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ABSTRACT. We study the existence of fixed points to a parameterized Hammertstain opera-
tor Hg, B € (0, 00], with sigmoid type of nonlinearity. The parameter 3 < oo indicates the
steepness of the slope of a nonlinear smooth sigmoid function and the limit case 5 = oo cor-
responds to a discontinuous unit step function. We prove that spatially localized solutions to
the fixed point problem for large 3 exist and can be approximated by the fixed points of Hoo.
These results are of a high importance in biological applications where one often approximates
the smooth sigmoid by discontinuous unit step function. Moreover, in order to achieve even bet-
ter approximation than a solution of the limit problem, we employ the iterative method that has
several advantages compared to other existing methods. For example, this method can be used to
construct non-isolated homoclinic orbit of a Hamiltionian system of equations. We illustrate the
results and advantages of the numerical method for stationary versions of the FitzHugh-Nagumo
reaction-diffusion equation and a neural field model.

1. INTRODUCTION

We study the existence of solutions to the fixed point problem

(1.1) u=Hpu, (Hpu)(z):= /w(:r —y) fa(u(y))dy.
R
Here 73 is the parameterized Hammerstein operator with 5 € (0, 0o, w(z) is symmetric,
and fg(u) : R — [0, 1] is a smooth function of sigmoid shape that approaches (in some way
which we specify later) the unit step function foo = X[p,00) for some h > 0 as 8 — oo.
Examples of this type of function are

(12 folt) = S(Bu=). S() = [

and

(13) folu) = S(Bu =), S(u,p) i= "Xy (), p > 0,
see Fig. 1.

This problem arises in several biological applications, e.g., in studying the existence of steady
state solutions to a neural field model and the FitzHugh-Nagumo equation. We give examples
of these models in Section 2.

When the function fg is such that fg(u) = 0 for all w < h, ie., supp(fg) C [h,o0),
all solutions to (1.1) can be divided into two categories: (i) localized solutions and (ii) non-
localized solutions (e.g. periodic, quasi-periodic). Here we study the solutions of the first class
which we define in detail in Section 4.2.

For the limit case 8 = oo, one often can construct localized solutions analytically, see e.g.
[1] and Chapter 3 in [2]. However, the case 3 = oo is only a simplification of a more realistic
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FIG. 1. Functions f3 given in (1.2) with § = 100 (red curve) and in (1.3) with
5 = 20 (blue curve), and fo, = X[h,00) (black line), with h = 0.5.

model where fg, 0 < 3 < oo is a steep yet smooth function. Analytical tools do not work in the
latter case, and the existence of solutions for the case of 3 < oo and their continuous dependents
on 3 as 8 — 0, is often only conjectured from numerical simulations, see e.g. [3, 4, 5].

The main challenge of a proper justification of the transition between the cases § < oo
and 8 = oo, is discontinuity of f,, which leads to discontinuity of the corresponding integral
operator in any standard functional space. To avoid this difficulty we suggest to exploit a spatial
structure of localized solutions for 5 = oo and construct functional spaces such that the operator
H o 1s not only continuous but Fréchet differentiable and the Implicit Function Theorem can be
used. That is, we show that under the assumption that localized solution of (1.1) for 5 =
oo exists and satisfies some properties, solutions to (1.1) for large 8 < oo exist, converge to
a solution of the limit case as § — oo, and can be iteratively constructed. We emphasize
that this result is quite important as it provides a motivation for a common in applied sciences
approximation of a smooth sigmoid function by the discontinuous unit step function.

While the Implicit Function Theorem is well known to be a useful and powerful tool dealing
with such problems, it has not been used due to the non-trivial choice of spaces for operator
convergence. However there are similar results obtained in [6] and later extended by Burlakov
et. al [7] for the case of a bounded spacial domain in R™, n > 1, using the topological degree
theory and properties of the Hammerstain operators for a smaller class of solutions and more
strict assumptions on the integral kernel w.

The degree theory approach has some disadvantages compared to the method based on the
Implicit Function Theorem proposed here. Firstly, it requires calculating the topological degree
of H~. Though it seems like the necessarily condition on the topological degree being non
zero coincides with an assumption we introduce on the localized solution of (1.1), 8 = oo, its
calculation could be involved. Secondly, the degree theory never gives uniqueness for 5 < co
even if it is proven for § = oo. Thirdly, as in infinite dimensional Banach spaces the degree
is only defined for compact perturbations of the identity operator, see [8], the domain and the
range space of H g must be the same. This restrict the choice of w. Finally, the degree theory
approach does not give a method for constructing solutions numerically.

The paper is organized as follows. In Section 2 we give examples of relevant applications,
that is, the FitzHugh-Nagumo equation (Section 2.1) and the neural field model (Section 2.2),
that we use later to illustrate our results. We give a list of notations we use in Section 3. In
Section 4 we introduce assumptions, describe the problem and state the results. In particular, in
Section 4.1 we describe some properties of the operator H g, in Section 4.2 we give a definition
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of a bump and bump solution. The existence and assumptions on the solution to the problem
(1.1) for the limiting case 5 = oo is discussed in Section 4.3. We formulate our main results as
Theorem 4.8 in Section 4.4. Section 5 is dedicated to the proof of Theorem 4.8. In Section 6 we
apply our results to prove existence of stationary solutions to the FitzHugh-Nagumo equation
(Section 6.1) and the neural field model (Section 6.2), and numerically construct them. We also
use these examples to discuss the advantages of the method in comparison to other existing
methods. Section 7 contains conclusions and outlook.

2. EXAMPLES

2.1. FitzHugh-Nagumo equation and its caricature. The famous FitzHugh-Nagumo equa-
tion introduced in [9, 10, 11] describes qualitative properties of nerve conduction. The equation
can be written as

ou 0%u
77 _ D=——
ot glu) v+ 0x?
2.1
0
a—: = bu — yv,
where g is commonly assumed to be the cubic function
(2.2) glu) =u(lu—h)(1—u), 0<h<l,

and b, v, and D are positive parameters.
McKean in [5] suggested replacing the cubic g with a broken line of the same general shape,
that is,

(2.3) g(u):—u—i—foo(u), foo:X[h,oo)a 0<h<l1,

see Fig. 2. The equation (2.1) with (2.3) is commonly referred to as a caricature of the FitzHugh-
Nagumo equation. It is believed but not proven that the equation (2.1) with the cubic function
(2.2) and with (2.3) have similar portraits in the large (and indeed they have similar phase por-
traits for the steady state solution equations for some parameter values). However, since discon-
tinuous g = —u + foo(u) does not provide a good approximation of the cubic function (2.2) but
only resembles its shape, see Fig.2, it is doubtful that one can draw any rigourous conclusion
about one model from analysing another. And indeed, the analysis of the equation (2.1) with the
function (2.2) and (2.3) are rather disconnected in the literature.

However, a smooth sigmoidal shape function ¢ = —u + fg(u) may provide a good approxi-
mation of g = —u + fo(u) for large /3, see Fig. 2. Thus, one would be able to draw a common
conclusion about existence and behaviour of solutions obtained for either case. This leads us to
study the reaction diffusion system

ou 0%u
E = fa(u) — (u—i—v)—i—DW
2.4)
@ = bu — yv
ar "
with 5 € (0, o0].
The steady states of (2.4) are solutions to
(2.5a) —u" + k*u = fa(u)
b
(2.5b) v = —u,
Y

where k = /1 +b/7.
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1t | | gzukh—u)(u—l) 1
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FIG. 2. Functions g = u(u — h)(1 —u), g = —u+ fg(u) with fg(u) given as
in (1.3) with § =20 and g = —u + foo(u) given in (2.3), with h = 0.5.

