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Abstract. Let N be a set of positive integers and let
F(z) = 3 Auz*

be an entire function for which 4,=0 (n ¢ N). It is reasonable to expect that, if D
denotes the density of the set N in some sense, then F(z) will behave somewhat
similarly in every angle of opening greater than 2= D. For functions of finite order,
the appropriate density seems to be the Pélya maximum density Z. In this paper
we introduce a new density 2 which is perhaps the appropriate density for the con-
sideration of functions of unrestricted growth. It is shown that, if |I| > 272, then

log M(r) ~ log M(r, I)

outside a small exceptional set. Here M(r) denotes the maximum modulus of F(z)
on the circle |z|=r and M(r, I) that of F(re'®) for values of 8 in the closed interval
1. The method used is closely connected with the question of approximating to
functions on an interval by means of linear combinations of the exponentials e!*®
(neN).

1. Introduction. Let S be a normed vector space over the complex field. If
T<S, let V(T) denote the subspace of S generated by T.

Let E={e, | n=0, 1, ...} be a linearly independent subset of .S and, if x € V(E),
write x=> x,e,, where all but a finite number of terms are zero.

The set E is said to be free in S if no element of E belongs to the closure of the
vector subspace generated by the other elements of E. A necessary and sufficient
condition that E be free in S is the existence of positive constants C, (r=0,1,...)
with the property that

|x.] € Cullx|] (=0,1,...)

whenever x € V(E). It follows that, if E is free in S, each x € cl V(E) has a unique
formal expansion x~ Y x,e,. Here x,=L,(x), where each L, (n=0,1,...) is a
continuous linear functional on cl V(E).

The set E is said to be fundamental in S if V(E) is dense in S.
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In this paper, we particularise S to be one of the spaces £?(—=A, wA), where
1=p<oand 0<A=<1. Welet A={)A,} be a strictly increasing sequence of positive
integers and take the elements of E=FE, to be

e, = exp (ixA,) (n=0,1,...).

It was shown by L. Schwartz [14] that, if E, is nonfundamental in £?(—#A, wA),
then E, is free in #?(—=A, wA). Further, if E, is free in £?(—nA, wA) and A’ > A,
then E, is nonfundamental in £?(—=A’, 7A").

As before we have that, if E, is free in £?(—=A, wA), then there exist positive
constants C, (n=0, 1,...) such that (%)

(1.1) lan] = Cull fl, (r=0,1,..),

whenever fis a function of ¢l V(E) with expansion
(1.2) [~ Z e,
n=0

In attempting to use inequality (1.1), two questions arise.

(1) What structural properties of the sequence A imply that E, is free in
Lr(—7A, wA)?

(2) Given that E, is free in £°(—=A,wA), how large are the constants C,
(n=0,1,...)?

An answer to (1) has been given by Beurling and Malliavin [2]. For an expository
account of their work, see Kahane [8]. For each sequence A they construct a
number # (which we call the Beurling-Malliavin density of A) with the property
that E, is fundamental in £?(—=A, =A) if A <% and nonfundamental (and there-
fore free) if A>4%.

Some estimates for the constants C, in (2) have been obtained in [1], [3] and [4]
under various hypotheses. (See also [5] and [7].) In this paper we obtain another
theorem of this type and discuss an application it has to the theory of entire
functions with gap power series. The proof of the theorem is elementary and does
not depend on the work of Beurling and Malliavin.

2. Density conditions. The Pélya maximum density & (see e.g. Levinson [11])
of a sequence A may be defined in the following way. Let I" denote the class of
functions y(x)=%x (0<n<1). Then

P = sup lim sup M

yeI' x- y(x)
where N[a, b))=N(I) denotes the number of terms of A contained in the interval
I=[a, b). We have that < %.

(%) Except where otherwise noted | f|,={[™, | f(x)|? dx}*'”, with the usual understanding
for the case p=c0.
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We now introduce a new density condition which is closely related to the
Beurling-Malliavin density & but defined in a similar way to £.

