ¢) :=33Mo(T)(R + /T m)(2d + Dd, + \/ﬁ(u)MZ(T)do log (é)

(5.61)
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The following proposition bounds the Lipschitz coefficient of the Hessian. The
proof is included in Section A.1 of “Appendix”.

Proposition 5.3 Suppose that Assumptions 2.1 and 2.3 hold for the initial point u and
the prior q. Then forany 0 < e < 1,07 > 0,0 < h < hpax(u, T), we have
P<||v3 log 11*™ (@[Y o)l < CJ

T(l;l) (C7(u T)+ Cs(u, T, e)crzx/—> for every v € Bg

+

) >1—¢, where
Z
Cr(u, T) :=3M(T)M(T) +2M(T)M3(T)R, and

Cs(u, T, €) = 44(My(T)R + M3(T))\/3T (u)(d + 1)d,
+ / 2T (u)M3(T)d, log (é)

Now we are ready to prove Theorem 2.5.

Proof of Theorem 2.5 Let

. c(u,T) cw, T) Ciu,T)
S, T, ¢) = m1n< —, 5 _
8Ce(u, T, 3) 8cs? " 8Csm.T. %)
c(u,T)

c(u, T) min (rH(u, T), g;;‘uTT))> c(u, T) min (rH(u, T), C7(u,T))) ]
, . (5.62)
8C1(u, T, %) gcy!

C7(u, T)T (u)
cs

)

Then by the assumption that oz«/ﬁ < Spo(u, T, ¢), using Propositions 5.2, 5.3 and
inequality (5.35) we know that with probability at least 1 — ¢, all three of the following

events hold at the same time,

1. Vg™ (v) = Cy -1, foreveryv e Bu,rg(u, T)) for Cq := % (Zh)’

2. V?gSM is L-Lipschitz in By for L : %
z
P H @,T) 1 cuT)
3. [lu — &5l < min (’H wh), Zé;‘”)).

If these events hold, then the conditions of Proposition 5.1 are satisfied for the function
gwithx* = ﬁi}FAP, r* = %rH(u, T),Cy = %% and Ly = % Therefore,
(5.60) holds if [|lxo — @iy apll < min (%ry wu,T), % CC;?u TT)) ) By the triangle inequality,

and the third event above, this is satisfied if ||x¢ — #|| < min (%rH (u,T), %%)

FoE'ﬂ
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Thus, the claim of the theorem follows for

D . Ty = min (r . 7). LS9 and Ny = ST

) = 1 =r ) s ) ) = .

max 2 4C(u,T) 2C7(u, T)
(5.63)

O

5.4 Initial Estimator

In this section, we will prove our results about the initial estimator that we have
proposed in Sect. 2.3.

Proof of Proposition 2.2 By Taylor series expansion of @ !Vn) (¥ | +) with remainder
term of order jmax + 1, we obtain that

d'u

E (qg(l‘jmaX)(YO:IE) F

du Ko o
u) — Hd—tlll = Zci(llfmax‘k)Hu(ih) _H
i=0

Jmax 7\ j !
kh Jj d]u . ~ R d u
_ Z ( ) H : c(”]max”‘)’ v(]lk) —H— + Rl,jmax+1’
per SRV !

where by (1.14) the remainder term Ry j, .. +1 can be bounded using the Cauchy-
Schwarz inequality as

(i h)Jmaxt]

(] T 1)' . (jmax + 1)' (Cder)jmax+1
max .

Clglumaxu%)

k
IR 11l < Coll HIY
i=0

A 1/2
~ jmax"rl k l 2(jmax+]) / " ]2
< CO”H“ (Cderkh) Z <z> . Hc( [ jmax| )H
i=0

1

~ jmﬁX+1 ~ . ]/2
= CollH|| (Caerk) (1 +i f xzfmax”dx) ]
x=0

‘ cUlimaxl6) H

A

12
A\ Jmaxt+1 k . ~
< CollH|| (Carkh) ) [etmib].
ol H |l der ( 2Jmax+3>

Due to the particular choice of the coefficients of ¢(l/mxl®) we can see that all the
terms up to order jmax disappear, and we are left with the remainder term that can be
FolCT
i
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bounded as

|k . o
< CollH||,| ———— (Cgopkh)max+1 Hc(lumank) H
ol Hl Jmax + 3/2( derkh)

using the assumption that k > 2jmax + 3. The concentration boynd now follows
directly from this bias bound, (5.20) and the fact that the estimator @ (1 jmax) (Y.;) has

HE (qﬁ(lljmax) (YO:IQ

Gaussian distribution with covariance matrix Hc(l |jmax[) H coz -1y, m]