Any bounded solution of the ordinary differential equation in (2.5a) also satisfies the integral
equation (1.1), i.e.,

2.6) uuwa/Mx—wmwwm

R
with
1
2.7 — okl
2.7 w(x) T ,
see Fig. 3.

Here (2.7) is the Green function to the linear part of the equation in (2.5a) which can be
shown in a similar way as in [12].

2.2. Neural field model. The behavior of a single layer of neurons can be modeled by a non-
linear integro-differential equation of the Hammerstein type,

2.8) (e t) = —ulwt)+ [ wlo =) (),

Here u(x,t) and f(u(x,t)) represent the averaged local activity and the firing rate of neurons
at the position € R and time ¢ > 0, respectively, and w(z — y) describes a coupling between
neurons at positions x and y.

The model above is often referred to as the Amari model and is a version of neural field
models that constitute a special class of models where the neural tissue is treated as a continuous
structure. The model (2.8) has been studied in numerous mathematical papers, for a review see,
e.g., [3, 13] and [2]. In particular, the global existence and uniqueness of solutions to the initial
value problem for (2.8) under rather mild assumptions on f and w has been proven in [14].

In 1977, Amari studied pattern formation in (2.8) for a model where f is the unit step function
and w is assumed to be of the lateral-inhibitory type, i.e., continuous, integrable and even, with
w(0) > 0 and having exactly one positive zero. In particular, he showed the existence of stable
and unstable time independent spatially localized solutions to (2.8) which he referred to as
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bumps. For more general f and w the existence of solutions of this kind has been shown by
Kishimoto and Amari in [15] and later generalized in [16] and [17].

In what follows we use the Amari terminology, i.e., spatially localized solutions will be called
bumps.

Since the work by Amari the lateral-inhibitory type of connectivity function is the common
choice when one studies pattern formation in neural field models. Examples of this type of
connectivity are

(2.9) wlz) =1 —|z))e =l k>0
and
(2.10) w(z) = Ke= 0 — Me(m2)’ | > M, k> m,
see Fig. 3.
2
1.5}
l,
3 0.5} 1
-0.5
_1 L
-5 0 5
X

F1G. 3. Functions w given by (2.7) with k = 1.3229 (red curve), w given by
(2.9) with k£ = 1 (blue curve) and w given by (2.10) with K = 3,k =2, M =
1, m = 0.5 (green curve).

When the Fourier transform of the connectivity function is real and rational, e.g., w in (2.9),
the time independent version of (2.8) can be converted to a higher order nonlinear differential
equation which in turn can be represented as a Hamiltonian system. Bumps correspond to
homoclinic orbits of this system, [18, 19].

Despite there are some analytical methods for studying existence of homoclinic orbits for
higher order Hamiltonian systems, see e.g. [20, 21], due to the specifics of the considered model
these methods are not straightforwardly applicable here and the most results are numerical, for
details see [18]. Alternatively, the existence of homoclinic orbits for such systems can be studied
using methods of computer assisted proofs, see e.g. [22, 23, 24, 25, 26]. However, for the case
when w does not admit a real rational Fourier transform, as for example in (2.10), the mentioned
differential equations methods are not available and the other approaches must be used.

For f = f, where fg — foo = X[n,o0] @8 B — 00, and supp(fs) C [h, o0), the existence
of bumps of a particular kind (so called 1-bumps) and their continuous dependence on the pa-
rameter 3 has been shown using the topological degree theory and collectively compactness and
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continuity of the Hammerstain operators in [6]. Later these results were extended to the case of
n-dimensional, n € N bounded spacial domain in [7].

3. NOTATION
For readers convenience we give a list of functional spaces and specify other notations we
use. Let €2 be a bounded or unbounded subset in R.

e [P(Q),1 < p < oo, is the space of all functions such that the pth power of the absolute
value is Lebesgue integrable and the norm is given as

1/p
ol = | [P@Pas] . 1<p<s,
Q
and
HUHLoo(Q) 1= €SSSUpP;cn [v(z)].
When Q = R we use the common notation for the norm [|v[|oo := [|v]| Loo (R)-

e B(Q) is the linear space of all bounded functions.
e ((9) is the linear space of all continuous (but not necessarily bounded) functions on 2.

e B(C(Q) is the Banach space of all continuous bounded functions on €2 with the norm
vl c(q) := sup |v(z)].
e

When Q2 = R we often use || - || notation for the norm above.

e C"(Q), n € N, is the linear space of all continuous (but not necessarily bounded) func-
tions with continuous kth derivatives, £k = 1, ..., n, on €).

e BC™(f2), n € N, is the Banach space of all continuous bounded functions with contin-
uous and bounded kth derivatives, for k = 1, ..., n, on €2 equipped with the norm

n

[vllonoy =Y _sup [o®)(z)|.
kZOmGQ

e C%1(Q) is the space of all Lipschitz continuous functions on 2.

e C%(Q) is the space of all Holder continuous functions on € with the exponent 0 <
a<l1.

When €2 is a compact set then we prefer the notation C™(2) over BC™(£2). Moreover, in this
case we treat C%%(£2), 0 < o < 1 as the Banach spaces equipped with the norm

v(z) —v(y)|
HUHCOva(Q) =sup|v(z)|+  sup e
z€Q z,y c 0 ’fl: — y’
T Fy
When there is no confusion what €2 is we use the notation || - ||, instead of || - ”CO’O‘(Q)'

We denote Ceyen (2) the space of all even continuous function on 2. The same notation
applies for the other spaces, e.g., L]éven(Q), 1 < p < oo and etc.
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If Q© = R we omit the set specification in the norm notation, i.e., we write || - ||c» instead of
|- llen(m)-

We use boldface to denote vectors, e.g., a, G, and the textsf font for matrices, e.g., S, I.

4. FRAMEWORK AND MAIN RESULTS

We study existence of solutions to the fixed point problem (1.1) under the following assump-
tions on f3 and w.

Assumption A. Let h > 0 be fixed, and let { fz}, B € (0, 00| define a family of functions with
the following properties:

(1) fg: R — [0, 1] is non-decreasing for any 3 € (0, o0},

(2) supp(fs) C [h,o0) for any 3 € (0, oc],

(3) foo = X(h,00)si-€., the characteristic function of the half-line set (h, o0),
(4) fa(t) is continuous in B € (0, 00) uniformly in t on any bounded interval,

(5) f3 € COL(R) for B < oo, and for any & > 0

Cp(§) = essSuPye (e 00) \f/g(t)| —0as B — oo.

The function in (1.3) with p > 1 serves as an example of such a function.
We also notice that from Assumption A(5) f3 has the following convergence property

4.1) sup |fa(t) — foo(t)] = Oas B — oo.
tER\(h—&,h+E)

Assumption B. The function w in (1.1) satisfies the following conditions:

(1) wis symmetric, i.e., w(—zx) = w(x),
(2) w is a Lipschitz function, i.e., w € CYY(R),
(3) w € LY(R), and

(4) w is bounded, i.e., w € L>®(R).

The functions in (2.7), (2.9), and in (2.10) clearly satisfy the assumption above.