Let ¥ denote the class of functions i which are positive and continuous on
(1, 00) and which satisfy

1 $x) 1 oo;
@n @ xTHEI0;

3) f X~2(x) dx < .
1
We then define the “¥-density” 2 of A by

— infli Nlx—¢(x), x)
2.2 9 = '1”161‘{ hrg_'sgp 9

We have Z<#=<2.

3. Statement of results.

THEOREM 1. Suppose A has Y-density @ and Z2<A<1. Then E, is free in
Lr(—7mA, wA) (1Sp=00), and there is a y € VY, which depends only on A and A,
such that
(3.1 las| = exp GADIfl,  (=0,1,...)

whenever f is a function of cl V(E) with expansion (1.2).

COROLLARY 1. A sufficient condition that E, be nonfundamental in £L*(—wA, wA)
(1=p<w)is that A> 2.

It is interesting to compare the above corollary with the following theorem of
Redheffer [13].

THEOREM A. Let ¢ be a function which is positive and continuous on (1, ) and
which satisfies

(1) ¢(x) 4 o0;
(2) x~¢(x) | 0;
(3) 7 x72¢(x) dx=00.
Then there is a sequence A with
. Nx—¢(x), x) _
Jm = =0
such that E, is fundamental in £(— =, ).

We suppose that F is an entire function which is not a polynomial and has the
gap power series expansion

(3.2) F(z) = i RAR
n=0



370 K. G. BINMORE [April
where the sequence A={},} has ¥-density 2 < 1. We define
M) = max [FG)|  (|z] = r)
and, if I denotes a closed interval,
M(r,I) = max |F(z)| (|z| = r;argzel).
With these definitions we have the following theorem.
THEOREM 2. If A> 2, then
(3.3) log M(r) ~ log M(r, I)

outside a set of finite logarithmic measure(®) provided that I=I(r) varies so that
|I | > 27A.

Pélya [12] showed in 1929 that, if F is of finite order and A has #=0, then

. log M(r,I) _
l";ﬂ-.iup log M(r)

provided |I|2 8. Various authors have discussed theorems of this type since that
date, in particular Kvari [9] who, writing in 1958, gives references to earlier work.
More recently, it is shown in [1] that, if A> .o/, where

& = lim lim sup

q—» © X 0

N[x—gq, x)
q

and F is a function of finite order, then (3.3) holds with no exceptional set provided
|I|=27A.

4. Some remarks on Theorem 1. (1) The requirement that A be a sequence of
positive integers is not critical in the proof of Theorem 1. If A is a countable
collection of real numbers which can be ordered by increasing magnitude, let
A+ be the subset of nonnegative elements and A~ the subset of negative elements,
the latter with their signs reversed. We can then define the ¥-density of A to be the
larger of 2+ and 2 -, where these are defined in the obvious way using (2.2).

With this definition, the obvious extension of Theorem 1 holds, provided that

[A-pul 2y >0,

whenever A and p are distinct elements of A. Even this last condition may be
relaxed, the critical requirement being merely that a suitable analogue of Lemma 2
(iv) be true.
(2) If it is known that
. Nx—o(x), x)
A>1 = 2,
M SIP =%

(®) Le. a set E for which [, ¢ * dt <.



1970] A DENSITY THEOREM 371
where ¢, € ¥ satisfies
po(x)/logx >0 (x — o0)

then the conclusion of Theorem 1 holds with (x)=A ,(Bx), where 4 and B are
positive constants.

As a consequence we have, for example, the following result. Let

= lim lim sup
a1~ x-©

N[x—x* x)

and suppose that &< A=1. Then, for each p (1 £p=0), there are constants A
and B (B< 1), which depend only on A and A, such that

Ianl = exp (AA'r‘i)”f”p (n =0,1,.. ')’

whenever fis a function of cl V(E,) with expansion (1.2).

(3) Given any A (0<A<1) and any ¢ € ¥, there exists a sequence A of positive
integers with W-density 2 < A such that

|an|
fecsl%’l(lz‘A) “f”p = cxp (lﬁ()‘n))

for an infinite set of n.
Proof. Let 4(x)=Cy(x), where C is a positive constant to be chosen later. Let

p=|1—e"|.