Proof of Lemma 2.6 Let P denote the space of finite degree polynomials with real
coefficients on [0, 1]. For a,b € P, we let {(a,b)p = fxlzoa(x)b(x)dx. Then the
elements of the matrix K/m can be written as

Ki]n}ax = - : — <xl—l’x./—l> .
g i+j—1 P

If K/mx would not be invertible, then its rows would be linearly dependent, that is,
there would exist a nonzero vector @ € R/mx+! guch that Z’"‘”H K; ]'"ax = 0 for

every 1 < J =< Jmax ~+ 1. This would 1rnply that <Zl{:‘ilx+] Olix 1’ xJ 1>P — 0 for
every 1 < j < jmax + 1, and thus,

. 2 . .
Jmax+1 <]max+1 Jmax+1

/l Z otixi_l Z otixi_l, Z ozixi_l> =0.
x=0 i i=1 P

i=1 i=1

However, this is not possible, since by the fundamental theorem of algebra, the poly-
nomial Z’m“H ;x!~1 can have at most Jmax Toots, so it cannot be zero Lebesgue
almost everywhere in [0, 1]. Therefore, K/m» is invertible. The result now follows
from the continuity of the matrix inverse and the fact that forany 1 <i, j < jmax + 1,

M(jmax“g) M(jmax“:’) / 1 ]2 i—1 Jj—1
im « ") = im L ) <T) (ﬂ>
foo i L ek 2\ k
JJ m=

! 1
=/ w2y = L
x=0 i+j—1

Proof of Theorem 2.7 Let

(U jmax) . (1) jmax %)
By, = Cy .

sup
kEN,k>2 jmax+3
FoE'ﬂ
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Based on Lemma 2.6, this is finite. With the choice jnmax = [, by (2.39), we obtain
that

1
. 1 mn i (Jdylog(d, + (I +3/2)(1+1/2)\ 7
Roin (1) = ~(Gz\/}_l)l+3/2 .C. P (\/ olog(d, + (I +3/2)(0+ 1/ )) '

h der ColH||

By choosing srﬂi;x sufficiently small, we can ensure that for oz Vh < sfr’,;x, hl%min (I, <
T, and thus by definition (2.40), we have

kopt (1, 1) — max (21 +3,

1

1 i . c_% Vdolog(dy + (I +3/2)A +1/2)\ 7 .
n A\ der CollHJ| s
By substituting this into (2.37), and applying some algebra, we obtain that
g1, kop (1, 1)
_ GolH|Cg - A =12, /s Toglds T 1)
=~ a7y Gon®. DB+ (kom0 D) ozv/hy/2d, log(d, + 1)
_ ColHICg,
- JT+3)2
1
1 eS| 372
. {(21 + 4)]1 + (O’Z\/ﬁ) 1+3/2 . Cder1+3/2 . (\/da log(du +C]‘())TIIP'IF”3/2)(1 + 1/2)) }
J T
@hd£1/2) dylog(d, + (I +3/2)1 +1/2)\ ﬁ
1+3/2
* 2 ' < ColHIl (o2h)

-+/2d,log(d, + 1),

and the claim of the theorem now follows by substituting this into Proposition 2.2. O

6 Conclusion

In this paper, we have proved the consistency and asymptotic efficiency results for
MAP estimators for smoothing and filtering a class of partially observed nonlinear
dynamical systems. We have also shown that the smoothing and filtering distributions
are approximately Gaussian in the low observation noise/high observation frequency
regime when the length of the assimilation window is fixed. These results contribute
to the statistical understanding of the widely used 4D-Var data assimilation method
[29,44]. The precise size of the observation noise oz and assimilation step 4 under
which the Gaussian approximation approximately holds, and the MAP estimator is
close to the posterior mean, is strongly dependent on the model parameters and the size
of the assimilation window. However, we have found in simulations shown in Fig. 2
Elol:;ﬂ
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that even for relatively large values of oz and 4, for large dimensions, and not very
short assimilation windows, these approximations seem to be working reasonably well.
Besides theoretical importance, the Gaussian approximation of the smoother can be
also used to construct the prior (background) distributions for the subsequent intervals
in a flow-dependent way, as we have shown in Paulin et al. [37] for the nonlinear
shallow-water equations, even for realistic values of oz and h. These flow-dependent
prior distributions can considerably improve filtering accuracy. Going beyond the
approximately Gaussian case (for example when oz, h and T are large, or the system
is highly nonlinear) in a computationally efficient way is a challenging problem for
future research (see Bocquet et al. [7] for some examples where this situation arises).
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A: Appendix
A.1: Proof of Preliminary Results

Proof of Lemma 1.1 To prove (1.14), it suffices to first verify (1.14) and fori = 0 and
i = 1, and then use induction and the recursion formula (1.13) for i > 2. For (1.15),
by taking the kth derivative of (1.13), we obtain that