Since the function f3 is such that fg(u) = 0 for all w < h, see Assumption A(2), all the
solutions to (1.1) can be divided into two categories: (i) localized solutions (so called bumps,
see e.g. [1, 6]) and (ii) non-localized solutions (e.g., periodic, quasi-periodic).

Here we study the existence of solutions of the first type. We introduce only a few properties
of the operator H g that are needed here. For more general description of H g we refer to [6] and

[7].

4.1. Properties of Hg.

Lemma 4.1. Let fg and w satisfy Assumption A and Assumption B. Then for any real valued
measurable function u we have Hgu € BC(R) for any B € (0,00]. Moreover, if u(x) < h
for all x € R except a subset X C R of a finite measure, then Hgu € L*(R) N BCY(R) and
(Hpu)(z) = 0as |z| — oc.
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Proof. For a general u we define a set X := {x : u(z) > h} C R. We have the following
estimate

(Hpu) ()] = \ [ o= ss(utnis| < [ fota = vy

Assumption B(3) immediately yields ||Hgul/s < ||w|/;1 < oco. To show continuity of Hg let
v = Hgu and x — xo. Then we obtain

[v(z) - v(z0)| < / (@ — y) — wlzo —y)ldy — Oas z — 2o,
X

which follows from the continuity of translations in L!(R), see, e.g., Proposition 2.5 in [27].

Assume now that X has a finite measure (X)) < co. From Assumption B(2) and Assumption
B(3) it follows that ||Hgu| 1 < [|w| 1 p(X) < oco. From Assumption B (4) the derivative of
v = Hgu with respect to x exists and is uniformly bounded, that is,

[0 < /X W' (@ = y) fa(u())ldy < [|w']loc p(X).

Next, we let © — x( and obtain the estimate

V@)~ @) < [ o/ ) — (a0~ 9)ldy
b
Assumption B(2) implies that «’ € L*°(R) and thus w’ € L!(X). From the continuity of
translations in L (X') we deduce that [v'(z) — v/(z0)| — 0 as z — xq.
Hence we conclude that Hgu € BC 1(R) and the the following estimate is valid
Hauller < ([wlloo + [l [loo) (X)) < o0

The property v(xz) — 0 as |z| — oo follows from Assumption B(2) and Assumption B(3).
O

From the lemma above any solution to (1.1) is continuous and bounded.

Lemma 4.2. Let fg and w satisfy Assumption A and Assumption B, respectively, and let the
operator Hg : BC(R) — BC(R) be defined as in (1.1). Then the following statements are
true. (i) Any solution of (1.1) is translation invariant, i.e., if u(x) is a solution so is u(x — c) for
any ¢ € R. (ii) The operator Hg preserves the symmetry, i.e., for any u(x) = u(—x) we have
(Hpu)(—x) = (Hpu)(z). (iii) If for a fixed point u(x) the corresponding supp(fz(u(-))) is a
symmetric set, then u(x) is even.

The proof is straightforward.

Remark 4.3. For Lemma 4.1 and Lemma 4.2 we did not use all the conditions of Assumption
A. It suffices to assume that v — fg(u) € [0, 1] is measurable and Assumption A (2)-(3) are
satisfied.

As mentioned before we intend to investigate the existence of localized solutions to (1.1). In
the next section we describe the class of functions we are interested in.

4.2. Bumps and regular bumps.

Definition 4.4. Let h € R and {bz}fivl C R be an increasing sequence of 2N points. The func-
tion uw € C(R) is called a (h; by, ba, ..., ban )-bump if the following conditions are satisfied:

(i) {b;}2Y, are the only roots to u(x) = h,
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(ii) there exists v > 0 and A > 0 such that u(z) < h — v for all |z| > A.

We call the (h; by, b, ..., ban) - bump regular if in addition v € C*(R) and u'(b;) # 0 for
alli=1,...,2N.

When h is assumed to be given and there is no need to specify the roots {bz}fgl we often
refer to u as a (regular) N-bump or, simply a (regular) bump.

We illustrate the definition with Fig. 4.

3r 2-bump
— regular 2-bump
——not a bump
2 L
1 L
0_ _________ (I - - -
_1 -
_2 L L L L L
-3 -2 -1 0 1 2 3

FIG. 4. Examples of a bump, regular bump and not a bump, when A = 0 and
assuming that the functions are smooth enough and do not increase outside the
interval [—3, 3].

Regular bumps are stable under small perturbations in C'*(R). Indeed, let u be a regular

(h; b1, ba,. .., ban) - bump, and for some | < by and L > by define the set
4.2) K.(u;1,L) := {v € C'(R) : sup |u(z) — v(z)| + m[elx%] [u'(x) — ()] < €}
z€eR xell,

We formulate the following lemma.

Lemma4.5. Let uw and K. (u;l, L) be given as above. Then there exists € € (0,1/2 min; [u'(b;)])
such that for any v € K (u;l, L), v is a regular (h; b1(€), ba(e), ..., ban(€)) - bump where
bi(e) = bjase — 0.

The proof is rather straightforward and can be found in [6].

2N
Corollary 4.6. Observe that there are values b (€) : by (€) < by < bj () where () (b; (€),b] (¢)) =
i=1

@ associated with K. (u;1, L) such that b (€) — b; as € — 0, and for any v € K.(u;1, L) we
have the following estimates

o@) =l > 2 e R\ U E),56)
W@l >e e Ul

Definition 4.7. A (regular) bump that is a solution to (1.1) we call a (regular) bump solution.
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Lemma 4.1 implies that any bump solution u(z) of (1.1) is in BC*(R) and |u(x)| — 0 as
|z| = oo. Thus, the threshold h cannot be chosen negative.

4.3. Bump solutions to (1.1) with 5 = oo. In [1] Amari studied the equation (1.1) under
the assumption that fg = foo = X([n,00) With some 1 > 0. In this case one can find analytic
expressions for the bump solutions. Let w satisfy Assumption B and suppose that (1.1) with
B = oo hasa (h; by, ..., bon)-bump solution, say te.

Then it immediately follows from (1.1) that

boy

N
Uso(T) = w(z —y)d
kz / y)dy

Loy

or, rewriting the equation above in terms of the anti-derivative

T

W) = [ wlo)d

0
N
4.3) Uoo(T) = Z (W(m —bog—1) — W(x — bgk)>.
k=1
Next, we assume that u, is symmetric and, thus, b; = —an_;4+1, and by4; = a4, for
i = 1,..., N. In this new notation, u is a (h; —an, ..., —a1,a1,...,ay)-bump and we can
rewrite (4.3) as
N
(4.4) Uoo(z) = 3 (1N K (W(m —ap) - Wz + ak)).
k=1
The vector a = (ay,...,ayn)’ witha; < a;y1,7=1,..., N — 1, must be a solution of the
system of N nonlinear equations
N
4.5) too (a5) = 3 (=D)N T (W (ay - ay) = W(ai + ax)) = h.
k=1

Once a is found one can construct .. using the formula (4.4) and then verify that the obtained
function is indeed a bump, and thus, a bump solution to (1.1). By Lemma 4.2(iii) the function u
is automatically even.

Alternatively, when w has a rational real Fourier transform one can obtain an analytical ex-
pression for bump solutions by solving the corresponding piecewise linear ordinary differential
equation, see e.g. [18, 19, 12]. We do not focus on this problem here but refer the reader to
[1, 18, 28] for more details.

Further on we assume that the bump solution exists, it is symmetric, regular, and impose one
extra assumption on the intersection points a; whose role will be more clear later.