Then 0< p<2 and we may choose o so that p<o<2. Given a sequence {n,} of
positive integers, let w,=[A¢y(n,)], m,=n,—w, and X, =m,+ [4w,]. We choose
{n} so that

) me—o(m)>ne_y (k=1,2,...);

(2) 2%-1 (pfo)e<(2mA) =17,
We now obtain A by deleting the positive integers which lie outside the intervals
[my, n,) (k=1,2,...). The sequence A has ¥-density 2 < A. Let

o

@ 1 _ eix Wy, .
4.1) f=> ( ) exp (ixm).
k=1
Then | f|l, < 1. Also fecl V(E,), its expansion being obtained by expanding each
term of (4.1) by the binomial theorem. If X, =A,, we have
la,| = A¥e 2 AV > Aot — AU,

The constants 4y, A; and A, are all greater than 1, since o <2. With an appropriate
choice of C we obtain the required result.

5. Proof of Theorem 1. We begin by giving a rough indication of the structure
of the proof. First note that the insertion of a finite number of terms into the
sequence A does not alter the truth of Theorem 1. We therefore prove the theorem,
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in the first instance, with A replaced by Ay={Ay, Ay;+1,...}. Here N is a large
positive integer determined by technical considerations.

Given the number A’ with 2< A’< 1, our aim is to find a ¢ in the set ¥ with
which we can associate functions v, (n=N, N+ 1, . ..) which are uniformly bounded
and whose support lies in [—#A’, #A’]. Further, the Fourier transforms V, of
these functions must satisfy a number of special properties which we discuss below.

Suppose now that T is a trigonometric polynomial with exponents drawn from
the sequence Ay, say T(x)=2 a, exp (iA.x). Then

Jvm, T(x)va(x) dx = Z apVa(Ap)-

In order to obtain an inequality for the coefficient a, from this expression, it is
desirable that the term a,V,(A,) should dominate the sum on the right-hand side
whenever |a,| is not too small compared with the other coefficients. We ensure
this by contriving that the functions ¥V, we construct vanish at each point A,
(other than A,) which lies in the interval [Ay, 21,) and are quite small compared
with V,(},) in the interval [2],, o). The functions ¥, are related to the function
Y by the estimate |V,(A,)| Zexp (—#(},)). This explains roughly how the in-
equality of Theorem 1 is obtained.

The construction of ¥, is somewhat complex and is organised in the following
way. The set Ay is split up into three parts, S, 7 and U. The set U consists of those
A which satisfy A, =2A,. The set S is a subset of the interval [Ay, 21,). It is itself
the union of a large number of subsets of Ay constructed with the help of Lemma
1. Each of these subsets includes A, but they are otherwise disjoint. The points of
each particular subset will be far apart, and, on either side of A,, each subset will
look almost like an arithmetic progression from which certain terms have been
omitted. Finally, T will consist of those points of Ay which are too close to A,
to be included in the union S.

The Fourier transform ¥, is constructed as the product of three others, R,, P,
and Q, associated with the sets S, 7 and U respectively. (In the notation of the
proof, R,(x) is R(x—A,), P,(x) is P(x—2A,) and Q,(x) is Q(x—A,).) Lemma 2 is
used to construct P, as a Fourier transform (of a function with small support)
which vanishes at the points of 7 but is not too small at A,. The function R, is a
Fourier transform (of a function with support of length slightly less than 27A")
which is not too small at A, but vanishes at the other points of S. Its construction is
based on the application of Lemma 4 to each of the component sets which make up
S. Finally Q, will be a Fourier transform (of a function of small support) provided
by Lemma 3. It has the property of being quite small at the points of U, but not
too small at A,.

We now embark on the proof proper.