J- (D"v) ——A.Jk (D"—lv)

(BB )

=0

For k = 1, (1.15) can be verified by first checking it for i = 0 and i = 1, and then
using mathematical induction and (1.13) for i > 2. Suppose that (1.15) holds for
k =1...,k" — 1, then by mathematical induction and (A.1), we only need to show
that

FoC'T
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N\ N i—1
(cy‘)) iU > Al (cy‘)) (i —1)!
i—-1 . k'—1

BB ey )
j=0

=1

i-1 . 1—j

e AN . ; N
+Z( ; )1!(1—1—1)!~2||B||Co<cder)f () .
j=0

which is straightforward to check since Zf:o (kl/) = 2K and (i;l) jlG—1—= ! =
G — DL, 0

Proof of Lemma 1.2 Notice that the derivative d (J*W,(v)) can be rewritten by
exchanging the order of derivation (which can be justified by the Taylor series expan-
sion and the bounds (1.15)) as

d
E(qu/,(v)) = Jy (A% (v) — BW;(v), % (v)) + f)
k

k
e A ZOEDY ( l)B(let(v), T (). (A2)

=0

For k = 1, the above equation implies that

d
3 @l = (Al + 21 BIR) T ¥ ()];

thus, using the fact that || JWy(v)|| = || J»(v)| = 1, by Gronwall’s lemma, we have
I J@: ()]l < exp(([|All + 2[|B|[R)t) for any t > 0.

Now we are going to show that
1750, ()| < exp <D(Jk)t) forany v € B, t > 0,k € Z.. (A.3)

Indeed, this was shown for k = 1 above, and for k£ > 2, from (A.2), it follows that

d AN
dr !
k—1

k
< (1Al +21BIR) 1T ¥ @) + Bl Y (1)||J’w,(v)||||J’<—’wf<v>||;
=1

thus, (A.3) can be proven by mathematical induction and Gronwall’s lemma. This
implies in particular our first claim, (1.21). Our second claim (1.22) follows by the
fact that @, (v) = HW;(v) is a linear transformation. O
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Proof of Lemma 4.3 Let (J @, (u)).,; denote the jth column of the Jacobian, and let

Z ,] =7 lj /oz (which is a standard normal random variable). Then we can write By

as

k do

Bi=YY o7 (Jo,w).; Z

i=0 j=I

This is of the same form as in equation (4.1.2) of Theorem 4.1.1 of Tropp [46].
Since || J @y, (w)| < M] (T), one can see that we also have ||(J @, (w)). ;|| < M] (T),
and thus the variance statistics v(Z) of Theorem 4.1.1 can be bounded as v(Z) <
O’%M (T)2(k + 1)d,. The result now follows from equation (4.1.6) of Tropp [46]
(withd; = 1 and d, = d). O

Proof of Lemma 4.4 First, note that from Assumption 2.1 and looking at the Taylor
expansion near u it follows that the first term in the definition of Ay satisfies that

k
T
Amin<§ J<Dz,-(u)’J<1>t,-(u)> > C("h ).
i=0

We can rewrite the second term in definition (2.7) as

dy , .
Po, @l Zil=) H®b () 0z Z, (A4)
j=1

where H @,{ (u) denotes the Hessian of the function @,{ at point u. This is of the same
form as in equation (4.1.2) of Theorem 4.1.1 of Tropp [46]. Since ||J2Q>,,. W) <
1\’/72(T), one can see that we also have ||Hq§,]l_ @) < MQ(T), and thus the variance

statistics v(Z) of Theorem 4.1.1 can be bounded as v(Z) < a%A//fz(T)z(k + 1)d,, and
thus for any # > 0, we have

l‘2
IP’( > t) < 2dexp (_ogﬂz(T)z(k n l)do) . (A)S)

By the Bauer-Fike theorem (see [3]), we have

k
Y Tl Zi

i=0

k
Y Tl Zi]

i=0

3

k
Amin(Ak) > Amin (Z J¢t,- (u)/J(P,,. (u)> -

i=0

and

Akl < M1<T>2

’

ZJZQDI,(u) L Zi]

i=0
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so (4.8) follows by bounds (A.4) and (A.5), and (4.9) follows by rearrangement. O

Proof of Proposition 2.1 The proof is quite similar to the proof of Proposition 4.1 of
Paulin et al. [38]. With a slight modification of that argument, we will show that for
any § € [0, h),

J
S 08,50 — Dy s @I = ¢ @, B lv — ul?, (A.6)
i=0

for some constant ¢’ (u, fz) > 0 independent of §, that is monotone increasing in h for
0 < h < hmax. This result allows us to decouple the summation in (2.1) into sets of

size j + 1 as follows. Let iy := min (j%, fzmax), and set i := Lho/h] - h. Then for
h < ho, we have |ho/h| > 3—2 and /i > ho/2, so using (A.6), we obtain that

k Lho/R]—1 j 5
Yol =, @* = Y Y @) = Dy @)
i=0 =0 i=0

h
> ﬁ - (u, ho/2) v — ull?