Assumption C. Let h > 0 be fixed and uo, given by (4.4) be a (h; —ap,...,—a1,a1,...,an)-
bump solution to (1.1) with fz = foo = X[h,00)-
(1) The solution u is a regular bump, that is,

N
(4.6) ulo(ai)] =) (=) (w(ai — ax) —w(ai + az)) >0, i=1,..,N.
k=1
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(2) From (4.5) aiis a solution to G(a) = 0 where G = (g1, ..., gn) T with g; = (—1)F (us (a;)—
h). We assume that the Jacobian matrix of G derived at a, J(a) = <Ogi / 0(1]-) (a) with
ij

T @) = ful )| — 0) — w(20) .
6gj (a) = (=) (w(a; — a;) +w(a; + ay)),

has an inverse, that is, det(J(a)) # 0.

In particular, Assumption C(ii) guarantees that a is the isolated solution of G(a) = 0.

4.4. Existence and approximation of bump solutions for large 8 < oco. We formulate our
main results.

Theorem 4.8. Let h > 0 be fixed and fg and w satisfy Assumptions A and B. Moreover, we
assume that w is such that for B = oo there exists a symmetric (h; —ap,...,—a1,a1,...,aN)-
bump solution us of (1.1) and Assumption C is satisfied. Then we have the following result.

e Thereisane > 0 such that for sufficiently large # > 0 the operator Hg : K. (uoo; —d, d) —
BCY(R) for any d > ax has a symmetric fixed point ug which is a regular bump. More-
over ||ug — uss||c1 — 0 as f — oo.

o The bump solution ug € K. (us; —d, d) can be iteratively constructed and the sequence
of successive approximations {un }neny{oy converges to the solution ug in BCY(R)-

norm. The sequence uy,,n = 0,1, ..., is defined by
d
(@70 wnir = [0 =D fsUnn )y, xR
—d
(4.7b) Upt1(z) = (Hs(Un)) () =sT(2)(S = ) "'py,  w € [~d,d]

with Uy being the restriction of us on [—d, d|,

d
<Hﬂmmw—/wm—mmumm@ec%%¢ﬂx
Zd

s(z) = <w(x—a1)+w(x—|—a1) w(x—aN)_|_w($+aN))T
lul (ar)] Ty . (an))| )

and Sis an N x N matrix with the elements

wla; —a;) +wla; + a; L
Sij = (o Jl) (a; J), i,7=1,..., N,
|ul (a;)]

and lis the N x N identity matrix. The vector py, is defined as

Pn = (pn(a1)7---,pn(aN))T, pn(ai) = (HBUn_Un) (ai)7 i=1,...,N.
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5. PROOF OF THEOREM 4.8

Let h > 0 be fixed and let f3 and w satisfy Assumption A and Assumptions B, respectively.
Moreover, we assume that w is such that for 3 = oo there exists a symmetric regular
(h;—an,...,—ai,a1,...,ayn) - bump solution u., and Assumption C is satisfied.

Let d = an + 0 for some d > 0 and define a set of even functions

Kg(uoo) = Kz—:(uoo; —d, d) N C;ven(R)

where K. (uso; —d, d) is given as in (4.2). We assume that £ > 0 is small enough that K (u«)
contains only regular symmetric N-bump solutions, see Lemma 4.5.

If u € K¢ (uso) is a solution to (1.1) then due to Corollary 4.6 and the choice of d, it is given
as

d
u(z) = / (o= ) alulu)i.

Now let Ty : BC'(R) — B([—d, d]) be the restriction operator given as Tiu = u[_q,q, and
T5 be the reconstruction operator

d
5.1) (T0)(a) = [ wlo =D faU) - By,
“d

where by Lemma 4.1 we have T3 : B([—d,d]) — BC*(R).

From now on we use capital letters to denote the restriction of u € K (ux), that is, U =
Tiu and, in particular, Us, = Tius. Notice that T1 K (us) = B:(Us) is the e-ball in
Cl, .. ([—d, d)), that is,

B:(Uso) :={U : |U = Ussllor((—a.ap < €} N Cpen(R).

It is obvious that Lemma 4.5 and Corollary 4.6 can be directly reformulated for B.(Us) as
a; € [0,d),i=1,..., N. We formulate this as a remark.

Remark 5.1. From Corollary 4.6 there are a;t(e), t=1,..., N, suchthat agt(e) —0ase =0
and for any U € B.(Ux)

N
(5.2a) U(z) — h| >, zeR\|J(Zai(e), £a] (e)),
i=1
N
(5.2b) |U'(x)| >¢e, z€ U(iaf(a),iagt(a)).
i=1
Hence, if u € K (uso) is the solution to (1.1) then u = T5(Thu) and U = Tiu € B:(Us) is
a solution to the fixed point problem

d
(5:3) U= HU. (HO)(a) = [ wla =) faUw)dy.
Zd

On the other hand, if U € B.(Uy) is the solution to (5.3) there is no guarantee that any
Ty - preimage of U is a fixed point of Hg in (1.1). However, if it is, then it must be given as
u = T2 U.

With the next proposition we claim there exist sufficiently small € > 0 and sufficiently large
B > 0 such that for any solution U € B.(Ux) of (5.3) the corresponding u = T5U is a N-bump
solution to (1.1). We need an auxiliary lemma.
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Lemma 5.2. The Nemytskii operator N (3;U) = f3(U) : (0,00)xL>([—d, d]) — L*([—d, d]),
1 < p < oo is jointly continuous in (B, Uy) for any By € (0,00) and Uy € L>®([—d,d)]).
Moreover, N(3;U) is jointly continuous in (co,Up) for any Uy € B:(Ux) as a map from
(0,00] X Be(Uso) to Leyen([—d, d]) for 1 < p < .

Proof. Note that fz, 8 € (0, oo] is uniformly bounded and thus, N (3, U) is in LP([—d, d]) and,
if U is even, in LEye,([—d, d]), 1 < p < .
Let 3, By € (0,00] and U, Uy € L*°([—d, d]) then we have the estimate

d
ING.U) = N o Ul gy = [ 16U = foc W)l do <
“d

where

and
d
2(Bo) == / | f5,(U(x)) — fa,(Uo(z)) P da.

For 8 — Bo, 8,00 € (0,00), 31(U) — 0 uniformly in U € L*°([—d,d]) by Assumption
A(4). From Assumption A(5)[Lip] we obtain

2(Bo) < 24|l f5, oo U = Uoll oo ((—a,q)y = 0 as |U = Uoll oo ((-a,ay — O-

Thus, (0,00) x L*([—d,d]) — N(f,U) is jointly continuous in (8o, Up).
Now we let 5 — oo and show that 31 (U) converges to zero uniformly for all U € B.(U).
We introduce D := Ui]il(ai_ (€),a; (¢)) with ai(¢) given as in (5.2). Then we have

(1) = / Fs(U() — fan(U ()P daort

(5.4)
/‘fﬁ(U@)) — fﬂO(U(ﬂs))|p dz.

Assumption A, or more precisely (4.1), yields the uniform in U convergence of the first
integral in (5.4) as 8 — oo.
To estimate the second integral in (5.4) note that [U'(z)| > € on (a; (¢),a] (€)), i =
., N, see Remark 5.1, (5.2b). Thus, there exists an inverse of U (z), k;(t) : (U(a; (¢)),U(a; (€))) —
(af(e)a aj (€)) with [Kj(t)| = 1/|U" ()| < 1/e.