LeMMA 1. Suppose the sequence A has Y-density 9. Let $>2 and v<1. Then
there is an X >0 and a € ¥ such that, whenever X <a<b, there is a finite collection
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of disjoint, half-open intervals {1, I, . . ., Ix} with the following properties:
K
W lab) = UL

G.1) 2 NI) &) (=1,2,...,K);
B b |2y (G=1,2,...,K-1).

Proof. Since A has ¥-density 2, defined by (2.2), there exists a ), € ¥ and an
X>0 such that

(5.2) Nx—o(x), x) £ 8ho(x)  (x > X).
Write ¢(x)=¢,(x)=x—o(x) and let ¢,(x) =¢(¢,_1(x)) (j=2). For a given value of
x, write xo=x and x;=¢;x) (j=1). Then x,>x;>---. Let N be the smallest

positive integer with (N—1)/Nz= .
We now define
P(x) = x—pn(x)
= o(x0) +¥o(X1) + - - - +ho(xy -1)-
We must first show that § € ¥, the set ¥ being defined by (2.1).

Since o(x) S(x) < Nio(x), it is clear that $(x) — o0 (x = ), x~1(x) =0
(x — o0) and

fw x~Zp(x) dx < oo.

It remains to prove that y¥(x) 4 and x~4(x) | .
Since x71¢(x)=1—x"1,(x), we have that x~1é(x) 1 . This implies that ¢(x) }
and therefore that ¢,(x) 1 (j=1). Thus x <y implies x;<y; (j=1). Hence, if x<y,
P(x) = ho(x0)+ - - - +o(xy-1)
< Yo(yo)+ - -+ +ho(yv-1)
= 9(y)

and therefore )(x) 4 . Further, since x!¢(x) 4 and ¢,(x) 1+ (j=1), we have that
b+ 1(X)/b(X) = $($,(x))/$,(x)

is monotone increasing. Writing

Pnx) _ _dn(x) dy-i(x) (%)

X py-a(x) dy_a(x) X

it is clear that x ~1¢y(x) 1 . But x " 1(x)=1—x"1¢y(x), and so x~1(x) | .

This completes the proof that ¢ € ¥.

Given a and b (X <a<b), we let I, =[b—(b), b)=[by, bo). For j=2, we define
I; inductively by I;=[b,,, b,,_,) where p; is the smallest s with the property that

N-1
ij—),—bs > T l)b(b))
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terminating the construction at j=K—1 if b, <a and taking Ix=[a, b, _,). Thus

Pk -1

|71 > %W) z2m®)  G=1,...,K-1).
But
1~ te(bs) = byy —bpyer S LpB)  G= 1, K1),

Since $(x) 1, we have that o(b,) < N~ %(b), and so

1 s Xy +5 90) = 90)  j(=1,.., K-,

Finally, it follows from (5.2) that
NIL)=s&®b) (=1,...,K).

LEMMA 2. Let N be a set of nonzero integers containing at most N elements and
withN<[—a, a], where2az N. Let I=wNa~'. Then there is a function p € £(—0, ),
which is zero outside (—1, I) and which satisfies

(i) sup |[p(x)| 1715

(i) [, |p()] dx < 1;
and whose Fourier transform(*) P satisfies

(iii) P(x)=0 (x e N);

(iv) [P(0)] ~* < (1/mN)(2me]I)".

ReMARK. The similarity of the constant in (iv) above to that which appears in
“Turan’s Lemma” (see [15, p. 30]) is not a coincidence. For small values of the
parameter 8 figuring in its statement, Turan’s Lemma can be obtained from the
above result.