Thus, Assumption 2.1 holds with Amyin (e, T) := ho/2 and c(u, T) := c'(u, hy/2) -
ho/2.

To complete the proof, we will now show (A.6). Using inequality (1.14), we can
see that the Taylor expansion

. . .
HD'v -t
b =y T2

i=0

is valid for times 0 < ¢t < Cd_ei. Based on this expansion, assuming that ih+6 < Cd_ei,

H D'v can be approximated by a finite difference formula depending on the values of
P5(v), D 5(v), ..., P with error of O (h). This finite difference formula will be
denoted as

ih+8°

S
Ym0 Py 5(V)

@D (y) = 7
14

(A7)

The coefficients al(i"s) are explicitly defined in Fornberg [20], and they only depend

on i and the ratio 8/h. Based on the definition of these coefficients on page 700 of
Fornberg [20], we can see that

a:=  sup max
fi>0,8e[0,in 0=1=/,0==i

a,"'"”( < o0, (A8)

FolCT
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i.e. they can be bounded by a finite constant independently of é. By Taylor’s expansion
of the terms <Dlﬁ+3(v) around time point 0, for [k + § < Cd_el’ we have

1 + 5y
By (0) = ZHD’” ﬁ, and thus
i

1 - lh+8" 1 & :
B0 () = = R Z gpny. LT O" == Z mp(i9) g pry,
=0 ! m=0

with b(i’a) = ni, Z} —oa i"s) (I+8/h)™. Due to the particular choice of the constants

(’ % we have b = 0 for 0<m <iandb® =1form = i.Based on this, we
can write the difference between approximation (A.7) and the derivative explicitly as

00
609 () — HD'v :;;( S i HD’"v).
m=i+1

Let us denote @9 (v, i) := Zf;lo i1 pm—i=l. b(i’a) H D"v.Using inequality(l 15),
and the bound |b£,l;’8)| < Wm—l,)m we have that for 0 <i < j, h <

- 2(/+1>C(”’
. 5 > ) m
17w il < 1HI - Y BB () m
m=i+1
ai+1) = (. D\
<IH| - 2 (6 Dicy)
m=i+1

i+1
<2H|aG + 1) ((i + 1)C(J”)

Denote Cpip := 2| H ||a - maxp<;<; <(i +1)- ((l + l)C(l)) > then we know that

forevery 0 <i < j, h < 1 the functions (D(’)(v, h) are Cjp - Lipschitz in

2(j+nCy”
v with respect to the || - || norm, and thus for every v € B,
H [HDiu —_ HD"u] _ [ 0D (p) — $0- 3>(u)] H <hCLplv—ul.  (A9)

By Assumption 2.2, and the boundedness of Bg, it follows that there is constant
Cp(u, T) > 0 such that for every v € Bg,

] . . 2

ZHHD’v—HD’uH > Cp@, T)llv — ul® (A.10)

FoE'ﬂ
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From equations (A.9), (A.10), and the boundedness of Bg, it follows that there is a
constant C;(u, T, h) > ( that is non-decreasing in h such that for every v € Bg,

ZH‘P" W) - 6w = i~ ul?. A1)

By definitions (A.7) and (A.8), it follows that

1 J Sl . 2
a - max (;l_, 1) : Z | @5 = ¢1E+a(”)“2 = Z H(p(l’a)(v) - qj(l’a)(”)H
i=0 i=0

(A.12)
and thus (A.6) follows by rearrangement. O

The following lemma bounds the number of balls of radius § required to cover a
d-dimensional unit ball. It will be used in the proofs of Propositions 4.1, 4.2 and 4.3.

Lemma A.1 For anyd > 1,0 < § < 1, a d-dimensional unit ball can be fully
covered by the union of c¢(d) - (%)d balls of radius 8, where

c(l):=2, ¢@):=6, and
2 log(log(d)) 5
log(d) log(d)

c(d) := dlog(d) - <% + ) ford > 3.

Proof For d > 3, this follows from Theorem 1 of Dumer [18]. For d = 1, the

result follows from the fact that % + 1 intervals suffice, and % +1< % Ford = 2,

we know that the circles of radius § contain a square of edge length /28, and in
order to cover a square of edge length 2 containing the unit ball, it suffices to use

2
2/ (V2812 < (@ + l) < 8% squares of edge length /28 thus, the result follows.
O

Our next lemma shows some concentration inequalities that will be used in the
proof of our propositions. It is a reformulation of Corollary 13.2 and Theorem 5.8 of

Boucheron et al. [8] to our setting.