Define M := max,¢[_qq4 Uso(7) + € and m := min,¢[_q 4 Uso(7) — €. We have
a; (e) Ula; ()

/|fﬁ<U<a:>>—foo<U<x>>|Pdw= / F5(t) — Foo (1) [KL(8)|dE <

a; () U(a; (¢))
M

/ F5(t) — fu(D)Pd.

m
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Hence,

M
/If/a(Un(l‘)) = J8o(Uo(2))[" da < NE"’/ [f3(t) = foo()[Pdt — 0, B — 00
D m

by the Lebesgue dominant convergence theorem. Thus X1 (U) — 0 as 8 — oo.

Next, we consider ¥a(oc0). Let U = Uy, Uy € B:(Usx) and Uy — Upllct((—a,qy — O
as n — oo. In order to avoid introducing new notation we assume Uy = Uy,. For Uy #
U the same analysis applies. Note that as n — oo, U, € Bl/n(Uoo)- Define D,, =
UX  (a; (1/n),af (1/n)) with a=(e), ¢ = 1/n, see Remark 5.1. Observe that as n — oo
the sequences ajt(l/n) — a; and p(D,) — 0.

From (5.22) foo(Un(2)) = foo(Uso(z)) for all z € [—d,d] \ D,, and therefore

Yo(o0) = /D | foo(Un()) = foo(Uo(z))[Pdx < 2P p(D,,) — 0 asn — 0.

Convergence properties of 1 (U) and ¥a(co) result in the joint continuity of (0,00] X
BE(UOO) = N(B,U) at (OO,U()). O

Proposition 5.3. Let f3 and w satisfy Assumptions A and Assumptions B, respectively. More-
over, assume there exists an (h; —ay,...,—ai,a1,...,an)-bump solution us of (1.1) for
B = oo that satisfies Assumption C, and Us, = Thuso being its restriction on [—d, d]. Then
there exists € > 0 such that starting from sufficiently large [3, if Uz € B.(Ux) is a solution to
(5.3) then ug := T>Ug is the solution to (1.1).

Proof. Tt is sufficient to show that ug € K,(u~) where p > 0 is small enough so that ug is a
regular N-bump, see Lemma 4.5. We derive the estimate

g — tiselloo < / W@ — ) (Fa(up()) — fooltioo(y)))dy] <

wlloe / F5(us()) — Fo(uso())ldy + / Fatoe () — foo(use (9)ldy | <

HwHoo(QdHféHooHU,a ~ Usclloo + IN (8, Usc) = N (00, Uoe)ll . - )

From Lemma 4.2 N (3, Ux,) is continuous in 3 and, thus, || N (3, Us) =N (00, Uso) || 1, (|-d,d)) <
¢ for sufficiently large 5 > 0.
Thus, we have

s — o + ey — wlelle-ay < (1 + [wllo + 2l f5lloellloc )

Assigning € < p/(l + lw]loo + 2d]\fé||m\|w||w) we secure that ug € K,(uso). This com-
pletes the proof. O

In the view of the proposition above we can study existence of solutions to (1.1) with Hg :
K,p(uso) = CL,.,.(R) by studying existence of the solutions to (5.3) on B: (Ux).
We make use the following classical result.

Theorem 5.4 (Implicit Function Theorem, e.g., Section 4.7 in [8]). Let V, U, and VW be Banach
spaces, (vo,up) € V X U, and Q C V x U be a neighbourhood of (vo, wp). Let the operator
P : Q — W satisfy the following properties
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(i) P(vo,uo) =0,
(ii) P is continuous at (vo, ug),

(iii) there exist Q — P)[v,u] such that it is continuous in (vg, ug), i.e.,

lim  [|[P'[v,u] — P'vg, ugl|lw = 0
(v,u)—(vo,uo)

(iv) the operator P)[vo,up] : U — W is a bounded linear operator with the bounded inverse
T = (P.[vo,uo]) ™' : W — U.

Then the following are true:

o There exist an operator F' : O — U, where O C V is some neighbourhood of vg, with
the following properties
(a) P(v,Fv) =0forallv e O

(b) FU() = Up

(c) F'is continuous in vy.
Moreover, the operator F' is uniquely defined, i.e., if there exists I that satisfies (a)-(c)
then there is ¢ > 0 such that Fyv = Fv for all ||[v — vg|y < e.

e The sequence of successive approximations { F,, } defined by Fyv = ug and
(5.5) Fr1v = Fyv — (Pl [vg, ug)) "t o P(v, Fv)
converges to the solution Fv as n — oo forallv € O.
Define the operator P(3,U) : (0, 00] — Co2([—d, d]) for some 0 < o < 1 as
(5.6) P(B,U)=—-U+ Hp(U).

Using the notations in Theorem 5.4 we have V = R, U = CL,_ ([—d,d]), W = Con([—d, d])
and Q2 = (0, 00] X B¢(Us). Though it follows from Lemma 4.1 and Lemma 4.2 that (0, co] x
B:(Us) — P(B,U) € CL,...([—d, d]) we were not able to prove the condition (iii) of Theorem
5.4 for CL,., ([—d, d]) but C%%,(|—d, d]). We will comment on it later.

even

We outline the idea of the proof of Theorem 4.8.
Step 1. We verify the conditions (i)-(iiv) of Theorem 5.4 for the operator P in (5.6).

Step 2. We prove the first part of Theorem 4.8. First, we apply the first part of Theorem 5.4 to
the operator P to obtain existence and uniqueness of the fixed point Ug € B.(Uy) of
the operator Hp for large 8 > 0 and ||[Us — Uso||¢1(j—a,q) — 0 as B — oo. Next, we
define ug = ToUg with T5 given in (5.1) and use Proposition 5.3 to obtain the results
for ug.

Step 3. We prove the second part of Theorem 4.8. Firstly, we validate (4.7b) using Theorem
(5.4). Secondly, we show that u,, = T>U,, converges to ug.
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Step 1. The condition (i) of Theorem 5.4 follows directly for 5 = oo and U = Uy, that is,
P(00,Us) = 0. The condition (ii) follows from Lemma 5.2. Indeed,
1Hp(U) = Hoo(Uso)llor(-aapy < (lwlloo + [[w'[lo0) IN (8 U) = N (003 Uso) L1 ((—d,apy — O

as |U — Usoll¢1(j—a,q) — 0 and B — oo due to Lemma 5.2 which implies the continuity of the
operator P(3;U) at (00, Ux).
Next we show Fréchet differentiability of the operator Hg for 5 < oc.

Lemma 5.5. The operator Hg : B:(Ux,) C CL,.,.([=d,d]) — CL,..([=d,d]), B < oo, given
in (5.3) is Fréchet differentiable at U € B.(Ux) with the derivative
d
5 Hy(U) = S[8.U). (5,010 = [ wlo - ) i3 0wy
—d

Proof. Computing the Géteaux derivative of Hg at U € B.(Us) we obtain dHg(U;v) =
S[B,Ulv, with S|, U] given in (5.7). The operator Hpg is Fréchet differentiable if

Hy(U +t0) = Hy(U)
t

lim 18, Ulv =0

CH([=d.d])

uniformly for all [[v||c1(—q,q) < 1, see [Proposition 4.8 (b), [8]].
We obtain the estimate

Hg(U +tv) — Hg(U) g
t

A

16, Ul

Cl(—dd))
(5.8)

— [5(Uy)v(y)| dy.