Proof. Let {v;, v,,..., vy} be a collection of nonzero integers in [—a, a] which
contains N. Consider the product

N
I(x) = [ | cos 3IN~Yx—w,+=NI"%}
k=1

N
= > cpexp (ixGIN-Hk),
k=~N

in which expression >%_ _y |cg| = 1. Take

sin 1lx

PO = (I @O - 1),

This is the Fourier transform of the function

N

pt) = 2 ad(t—3kN"Y),
k N

*) Le. Pw)=[,, "% p(x) dx.
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where
() =17 |tf] <4,
=0, lt| = 4L
We have that p is zero outside (—/, /) and
(@ sup [p(x)| 17 SRy |l SI7%5

(ii) f?w |P(x)| dx<3F-_n |Ck| =L

Further,
(iii) P(v,)=(sin 3b, [t )I(v,)=0 (k=1, 2,..., N).
It remains to prove (iv). We have

[P©)| -t =] [ |cos 3IN~YaNI~*—)|

k=1
N
=] [ Isin 3IN-1v %
k=1
Since IS7Na~1,
|3IN~,| £ 3IN~'a < =2 k=12,...,N).
Hence, using the inequality

lsinx| 2 2|x|/= (x| £ 7/2);

we obtain
Nz 2N 1
POt <TTZ.84. L
|P©)] —,1]2 Tl
N\¥ &
- (2 1
k=1
(iv)

IIA

ﬂ)N{ y_]v -
(]!
1 (2_7"—’)”

aN \ [

LEMMA 3 (INGHAM [6]). Suppose that 1>0 and e denotes a positive, monotone
decreasing function with domain (1, ). Then a necessary and sufficient condition
that there exist a function q € £(—oo, ) which is zero outside (—1, 1) and which
satisfies

() 2o lg()] dx=1;
and whose Fourier transform Q satisfies

(ii) Q(x)=0(exp (— [x]e(|x]))) (|x] = o0);

(iii) Q(0)=1
is that
(5.3) J' e—(x’i) dx < oo.

1

IA
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REMARK. We use only the sufficiency which is easily proved by taking

00x) = 13[ sin PiX.

k=1 PrX
where the sequence {p,} is chosen appropriately.

LeEMMA 4 (INGHAM [4]). Let N be a finite set of integers which includes zero, and
has the property that |m—n|20o>0 for each distinct m and n in N. Then there is a
Sfunction r € £(—0o0, 00) which is zero outside (—mo ™1, mo™1) and which satisfies

0 = [r@]des1;
and whose Fourier transform R satisfies
(i) R(x)=0 (xeN but x#0);
(iii) |R(0)|"*=2.

ReMARK. Construct the functions k and K of Ingham’s paper appropriate to the
set {vo~1|N e}, defining k(¢) to be zero for |t| >7. We may then take

_ 1 K(xa'_l)
R =3 %0
which implies that
1 ak(ot).
"0 =3 %o

EEMMA 5 (L. SCHWARTZ [14]). 4 necessary and sufficient condition that E, be
free in LP(—=wA, nA), where 1=p<oo and A>0, is the existence of functions
8. (n=0,1,...) in LY(—=A, nA) (1/p+1/g=1) such that

A
f exp ((Mx)gn(x)dx =1, k =n,

—-nA
=0, k#n,

where || g.|l, is the smallest C, which satisfies (1.1).
An analogous result holds for p=co.

ReMARK. The sufficiency is obvious. For the necessity, note that the con-
tinuous linear functional L, of §1 may be extended to #?(—=A, wA) by the Hahn-
Banach theorem. An application of the Riesz representation theorem then yields
the lemma.

LemMMA 6. Let Ay={Ay, Ay+1,...} and suppose that the set E'=E,, is free in
Lo(—al', wA") for some p (1=<p=o0) and some AN’ >0, and that |a,|ZC;|f|s
whenever f € cl V(E') has expansion (1.2)(5).

Then, if A> A, the set E=E, is free in £Y(—wA, wA) and |a,| £ C,||f |1, whenever
fecl V(E) has expansion (1.2). Here C, < HXY *1C, (n= N), where H is a constant
which depends only on N, A’ and A.

(®) In this sentence, cl ¥(E’) denotes the closure of V(E’) in the space £?(—=A’, 7A’)
and |- ||; denotes the norm of this space.
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Proof. We consider only the case 1 <p<oco. When p=co there is an analogous
argument.