Lemma A.2 Foreveryl € N, define the sets

T = {(r,s1,...,51) €[0,2R1 x B! :u+rs; € B}, T;:=Br xB. (A.13)

For any two elements (1,51, ...,s)), (r, s\, ...,s)) € Tj, we define the distance
d((r,s1, ., 80), (1,8, L 8)) = Ly Z Isi — 7. (A.14)
Fol:rﬂ
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Similarly, for any two elements (v, sy, ...,s;), (V',s],...,8) € T, we define

l

- lo— |
i, 51,80, (8], 8p) = e Xoj lIs; — st|I. (A.15)
1=

Suppose that Zy, ..., Zj are i.i.d. d,-dimensional standard normal random vectors,
and @o, ..., ¢ : T, — R% are functions that are L-Lipschitz with respect to the
distance d; on 71;, and satisfy that ||@;(r,s1,...,8)|| < M forany 0 < i < k,
(r,s1,...,8) € 7. (The constants M and L can depend on l.) Then W; =
SUP(.5,.. 5T Z;{:o (@i (r,s1,...,81), Z;) satisfies that forany 0 < ¢ < 1,

P(W; > CD(u, k, €)) < & for

1
CO@, k,e) =111 + DLV (k + 1)(Id + )d, + \/Z(k + 1)Md, log <->
€
(A.16)
Similarly, if @y, . .., @y : 71 — R% are L-Lipschitz with respect 10 dy, and satisfy that
l@;(v,s1,....sDl < M forany0 <i <k, (v,s1,...,8;) € Ty, then the quantity

W, = SUP(y s, ...s)eT Zf'(:o <¢i(v, S1y---581), Z,-) satisfies that for any 0 < ¢ < 1,

P(W; > EU) (u,k,e)) <efor

P, k,e) =110+ DLV + DI + 1)dy + \/2(k + 1)Md, log (é)

(A.17)

Proof For (r, s1, ..., s;) € 7, let us denote

k

W/, s1,....8) = (Z (@i(r,s1, ..., 80, Zl-)) J(L/(k + 1)d,).

i=0

Then we have Wl’ 0,0, ...,0) =0, and by the L-Lipschitz assumption on ¢;, we can
see that Wl’ r,s1,...,81) — Wl/ 0,0,...,0) is a one-dimensional Gaussian random
variable whose variance is bounded by (d;((r, s, ..., 81), (0, 0)))2. Therefore, its
moment-generating function can be bounded as

2
Tog E(eX Wi (:51:-5D=W/(0.0....0)y _ A2 [di((r, 81, ..., 81),(0,0,...,0))] '
- 2

This means that Dudley’s entropy integral expectation bound (Corollary 13.2 of
Boucheron et al. [8]) is applicable here. To apply that result, we first need to upper-
bound the packing number N (8, 7;), which is the maximum number of points that
can be selected in 7; such that all of them are further away from each other than § in
EOE';W
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d; distance. It is easy to show that N (8, 7;) < N'(8/2,T;), where N'(§/2, 7)) is the
number of spheres of radius % in dj distance needed to cover 7;.

Since 7; C [0,2R] x B, it follows that N'(8/2, 7)) < N'(8/2,[0,2R] x B)).
Moreover, due to the product nature of the space [0, 2R] x Bll and the definition of
the distance dj, if we first cover [0, 2R] with intervals of length R§/(l + 1) (in one-
dimensional Euclidean distance), and then cover each sphere 3] in l’)’l1 with spheres
of radius 8/(2/ + 2) (in d-dimensional Euclidean distance), then the product of any
such interval and spheres will be contained in a sphere of d;-radius less than or equal
to §/2, and the union of all such spheres will cover [0, 2R] x B[1~ Therefore, using
Lemma A.1, we obtain that for 0 < § < 2/ + 2,

/ 4 cd
NG, T) < N'(§/2, 7)) < 5/t 1) ((6/(21 +2))d) 7

and using the fact that log(c(d)) < d for any d € Z., we have
H(S,T) :=10g(N(5, T)) < (Id + 1) + (Id + 1) log2( + 1)/8).
Using this, and the fact that the maximum d; distance of any point in 7; from

0,0, ...,0)isbounded by [+ 1, by Corollary 13.2 of Boucheron, Lugosi and Massart
[8], we obtain that

(+1)/2
E sup W/(r,s1,...,81) <12 VH(,T)ds
r,s1,....s))€T] §=0
(+1)/2
< 124/1d + 1/ V1 +1log(2(I + 1)/8)ds
=0