(Illloe + 11l /d WU W) +1v(0)) - $5(0)
—d

From fz € C%(R), see Assumption A(5),

f5(U () + w%,)) RELICIONERPATRIN

almost everywhere on [—d, d] uniformly in v on {v : ||v]|c1(—q,q) < 1}, and

118U (y) +tv(y)) = fs@ DI /It < [ f5lloollvllcn (—a.a-

Thus, by the Lebesgue Dominated Convergence theorem the integral in (5.8) converges to zero
uniformly. O

To show the Fréchet differentiability of the operator H,, we must proceed in a different way
due to the discontinuity of fo.

cven([—d, d]) — C&len([—d, d)) given in (5.3) is
Fréchet differentiable at U € B.(Ux) with the derivative

Lemma 5.6. The operator Ho : B:-(Us,) C C}

N )+ w(z +b;
(5.9) H' (U) = S[oo,U], S[oo,Ulv = Z w(z — b’l)UZ)m( +b;)

=1

+

where b; € (a; (¢),a; (), 1 =1, ..., N, are the positive solutions to U(x) = h.

Proof. We start by calculating the Gateaux derivative of Hy, at U € B.(Us). Consider

(5.10) Ho (U +tv) — Hyo(U) = / w(x —y)dy — / w(z —y)dy
Ot (1) o=@
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where
O(t) ={y: Uy) <hand U(y) +tv(y) > h}
and
O (t) ={y: U(y) 2 hand U(y) + tv(y) < h}.
Since U € B:(U) is a restriction of a regular (h; —by, ..., —by,b1,...,byx) bump on [—d, d]
it is clear that +b; forall i = 1,..., N, belongs either to O (t) or O~ (¢). As U and v are even
function, the sets O (t) are symmetric. Thus, without loss of generality we further consider
y € OF(t) such that y > 0.
Letb;,i € {1,..., N} belong to either O~ (t) or O™ (¢) and y # b; be a limiting point of this
set, and hence U (y) + tv(y) = h. By the mean value theorem
tv(bi)
U'(€) + to(€)
where ¢ lies in between of y and b;. Then we get
b o)
t—0 t t—0 t |U'(b )|

If b; € O (t) then either v(b;) < 0,¢ > 0 or v(b;) > 0, ¢ < 0 and therefore

y="b; —

Cly=bil _ v(b) +
1 _ i 0.
L Toy nEo W

Similarly, for b; € O~ (¢) we conclude that
N v(bi) -
1 = — , b e O™ (1).
st o)) ®)
Making use of (5.10) and limits above we obtain the Gateaux derivative of Hy, at U €
BE(UOO)7

U (U 0) = i U 10) = Hol0)
_>

w(:tbi—:c)v N
2 oy Y

+£b,€OF (H)UO (1)

Zwb —z)+w(b + )

v(b;) = S[oo, Ulw.

/
N (%]
As dH(U;v) is continuous at U for any U € B.(Us) we conclude that Hy is the Fréchet
differentiable at U with H._(U)v = dH(U;v), see Proposition 4.8(c) in [8]. O

Remark 5.7. When U = Uy, the derivative H., (Us,) is given as

Zw x—az +w(x+ai)v(ai)'

511 H/ Uoo :S 7Uooa
GI) HL(U) = Sloo, U] >

From Lemma 5.5 and Lemma 5.6 the Fréchet derivative with respect to the second variable
at (B, U) exists and is given as P[5, U] = I — S[B, U] with S[3, U] given in (5.7) for 5 < oo
and (5.9) for 8 = oo.

Now we turn to the proof of the norm convergence of F};[3, U], see (iv) in Theorem 5.4. As
1Py [8, U] = P[00, Usollcoo(j—aap) < IIU = Usollco.e + IS8, U] — S[00, Uso] [l co.0((—aa

it suffices to show that [|S[3, U] — S[o0, Usc]|co.e(j—a.q) as (B,U) — (00, Ux). Before we
prove this operator convergence we need the following lemma.
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Lemma 5.8. Let O(a;) C (a; (¢),at(e)), i = 1,..., N, be an open neighbourhood of a;(¢)
and O non empty subset of [0,d)/ X, O(a;). Then for any ¢ € C([—d, d]) we have

(5.12) /f/n(Un(a:))cp(x)da: —0
o
and
/ (P(ai)
(5.13) ) / | To, Un(mNele)de = 1y

for B, — oo and U, — Uy, in the C*(|—d, d]) norm as n — oc.

Proof. We first prove (5.12). Let n < ¢ be such that [a; (1), a; ()] C O(a;),i=1,..
n — oo we have U, € B, (Ux) and thus |U,, (z)—h| > nonthe set D,, := |

UE ’ i=1
see Remark 5.1. From Assumption A(S) and 4.1 we have |fz (Un(2))| < Cy(Bn) — 0 as
n — oo. Hence, we conclude that

/fﬁn (z)dx| < (|l oo ((—d,q)) /\f@n n(2))|dz < d ¢l Lo ((—d,a1)Cn(Bn) — 0

Dy

Now we turn our attention to proving (5.13). Due to (5.12) we can without loss of generality
assume that O(a;) = (a; (¢),a; (¢)),i=1,...,N. Letus fix some i = 1,..., N. Due to [29],
U and U, have the inverse functions k(¢) and ky (t), respectively, defined on [h — &, h + €].
Moreover, by the Implicit Function Theorem ||k, — Kool ((h—e,h4e)) — 0 @s n — o0o. Using a

change of variables and (5.12) we obtain

h+e
(5.14) /fﬂn x)d:r—/fén(t)|k;(t)]g0(kn(t))dt—>O, n — 0o.
O(a;) h—
We note that for any positive n < ¢
h+n ( )
15 1)k ( L
(5.15) /fﬁn () () e ()t = 2500
and
h+n
(5.16) In) = [ 15,0 (K (6) = R ()i 1) )

Let 1(77) n) =5 (7]7 n) + Iy (777 n) where
h+-e

n) = [ £ O (ROl () = ka0l s(e)) )t
h—e
and
m = [ 25,0 (K Ololhoc®) — Ko ) (hoc (1) ) .
h

We observe that |I1(n,n)| — 0 and |I2(n,n)| — o(n) as n — oo since
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) < mas (@)K, (0] = ok O)E(D]) = 0

due to [|kn, — kool|c1((=d,a;) — 0 and

)] < max (oo (0 k(0] — ekl )IKL (R)]) = o).

Thus, we obtain
lim |1(n, n)| < lim |2, (n, n)| + lim [Z2(n, )] = o(1)
n—0 n—0 n—0
that combined with (5.16) and (5.15) results in

h+n
. / / (P(ai)
(517 Y / POk Okt = 250+ of).