The proof consists of constructing functions g, (n=0, 1,...) which satisfy

Lemma 5 with p=1. The existence of functions A, (n=N, N+1,...) in
LY(—nA', 7A") with

nA’
f exp (o) dx = 1, k = n,
s =0, k= Nbutk #n,
and |h,|;=C, (n= N) is already assured by Lemma, 5.

We now construct a bounded function j, which vanishes outside (—/, /), where
12 47n(A—A") and satisfies

i
f exp (IN0ju() dx = 1, k = n,
-1
=0, 02k <N
To do this, take N={},—A, | 02k <N}, a=), and /=min {3w(A—A"), nNa~1}

in Lemma 2. We obtain functions p and P with the properties described in the
lemma. Now define

Ja(x) = {P(0)} 7" exp (—ixA,) p(x).

Then j, satisfies the condition specified above and also
. 1 [2me\"
sup |j()| = — (—l“) :

For n= N, we now define g,=j, * h,. The functions g, (n= N) now satisfy Lemma
5 with p=1, and | g, < HAY **|h, s, Where H is a constant which depends only
on N, A’ and A.

A similar argument may be used to construct the functions g, (n<N).

Proof of Theorem 1. We begin by selecting functions A’, A", A” and AY of @
and A in such a way that

D<A <A< AN <AN <AL,

and

(5.4) I = 1n(A' = A") < wAV,

Let

(5.5 p=A"JA" > 1

and define 4 to be the smallest positive integer which satisfies
(5.6) hi(h—1) < p.

Further, let
5.7 = AV/A" < 1.
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We define

(58) AN = {AN9 AN+1"-'}'

Here N is a constant, depending only on A and A, on which we shall make a num-
ber of requirements during the course of the proof.
The body of the proof consists of showing that the set

E,, = {exp (idx) | Ae Ay}

is free in LP(—=A’, wA").

In Lemma 1, we take 6=A" and = as in (5.7). Then there is a ¢, € ¥ and an
X >0 for which the conclusions of the lemma hold. Our first requirement on the
constant N in (5.8) is therefore that Ay> X.

Let 4; be a second function in ¥ which has the property that ¢;(x) = (x) for
each x>0 and

(5.9) P1(x)/log x — © (x — o).
We now define the function & by
(5.10) e(x) = A, (4x)/x

where the constant 4, which will be specified later, is to depend only on A and A.
In view of conditions (2.1), ¢ is positive, monotone decreasing and

fw@dx<w.
1 x

Further xe(x) 1 . Finally, we define
(5.11) $(x) = Bihi(2x),

where, again, B is a positive constant to be specified later and depends only on A
and A. Clearly ¢ € ¥.

We now fix a positive integer k= N and write
(5-12) g =g = $o(2h); X = X, = [¢A"].

(Since $(x) = o (x — o©), we make a further minor requirement on N in (5.8)
that X, 21 (k= N).)

From Lemma 1, we obtain that there exists a finite collection of disjoint half-
open intervals {Iy, I,, . . ., Ix} such that

O Dw 2% = Ul
(513 () NG SX  (=1,...K);
Gi) gq<||<q G=1,...,K=1).

Let I, be the interval from this collection which contains A,.
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Recalling that 4 is defined by (5.6), we suppose that « is an integer satisfying
1 £« =hX. Then « can be written in the form «=8X+v, where 8 and y are integers
and 1 =y=X. Let S, be that subset of Ay N [Ay, 2),) which contains precisely the
following elements:

1) A

(2) the yth smallest element of Ay, where this exists, contained in each interval
Is+rh+B (r=1, 2, .. .);

(3) the yth largest element of Ay, where this exists, contained in each interval
Lo g (r=1,2,...).

In view of (5.13) (iii), the sets S, («=1, 2, ..., hX) have the property that

(5.14) [m—n| =2 (h—1)7q

whenever m and » are distinct elements of S,. (The construction of the sets .S, is
similar to a construction used in [1], where a diagram is available.)

Let T be the set of those elements of Ay N [Ay, 2A,) which do not belong to
S=Zt, S,. Then

(5.15) T < [Ae—hg, A+hq]

and contains at most 2XA terms.