1/2
=121+ D)Vid + 1[ V1 +log(2/x)dx < 11( + 1)+/Id + 1.
x=0

By the definition of W/, this implies that E(W;) < 11(l + D/Id + 1 - LVk + 1.
Moreover, it is easy to check that the conditions of Theorem 5.8 of Boucheron et
al. [8] hold for W, and thus for any > 0,

2
P(W; > E(W)) +1t) <exp <——2 , (A.18)
2 W,
with

2

k
o, = sup E (Z(wi(r,sl,...,s»,zl-))
i=0

(r,81,....sDET]

k
= Y ME([IZiIP] = k + DMdy03,
i=0

FolCT
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and (A.16) follows. The proof of (A.17) is similar. O

Proof of Proposition 4.1 Using Assumption 2.1, we know that

k
T
Do, (v) — &) = C(”h—)nv —ul?

i=0

; (A.19)

thus, it suffices to lower-bound the terms 2 Z?:o (@, (v) — @, (W), Z;).

@, (u)—D;, .
Let;(r,s) := M for (r, s) € 71, r > 0.(7; was defined as in Lemma

A.2.) We continuously extend it to r = 0 as

Dy (u) — Dy (u +rs)
r

i (0,s) := lin}) = J D4 (u)s.

Based on Lemma A.2, the lower bound of the random part can be obtained based on
the upper bound on the quantity W := sup, o7 Zf:o (pi(r,s), Z;), since

k
2) (@ (v) — B, (w), Zi) = —2Wi [|v — ull. (A.20)
i=0

Now we are going to obtain bounds on the constants L and M of Lemma A.2. We
have

1 s@i(r. )l = 1T @y, (u +rs)|| < M(T), and

3 —J &, (w+rs)-sr+ (P, (u+rs) — Py, (w)) My (T)
5 ei(rs)| = o =—

s

thus, the ¢; (r, s) is L-Lipschitz with respect to the d; distance for L := MQ(T)R +
M (T). Moreover, from the definition of g; (r, 5), by (1.19), it follows that ||; (r, 5)|| <
M for M := M (T). The claim of the proposition now follows by Lemma A.2. O

Proof of Proposition 4.2 From the definitions, we have

k k
Pw) =) P (v) — B, @) +2) (@, (v) — D, (), Zi), and

i=0 i=0

k k
3w =) TS - @ —w|*+ ) J b, —u,v—u,Z]
i=0 i=0
k
+2) (o, @) - (v — ), Zi);
i=0
EOE';W
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thus,

k
@) — )] < Y 118, 0) — B @I — 1Ty @) - (@ — w)P|
i=0
k 1
Z<¢t, ) = @4 @) = TP @) (v —w) — 32 @l —u,v ., z,->
i=0

+2

(A21)

The first term in the right-hand side of the above inequality can be upper-bounded as

k
>[I ) = @@ = 172y @) - (0~ w?|

i=0

k
<Y NP, (v) — P (w) — T, (w) - (v — )|
i=0
(19 (0) — &, @)l + 1T By, () - (v — W)
T@)M\(T)My(T) e

I ~ ~
S(k+1)§M2(T)|Iv—u||2-2M1(T)I|v—u|| =< P’ v

)

(A.22)
where we have used the multivariate Taylor’s expansion bound (1.19).

For the second term in (A.21), for (r, s) € 7} (defined as in Lemma A.2), r > 0,
let

1
@i(r,s) = (% (w+rs) — Dy (u) — JPy(u) - sr — 512% @)[rs,rs, -]) /ri.
For r = 0, this can be continuously extended as
. I 5
%i (0,5) := hn})coi(r, §) = EJ Dy, (u)[s, s, s, -]
r—

Similarly to Lemma A.2, we define W := SUP(-5)eT; Zf:o (pi(r,s), Z;),and Wl/ =
SUP( 5)eT; Zf:o (—qi(r,s), Z;), then the second term in (A.21) can be bounded as

k
1
Z<<Dz,- () — Py (w) — J P, (u) - (v —u) — §J2¢>z,- Whv—uv—u,-], Zi>
i=0
< 2max(Wy, W))llv —u|>.