From (5.12) we get
af (e) af (n)
[ s @ene@is— [ 55, Waw)etads >0, 0
a; (e) a; (n)

independently on 7. This observation and (5.14) yields o(n) = 0 in (5.17) which completes the
proof. O

Proposition 5.9. Let Assumption A, Assumption B and Assumption C be satisfied and Uy =
T uwo be a restriction of use on [—d, d]. Then the map (0, 0] x B.(Us) — S[5, U] is contin-
uous at (00, Usy ), that is,

1518, U] = S[o0, Usclllco.0((-a,aq) — 0
as 3 — oo and ||U — Usol|c1 ((=q,a) — O

Proof. Let B < oo, B, — oo and ||U — Ux|lc1(j—a,q) — 0 as n — oo. We introduce the
partition of [0,d], 0 = yo < y1 < ... < yny = d where y; = (a; + a;—1)/2,i=1,..., N and
represent S[3,, U,] as

N
i=1
with
+Yit+1
St =% [ wlo—)ff Uale)e(w)dy.
+yi
For 8 = oo we have
N -~ i w(x £+ a;)
Sloo, Un) = > (SF+5;7), Sfv= mv(ai).
i=1 corT

Next we prove that ||.S;"(n) — Sj”c’(),a([_d7d]) —0,n—0,forany¢=1,...,N.
For an arbitrary fixed i € {1,..., N}

(S5 (n)v) (@) — (8 v)(x) = g1(x,n) + ga(w, n)
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where v

non) = [ o= y) — (o~ a) s, Uaw)el)dy
and ! i

o) == a) [ 13,000 (s00) - 725 o

Yi
Next we show that ||gi(-,n)||o = o(1/n)||v||la, & = 1,2, as n — oo. We start with g1 (z, n).
Let = € [y;, yi+1] then

Yi+1

g1, m)| < / Wz — y) — w(z — )| £}, (Un())o(y)|dy <

Yit+1

Lol [ 1y ailfh, Ualo))dy
Yi
with L < ||| being the Lipschitz constant of w(z) on the interval [—d — y;+1,d + Yit1]-
Using (5.12) with ¢(y) = |y — a;| the integral on the right hand side tends to zero as n — oo.
In order to bound the Holder constant of g; (x, n) we use two different estimates

lw(z —y) —w(z —a;) —w(z —y) +w(z —a;)| < 2L[y — a;
and

lw(z —y) —w(z —a;) —w(z —y) +w(z —a;)| < 2Lz — 2|
so that

o

lw(z —y) —w(z —a;) —w(z—y) +w(z —a;)| < 2Ly — a;|* Yz — 2|
Thus for x # z we have
Yi+1
<2tfoll [ Iy a1, Wal)dy
Yi
Again by (5.12) the integral on the right hand side tends to zero as n — 0.

To handle the term go(x,n) we represent it as a sum go(z,n) = w(x — a;)(I1(n) — Iz(n))
with

‘gl(x7n) B gl(y7n)|
|z — 2|

Yi+1

I(n) = / 15, (Un() (0(y) — v(a:))dy

Yi

and
Yi+1 1
(n) = v(a) / o (Uny))dy — ——
S g ()]
‘We have the estimates
Yi+1
B < ol [ £5,Oaw)ly  aildy
i
and
Yi+1

()] < [lolla / fén(Un(y))dy—m ,

Yi
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where from Lemma 5.8 both integrals on the right hand sides tend to zero as n — 0.
It follows that for any = € (y;, ¥i+1),

|92(2, )| < [lwlloo ([ (n)] + [L2(n)]) = o(1/n)[v]|a, as n = 0,

and
o(z,n) — ga(z,mn w(z —a;) —w(z —a;
oo, n) —olen)l g, e ma) melE el ) o)) 4 b)) <
=2 - o7
X,z € [y’wlerl]
T #z

Lsupz = (|1 (n)| + o)) < (&' Ll[v]la0(1/n),n = ox.

Collecting the estimates for ||g1 (x,n)||o and ||g2(z, n)||o we conclude that ||S;" (n) — S|, =
o(1/n), n — oo. Due to the symmetry ||S;” (n) — S; |la = 0o(1/n) as well. O
Remark 5.10. Notice that the need for C%%(|—d,d]) space with 0 < « < 1 comes when

estimating the convergence of |gi(x,n) — gi(z,n)|/|x — z|*, n — 0,7 = 1,2, as similar
arguments would fail for a = 1.

With the next proposition we prove that the condition (iv) of Theorem 5.4 is satisfied.

Proposition 5.11. Let us, be a symmetric bump solution to (1.1), Uy, = Thuce be its restriction
on [—d, d], and assume that Assumptions B and Assumption C are satisfied. Then the Fréchet
derivative of P(co,U) at Usy, P'[00,Use] = I — S[00,Us] : Clyon([—d, d]) — C%%([—d, d))
with S[oo, U] defined in (5.9) is invertible.

Proof. We will show that Assumption C(2) implies P[00, U] has no zero eigenvalue. Fist we
notice that the operator S[oo, Uso| has the same eigenvalues as the N x N matrix S = (.5;;)

w(a; — aj) +w(a; + a;)

Sii = . i,j=1,...,N.
N |uteo(a;)]

Introduce the real diagonal matrix C := diag(|ul,(a1)l,...,|ul(an)]). The matrix S can
be made symmetric as C'/28C~'/2 and thus has only real eigenvalues. The operator P’[0o, Us|
has in turn the same eigenvalues as the matrix P := | — S with | being the identity matrix. We
notice that the elements of P = (P;;), 4,7 =1,..., N are

Py = ()| —l0) —wa) _ 1 oa
|ute(ai)] |u/(a:)| Dag
(5.18)

R ) . _1)¢tJ .
p, — el ajl) +w(ai+a;) | /1) 100 i
|ute (aj)]| |w'(ai)| Da;
with 0g;/0a;(a) defined in Assumption C(2).
Let J be the Jacobian matrix defined in Assumption C(2), D := diag((—1)!,...,(=1)N),
and C given as above. Then we have P ~ PC = DJD ~ J. As det(J) # 0 we conclude that
the matrix P has no zero eigenvalue as well as the operator P’[00, Us). O

Thus, we are ready to apply Theorem 5.4 for the operator P in (5.6).

Step 2. Theorem 5.4 (a)-(c) yields the existence and uniqueness of the fixed point Ug € B.(Us)

of the operator Hp for large 3 > 0 and the convergence ||[Us — Uso |1 ([—g,ay) — 0 as 8 — o0.
Next, we apply the reconstruction operator 75 given in (5.1) to Ug, thatis, ug = ToUg. From

Proposition 5.3 ug is then a N-bump solution to (1.1). Let 3 — oo, from the estimate

lug = ussllor < (wlloo + lw'lloc) 1N (8, Up) = N (00, Uso) I L2 ((—d,a:
Lemma 5.2, and ||Ug — Uso|| o1 (j—a,q)) — O the convergence [|ug — tool|cr — O follows.



22 A. OLEYNIK, A. PONOSOV, V. KOSTRYKIN, AND A.V. SOBOLEV

Step 3. From the second part of Theorem 5.4 the fixed point Ug € B.(Ux) of Hp for suf-
ficiently large (8 can be obtain by the sequence of successive approximations {U,}, ||[Uy, —
Uﬁ”cl([_d’d]) — 0, n — o0, as

Unt1 = Un — (P[00, Us]) " 0 P(8,Uy), Uy = Us,
or, using (5.6) and (5.11)
(5.19) Ups1=Up — (I = S[oo,Us]) Fo (I — Hg(Uy)), Up=Us.

First we obtain the expression for (I — S[oo, Us]) L. Let (I — S[oo, Us])v = w and intro-
duce v = (v(ai),...,v(ay))! and w = (w(a1),...,w(ay))T. Then v = (I — S)~tw and
v(x) = w(r) + S[oo, UsJv(x) = w(x) + s’v where |, s and S are as in Theorem 4.8.

From the last two formulae we derive

(5.20) v(z) = w(z) +sT(1—-8) lw.