Finally, let U= Ay N [2), ). Then Ay=SuU T U U.

In Lemma 4 we take, for a given value of « (1 =« <hX), N={A—A, | A€ S,} and
o=(h—1)rq. In view of (5.14), it follows from the lemma that there exists a function
t4, Zero outside (—mo~1, mo~1) with

M 2, rOl dts1;
and whose Fourier transform R, satisfies
(i) R (A—X)=0(Ae S, but A#A);
(iii) |RL(0)|"*=2.
If we now define r=r; * ry *- - - rx,, we have that r(¢) is zero for

|t| > #Xhjo = ahX[(h—1)7q.
But X=[gA"], from (5.12). Hence X <qA". Therefore, by (5.5)—(5.7),

wXh wh ‘A_i"_ wh A
o h—1 = = (h—1)

IIA

" £ wpA” = wA",

It follows that the function r vanishes outside (— A", wA”"). Further
@ [°, Ir@)] s 1.
The Fourier transform of r is R=R;, R,, . .., Rx,, which satisfies
(ii) R(A—2,)=0 (A e S but A#X);
(i) |R(O)[ 1 =2%";
and, in view of (i),
(i) [R@)| 1.
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In Lemma 2 we take N={X— A, | A e T}, with N=2Xh, a=hq and [ as in (5.4).
Then N =2a, and since X>gAlv—1,

-1
R T R e P

q

The conditions of Lemma 2 are therefore satisfied and so there exists a function
P, zero outside (—1, /) with
@ = [p@)] dis1;
(ii) sup |p(1)| SI7%;
and whose Fourier transform P satisfies
(iii) P(A—A,)=0(AeT);
(v) [PO)|t=C™
(where C=2wel~1). In view of (i), we also have
™) IP@I=1.
In Lemma 3, we take / as in (5.4) and ¢ as in (5.10). There then exists a function
g, zero outside (—/, [) with
0 J2, la@]dt=1;
and whose Fourier transform Q satisfies
(i) [QX)| = Eexp{—|x[e(|x]} (x| > ¥),
where E and Y are constants which depend only on / and the function ¢;
(iii) Q0)=1.
We now take u=p * g * r. Then u has Fourier transform U=P-Q-R. Finally,
we define v, (x)=exp (i x)u(x) which has Fourier transform Vi(x)=U(x—A).
The function v,(x) is zero for |x|>#A"+2/==A’. Further,

(5.16) (i) sup|v ()| =I7Y
(i) Vi()=0 (Ay=2A;<2A, but j#k);
(i) Vi) SEexp{—(x—Ade(x— A} (x>Y+A0);

.17 ({v) | VeA)| 1S F* (where F=(4mel~1)%").
At this stage, we require further of N in (5.8) that
(5.18) Ay > Y.

So far we have constructed, for each fixed k= N, functions v, and ¥, with the
above properties. In the remainder of the proof, k is no longer fixed.

Consider now an arbitrary trigonometric polynomial with exponents drawn
from Ay, say T(x)=2>¥_y a, exp (iA,x). We fix our attention on a value of n with
the property that

(5.19) Vi) = max | Vi(h)|
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Then
A’ A’
[7 ez | [7 reoe |
—ah - nA’
M A’
> a f ey (x) dx
k=N —-nA’
M
(5:20) =| > aah)
k=N
=@+ D aa)
2AnSAKSAM
Va(A) }
2 nVn /\n 1_ .
2 lanbil )'{ 2o | T
Now

[VaA)| £ Eexp{—(A—A)e(N—A)} (A > Y+A,).