2

Based on (1.19), the partial derivatives of ¢; (r, s) satisfy that

|r T @, +rs) — rJ Dy, () — r J*@;,W)rs, s, -1
r3

| Js@i(r,s)ll =
FolCT
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d
‘ o) = | (J oy @+rs) s = JO @) -5 = F@,@lrs.s. )
1
- (cp,l. (w+rs) — &, (w) — J,, (u) - sr — Echb,l. @)[rs,rs, .]> 3r2| /r®
1 2
=-3 Hd)ti (u —+ rs)(btl.(u) — §J¢tl(u —+ rs) - ST — §J¢[l(u) - ST
1
—812<Pz,»(u)[rs,rs, -]‘ /rt
< Yy,
= g Ma(d);
therefore, ¢; is L-Lipschitz with respect to the distance d; for L := l1\//73(T) +

%1\74(T)R, and we have ||¢; (7, 8)|| < M for M := lIl//}3(T). The claim of the propo-
sition now follows by applying Lemma A.2 to Wy and W| separately (for £ /2 instead
of ¢), and then using the union bound. O

Proof of Proposition 4.3 From the definitions, we have

k k
VI (0) =23 J D, () - (@, (v) — By, (w) +2 Y J D, () - Z;, and
i=0 i=0

k k
VIF ) =2 JO, @) IO, ) (v —u)+2)  J O, @), v —u, Z]

i=0 i=0
k
+2) Jo,w) - Zi;

i=0

thus,

V™ (v) = VIg" (v)|| <2

k
D (I, @) = T, )) (P, () — Dy, () H
i=0

k
+2 Z J&, ) (®y,(v) — @y, (w) — TP, () - (v —u)) H
i=0
k /
+2(Y (qu,i(v)’ — Joy@) = (Fo, @l —u,-, ) ) Zi|.  (A23)
i=0
FolCTM
u o
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Using the multivariate Taylor’s expansion bound (1.19), the first two in the right-hand
side of the above inequality can be upper-bounded as

k
2> T, @) (@,(v) — () — D, (w) - (v — u)) H

k

2> (I, (0) — J &, (w)') (D1, (v) — By, (w))

i=0

i=0

< 4LM1 (T)MZ(T)”'U —u|? (A.24)

For the last term in (A.23), for (r, 51, s2) € 7> (defined as in Lemma A.2), r > 0, we
let

@i(r,s1,82) := <J<1>z[ (u+rsyls2, -] = JP,(W)[s2, -] — rJ2<1>r,- (w)[s1, 52, ~]> /r2.

We extend this continuously to r = 0 as
. |
9i (0,51, 82) := lim ¢; (r, 1, 82) = 5 J @ (w)[s1, 51, 52, -].
r—0 2

We define W as in Lemma A.2 as Wy :=sup, ¢, ¢,)e7; Z o0 {@i(r,s1,82), Z;), and
then the last term of (A.23) can be bounded as

k

2|y (Jqst,. ) — J®, ) — (J%b,,. W) —u, -, .]>/> .z,

i=0

<2Walv —u|?.

(A.25)
By (1.19), for any (r, s1, s2) € 7>, the partial derivatives of ¢; satisfy that
15,0 (. s1, 82 < 17 J>®y, (u +rsy) — r @, )| /1 < M3(T),
1 ~
I T 5,01 (r, 51,821 = 1 Py, (w + r51) — TPy (w) — &, )rsy, -, -ll/r? < §M3(T)’

K (Jcpt,. (W +rs) = J®, ) — J*®, wW)lrs, -, ])‘

ACHRSIES Py 5

P22 ®, A+ rs))st, - 1 — J*, @)s1, -, 1)

—2r(J @y, (u +rs1) — TPy, (w) — J> @, @)rsy, -, D/ r?

= H - 2[1% W +rs)) — J®, ) — J> @, w)lrsy, -, ]

1 —~
- 5(12@,. @ +rs)lsy, - 1= J*@,@ls1, -, -])] /13 < Ma(T).

Fo C 'ﬂ
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Based on these bound/s\, we can see that ¢; is L-Lipschitz with respect to the d>
distance for L := 2RM4(T) + M3(T), and it satisfies that ||¢;(r, s1, s2)|| < M for
M = —M3 (T). The claim of the proposition now follows by Lemma A.2. O

Proof of Proposition 5.2 By (4.1) and (4.3), we have

1
VZlog ™ (v|¥ o) = VZlog g (v) — — VI (v) = V2 logq(v) — —
o 205

k k
. <2 Z J¢t,' (U)/ : J(ptl' (v) + 2 Z Jz(pl,' (v)['9 Ty (pti (1)) - ¢ti (u)]

i=0 i=0

k
+ ZZ J2(1§tl.(v)[~, K Zi]) :

i=0

We first study the deterministic terms. Notice that

_ 2M (DM (T)T @)l — ul|

k k
DI, @) TP, (0) =Y TP, @) - J Dy (w) -

i=0 i=0

By Assumption 2.1, it follows that Zf:o JP,(w) - JPy, (u) = % - I 4; thus, for
every v € B(u,ry(u, T)), we have

1
Viogg(®) — > <2Z T, () - T, (v) + 22 P&, ) - @, () = B, (u)])
z i=0
3 ¢, T)

For the random terms, we first define @; : 7o — R (7, was defined in Lemma A.2)
forO <i <kas

@;(v,51,82) := J*®,, (v)[s1, 52, 1.