Combining 5.20 and (5.19) we arrive at (4.7).
On each iteration step we can obtain the corresponding w,, = 12U, with T given in (5.1). It
remains to notice that

lun —ugller = | ToUn — ToUgller < ([wlloo + | loo) IIN (8, Un) = N (8, Us) | 1 (|-a,a)y = O

as n — oo due to Lemma 4.5.

6. ADVANTAGES FOR NUMERICAL CONSTRUCTION

In this section we apply Theorem 4.8 to demonstrate the existence of 1-bump solutions of the
FitzHugh-Nagumo equation (2.4) and 2-bump solutions to the Amari model (2.8) with w given
in (2.10) and f3 as in (1.3). We also compute the approximations of the bump solutions using
(4.7) and discuss the advantages of this numerical approximation compared to other approaches.

6.1. 1-bump solution of FitzHugh Nagumo equation. Let us investigate the equation (2.5a)
with fg given by (1.3) with p = 2 and its corresponding integral equation (2.6), for the existence
and numerical construction of bump solutions. A bump solution corresponds to the homoclinic
orbit in the phase plane of the equation

uw =v

©.1) v = k*u — fz(u)

which exists when & < 1/ V2h. Any bounded solution to (6.1) is confined in the closure of the
bounded open region D of the phase plane with the homoclinic orbit being its boundary 0D,
see e.g. Fig.5a.

Notice that the system (6.1) is reversible and conservative. From the reversibility it follows
that any solution of (6.1) with the initial conditions in D is a periodic orbit and thus periodic
orbits are dense in D, see Fig. 5a. This fact causes some difficulties to obtain the homoclinic
orbit numerically. We have plotted in Fig.5b the bump solution obtained analytically (red line)
and by solving (6.1) numerically with (u(0),v(0)) = (h, kh) (blue dashed line). This illustrates
that in order to obtain a good approximation of the bump solution on a large interval using the
shooting method one must increase the precision of the method accordingly. Moreover, the
shooting method would not be straightforwardly applicable if fz does not satisfy Assumption
A(2). This supports our argument for replacing the cubic g(u) in (2.1) with —u+ f3, see Section
2.1.

The proof of existence and rigorous construction of homoclinic orbits for (6.1) and the equa-
tions of a higher order with even more general types of nonlinearity can be studied using com-
puter assisted proofs, see e.g. [22, 23, 24, 25, 26]. We however do not consider this approach
here.
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F1G. 5. For 8 = oo, k = 1.339, and h = 0.2 we plot (a) periodic orbits
(black) and the homoclinic orbit (red) of (6.1) and (b) periodic solutions (black
and blue) and the bump solution (red) to (2.5a)

Now we analyse the equation (2.6) where Assumption A and Assumption B are satisfied.
For # = oo one can obtain an explicit formula for the (h; a)-bump solution u«, to (2.6) using
the Amari technique [1] or by solving the ordinary differential equation (2.5a). We calculate
a = —1In(1—2k?h)/2k and v/ (a) = kh > 0, that is the bump is regular and Assumption C(1)
is satisfied. The condition (2) of Assumption C is reduced to w(0) # 0 which is also fulfilled.
Thus, by Theorem 4.8 there exists a regular 1-bump solution to (2.6) that converges in C*(R)-
norm to us, and can be constructed using the iteration scheme (4.7). In Fig.6a we have plotted
the approximation of the restriction of bump solution, that is, Ug. In Fig. 6b we have plotted the
base 10 logarithm of the relative error

Unt1 — Uy _
(6.2) error(n+1) = [ lexg d’d]), n=0,1,....

1Unll e (—d,a

where U, is given in (4.7b).
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FIG. 6. (a) Approximation of the bump solution to (2.6) on [—d, d] with d =
a + 0.5 and 5 = 100 after the 15th iteration. (b) The logarithm of the relative
error (6.2) of the iteration process.

Notice, that despite the bump solution ., is non-isolated fixed point of (1.1) with 5 = oo
on C1(R), it is isolated in K.(us). Consequently, Us = Tjug is an isolated fixed point of
the operator Hy already in the whole space C''([—d, d]). Thus, the proposed method allows
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us to isolate solutions which can be extremely useful when dealing with higher order ordinary
differential equations.

6.2. 2-bump solutions of the neural field model. In this section we illustrate the obtained
result for the Amari model with the firing rate function fg, 8 € (0,00] as in (1.3), p = 2 and
the connectivity function w given as in (2.10) with K = 3, k = 2, M = 1, and m = 0.5, see
Fig.3. Hence, Assumption A and Assumption B are satisfied. When 8 = oo one can employ
the Amari technique [1, 28] to show that there exist 2-bump solutions. In particular, for h = 0.3
there is a pair of 2-bump solutions u(()? and ug): the first one is the (h; —ag, —a1, ay, az)-bump
with a1 = 0.2948, a2 = 0.8506 and the second one is with a; = 0.3786, as = 0.6782. We
verified numerically that Assumption C is fulfilled for both bump solutions, thus Theorem 4.8
can be applied.

In Fig.7a we have plotted the restriction of ué@ ,i=1,2,0on [—1, 1] and the restriction of the
approximation of the bump solutions of (1.1) with 8 = 100.

For both cases we have computed the relative error using (6.2) with U,, = U,(Lz) and have
plotted the base 10 logarithm of the error in Fig. 7b.
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FIG. 7. (a) Approximation of the 2-bump solutions to (2.6) on [—d, d] with
d = as + 0.5 and 5 = 100 after the 10th iteration. (b) The logarithm of the
relative error (6.2) of the iteration process.

As the Fourier transform of w(z) is not a real rational function, the ordinary differential
methods cannot be used here. Yet, when fg is such that x[;,11/800) < 5 < X[n,00) it might
be possible to iteratively construct ug using the theory of monotone operators in Banach spaces
similarly as it has been done for 1-bump solutions in [16]. However,this method can be tricky
(or not even possible) to use for N-bumps solutions when NN is large. Moreover, some of the
bump solutions cannot be obtained by this method as e.g. already for the case of 1-bumps, the
limiting solution u is required to be linearly stable. As one of the 2-bump solutions is unstable,
see [18], it is doubtful the iterative method as in [16] can be successful.

7. CONCLUSIONS AND OUTLOOK

To summarize, we would like to emphasize few important points: (i) With Theorem 4.8 we
justify the approximation of a smooth sigmoid function by the discontinuous unit step function
for (1.1) on the class of bump solutions. In particular, one can be assured that a bump solution
ug for large (3 exists and can be approximated by .. (ii) Theorem 4.8 does not require w
to be smooth nor to have a real rational Fourier transform. (iii) In order to obtain a better
approximation of ug than u., one may utilize the iteration scheme in Theorem 4.8. Compared
to the ordinary differential methods it allows us to isolate the solution and thus does not require
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a high numerical precision to secure that the found solution is indeed localized. However it
might not be as efficient as e.g. the shooting method.

The technique presented in this paper could be fruitful in more general situations, for instance,
to study existence and uniqueness of spatially localized solutions in two and three dimensional
neural field models. Moreover, this method can be turned into a computer assisted proof which
could be an interesting topic of future study. However, the most serious obstacle to develop such
a theory is the absence of a general scheme for studying bumps in the limit (discontinuous) case,
the only exception being the theory of radially symmetric bumps [30, 31].

Within the framework of the neural field model (2.8), the next step would be to study Lya-
punov stability of found bumps (the work under preparation). This can be done using the prop-
erties of spectral asymptotic that follows from the norm convergence of the Fréchet derivatives,
see Proposition 5.9.
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