But, if A, =2A,, then A, —A, =47, = A, = Ay > Y by (5.18). At the time ¢ was chosen
(i.e. after (5.10)), it was noted that xe(x) } . Hence

(5.21) [VaQl = Eexp{—3he(@N)} (A 2 22,).
Moreover, from (5.12) and (5.17),
(5.22) Vil S F% < exp (Ch(20),

since $o(x) <;1(x). Here C denotes a positive constant which depends only on A
and A. Combining (5.21) and (5.22), we have

[V ViAe)| = exp {C1(2A) —3Ae(FA0)}
= exp {C1(2A) — A1 (22},

where we have substituted for e, using (5.10).
By (5.9) we have that

f * exp (= Cy(x)) dx < oo

Hence, if we choose 4=2C in (5.10), we obtain

V(A
AkZ2Ap VkEAk; = Akgzzxn exp (— C1(2)0)
(5.23) < f‘” exp (— Cihy(x) dx)
22,
< 1/2

for A\,>Z, where Z is a constant which depends only on A and A. The final
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requirement on the constant N of (5.8) is therefore that Ay>Z. Returning to
(5.20), we deduce from (5.23) that

A’
la V)| < 2 f | T(x)on(x)| dx
—ah’

A
< 2 f TG dx,
- A'

.

by (5.16). But, by (5.19),
|aka(’\k)| é |anVn()‘n)| é ZI—If

-7

A

',|T(x)|dx (k=N,...,M),
and so, by (5.22),
@ 3 20 exp €@ [ TN dx e = N, M),

The extension of this inequality to the case when T is no longer an element of
V(E,,) but of cl V(E,,) is trivial.
It now follows from Lemma 6 that
lax| = RY{* 1 exp (Ch2M)[fl: (k=0,1,...),

whenever fecl V(E,) has expansion (1.2). Here R, N and C are constants which
depend only on A and A. In view of (5.9), there is a constant S, which again
depends only on A and A, such that

RN+ < exp (S¢1(2),)) k=0,1,...).
If we define the constant B of (5.11) by B=S+ C we then obtain that

lax| = exp @) fl. Kk =0,1,...).
Theorem 1 is therefore proved for the case p=1. Since the general case follows

from Holder’s inequality, the proof is thus complete.

6. Proof of Theorem 2. In addition to the notation concerning entire functions
which was introduced in §3, we also require the following. Let u(r) denote the
modulus of the maximum term of (3.2) and let »(r), the ““central index”, denote
the largest value of A, for which this maximum is attained. Clearly u(r) < M(r),
but also

LeEMMA 7 (VALIRON [16]). Outside a set of finite logarithmic measure
M(r) = p(r) log p(r).

LemMA 8 (KOVARI [10]). Let ¢ be any positive monotone increasing function
defined on (0, o0) which has

6.1) : ;:(’—i) < o

Then, outside a set of finite logarithmic measure,

v(r)/¢(log ¥(r)) < log u(r).
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It suffices to prove Theorem 2 when I=[y—=A, y+=7A] and y=9(r) varies in
an arbitrary fashion.
For a given value of r, we apply Theorem 1 with p=o0 to

Fir exp (i(0+7))} = > (@ur™» exp (ivA,)) exp (i6A,),

which is considered as a function of 6. We obtain that there exists a ¥ € ¥ such
that

jawr™| < exp (b)) max [F(re)| (1 =0,1,....).
In particular, u(r) <exp {$(»(r))}M(r, I). Hence
log u(r) = $((r))+log M(r, I).
Let ¢/; be a second function in ¥ with the property that (x)=o0(;(x)). Then
(62) log u(r) = ofyhi(v(r))}+log M(r, I).

Choose ¢ so that ¢(log x)=x/(x). Then ¢ is positive, monotone increasing
and satisfies (6.1) because

Cdy [ dx [P Pu(x)dx
o $0) f xp(log x) ~ f A

by (2.1). We therefore obtain from Lemma 8 that
$h(v(r)) = v(r)/p(log v(r)) < log u(r),

outside a set of finite logarithmic measure. Using this result in (6.2) we have that,
outside a set of finite logarithmic measure,

0,

6.3) (1+0(1)) log u(r) = log M(r, 1).
But, by Lemma 7,
64 log u(r) ~ log M(r),

outside a set of finite logarithmic measure. Together, (6.3) and (6.4) yield that
log M(r) ~ log M(r, I),

outside a set of finite logarithmic measure, as required.
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