Based on these, we let W, := SUP s, 52)eT Z{'c:o (Ei(v, S1,52), Zl-), and then the
random terms can be bounded as

k
-2 2o, W), -, Zi
H 77 ; J* o, (v)[ ]

By its definition, it is easy to see that for every 0 < i < k, g; is L-Lipschitz with
respect to the d» distance for L := Mz(T) + M';(T)R and that ||@; (v, 51, $2)|| <M
for M = Mz(T) for every (v, §1, 52) € Tz The claim of the proposition now follows
from Lemma A.2. O

2
<< —
— 2"

VA

EOE';W
o
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Proof of Proposition 5.3 By (4.1) and (4.3), we have

202

1
V3 log ¥ (v Y o) = V> log(q(v)) — 2—2v3lsm(v) = V’log(q(v)) —
0z Z

k k
: (6 D T ) TP (0)+2) T B, ), By (v) — Py (w)]

i=0 i=0

k
+ ZZ Jdel,' (v)['s ) Zl]) .

i=0

Based on the assumption on ¢, and (1.19), the deterministic terms can be bounded as

1
Vilog(q(v) = — (62 T, (v) - J &y, (v) +2 Z P&, @), @, (0) — &, (u)]) H
z

i=0

<cB

Yo (h) (3M(T)Mx(T) + 2M\(T)M3(T)R) .

z

For the random terms, we first define @; : 73 — R (7 3 was defined in Lemma A.2)
forO <i <kas

ai(v? S1,82, S3) = J3(p[i(v)[sla §2,83, ]

Based on this, we let W3 := SUP (y 5, 5.53)€7 s Z 0@ (v, s1,52,53), Z;), and then
one can see that the random terms can be bounded as

k
1
H__2 .22 P&, )., Zi]

205 v

By its definition, itis easy to see that forevery 0 < i < k, ¢; is L-Lipschitz with respect
to the d3 distance for L := M3(T) + M4(T)R and that |[g; (v, 51, 52, §3)|| < M for
M:=M 3(T) forevery (v, s1, 52, 83) € T 3. The claim of the proposition now follows
from Lemma A.2. O

A.2 Initial Estimator When Some of the Components are Zero

In Sect. 3.2, we have proposed a function F that allows us to express the unobserved
coordinates of u from the observed coordinates and their derivatives (in the two obser-
vation scenarios described in Sect. 3). By substituting appropriate estimators of the
derivatives, we obtained an initial estimator based on Theorem 2.8. Unfortunately, this
function F' was not defined when some of coordinates of u are 0. In this section we
propose a modified version of this estimator that overcomes this difficulty.

We start by a lemma allowing us to run the ODE (1.1) backwards in time (for a
while).

Fo C 'ﬂ
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Lemma A.3 Suppose that v € Bg and the trapping ball assumption (1.3) holds. Then
forany O <t < Cd_el, the series

w_,(v) _ZD’ = t)l (A.26)

is convergent, is well defined and satisfies that ¥;(W_,(v)) = v and that for any
imax €N,

imax Imax+1
( t) COCdmdx
w_ — D'v < x| A.27
(v) _§ : o o (A27)
Proof The result follows from bounds (1.14), and the definition of Eq. (1.1). m|

Based on this lemma, given the observations Y¢.x, we propose the following initial
estimator. First, select some intermediate indices 0 = i1 < i) < ... < iy < k
satisfying that i, - h < C, d_; For each index i, we compute the derivative estimates
&D of D' (u (t;,)) and then use the function F described in Sect. 3.2 to obtain initial

estimators u(t;, ) of u(t; ) for 0 < r < m. After this, we project these estimators to
Br (see (3.13)), and run them backwards by #;, time units via approximation (A.27),
and project them back to B, that is, for some sufficiently large i x € N, we let

l .
max . - —t 1

"= P (DD (PBR (u(tir)>> : (l—") for0 < r < m. (A.28)
i=0 ’

The final initial estimator & is then chosen as the one among (& )o<, < that has the
largest a posteriori probability u*™ (@ |Y o) (see (2.4)). Based on (2.8), and some
algebra, one can show that this estimator will satisfy the conditions required for the
convergence of Newton’s method (Theorem 2.5) if oz+/A and h are sufficiently small,
and iy is sufficiently large, as long as at least one of the vectors (u (t,r))0 “r<m has
no zero coefficients. Moreover, by a continuity argument, it is possible to show that
Assumption 2.2 holds as long as there is a t € [0, T'] such that none of the coefficients
of u(t) are 0.
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