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EVOLUTION EQUATIONS ON L, SPACES*

CARLO MARINELLI'

Abstract. We establish well-posedness in the mild sense for a class of stochastic semilinear
evolution equations on Lj, spaces, driven by multiplicative Wiener noise, with a drift term given
by a superposition operator that is assumed to be quasi-monotone and polynomially growing, but
not necessarily continuous. In particular, we consider a notion of mild solution ensuring that the
superposition operator applied to the solution is still function-valued but satisfies only minimal
integrability conditions. The proofs rely on stochastic calculus in Banach spaces, monotonicity and
convexity techniques, and weak compactness in L spaces.
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1. Introduction. The purpose of this work is to prove well-posedness (existence,
uniqueness, and continuous dependence of solutions on the initial datum) to stochastic
evolution equations (SEEs) of the type

(1) du(t) + Au(t) dt + f(u(t)) dt = nu(t)dt + > bt u(t)) dw (),  u(0) = uo,
keN

where t € [0,T], A is a linear m-accretive operator on L,(D), with D a bounded
domain in R® and ¢ > 2, f : R — R is an increasing function of polynomial growth
(without any continuity assumption), (w*) are independent real standard Wiener pro-
cesses, and (b*) are (random, time-dependendent) maps from L, (D) to itself satisfying
suitable integrability and Lipschitz continuity conditions. Precise assumptions on the
notion of solution and on the data of the problem are given in section 2. In particular,
we adopt three notions of solution that depend on the integrability properties of f(u):
strict mild and mild solutions are defined to be such that f(u) € Lq(0,T;L4(D))
almost surely and that f(u) € L1(Q x [0,T] x D), respectively (here €2 stands for the
underlying probability space); on the other hand, generalized solutions are defined as
limits of strict mild solutions, so that, in general, f(u) may not have any integrability.
The first notion of solution is the simplest but also the most restrictive in terms of
assumptions on the data of the problem. The second notion is the most natural if one
wants f(u) to be function-valued while satisfying minimal integrability conditions.
The last notion, motivated by analogous constructions in the deterministic setting,
apart from being the least demanding, is useful in several contexts, for instance, in the
study of Kolmogorov operators and Markovian semigroups associated to stochastic
PDEs (cf., e.g., [12]).

Our approach to the well-posedness problem is based, on the probabilistic side,
on stochastic calculus for L,-valued processes and, on the analytic side, on methods
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from the theory of (nonlinear) m-accretive operators and convex analysis. Some ideas
developed here, concerning strict mild and generalized solutions, already appeared, in
a more primitive form, in [23, 25] and, in a slightly different context, in [26].

The results are a step in the attempt to reduce the gap between the well-posedness
theory for deterministic evolution equations of monotone type, which is essentially
complete, and the one for stochastic equations, which is much less developed. In
particular, if A is a (nonlinear, multivalued) m-accretive operator on a Banach space
X and g € L1(0,T; X), the equation

dy

(2) o TAY2e Y0 =y e X,

admits a unique solution y € C([0,7T]; X) that depends continuously on the initial
datum and on the “forcing” term g. We recall that a graph (or, equivalently, a
multivalued operator) A C X x X is called accretive if, for every (z1,v1), (z2,y2) € A,
there exists z € J(x1 —x2) such that {(y; —ya, z) > 0, where J : X — X’ is the duality
map. An accretive operator A is called m-accretive if I+ .4 is surjective. Accretivity is
thus a notion of monotonicity in Banach spaces: if X is a Hilbert space and A is single-
valued (for simplicity), accretivity simply means that (Axy — Axs, 21 — z5) > 0 for all
x1, T2 in the domain of A. The X-valued continuous solution to (2) just mentioned
is defined as the limit of solutions to suitably time-discretized equations, and the
corresponding well-posedness theory was established in full generality by Crandall
and Liggett [11]. If the Banach space X satisfies certain geometric assumptions,
existence results for (2) can be obtained by (comparatively) simpler means, and they
were known before the appearance of [11]. Let us consider, for instance, the case
where X is uniformly smooth (a property that is fulfilled, e.g., by L, spaces with
p € |1,00[): if yo belongs to the domain of A and the distributional derivative of ¢
belongs to L'(0,7;X), then (2) admits a unique strong solution y € C([0,T]; X),
whose distributional derivative belongs to L*(0,T; X), that can be obtained as a
limit of solutions (yx)xso C C1([0,T]; X) to the regularized equations

dd% +Ayr =9, Y (0) = wo,
where A := %(I —(I+XA)~Y), X > 0, the Yosida approximation of A, is a Lipschitz
continuous accretive operator on X. Since the map (yo, f) — v is continuous from
X xL'(0,T; X) to C([0,T]; X), a notion of solution to (2) as a limit of strong solutions
to equations with more regular data is then inferred. A comprehensive treatment of
these results, including historical remarks and bibliographical references, can be found
in [1] (for the particular case of X being a Hilbert space, see also [8]).
The picture is completely different for equations of the type

(3) du—i—AudtBZBhkwk(t), u(0) =up € X,
keN

where (hy) is an orthonormal basis of a (separable) Hilbert space H, B is a linear
operator from H to X satisfying suitable assumptions, and (wy) are independent real
standard Wiener processes. Regrettably, there is no general well-posedness theory for
equation (3), even if X is a Hilbert space.! One of the reasons for this is that all

IThe essentially different case where A is a maximal monotone operator from a Banach space V'
to its dual V’, for which the gap between the deterministic and the stochastic theories is less wide,
is not disussed here. The interested reader can refer to [1, Chapter 2], [20, 27, 28, 29], and references
therein.
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existing results of the deterministic theory depend in an essential way on g having
finite variation, hence they cannot be extended to the case where the forcing term
is stochastic. On the other hand, one can find in the literature (references will be
given below) several well-posedness results for particular choices of A, mostly for the
semilinear case, i.e., assuming that A = A 4+ F, where A is a linear (unbounded)
m-accretive operator and F' is a nonlinear term. However, some results have recently
been obtained also for the case where A is “fully” nonlinear, for instance, A = —AS(+)
on H~1, the so-called nonlinear diffusion or porous medium operator (see, e.g., [2, 3]).

From now on we shall focus our discussion on semilinear SEEs of type (3), with
A = A+ f, where f is the superposition operator associated to a real-valued function,
and X is an L, space on a bounded domain of Euclidean space. The large existing
literature on the subject (up-to-date references to which can be found, e.g., in [13])
deals mostly with the Hilbertian setting p = 2. For an extensive discussion of available
results in such a setting we refer the interested reader to [27]. Semilinear equations on
(non-Hilbert) L, spaces are instead not widely studied. To our knowledge, the best
existence results currently available are those in [21], where global well-posedness in
the mild sense of (1) is obtained assuming that —A generates an analytic semigroup
and that f is polynomially bounded and locally Lipschitz continuous on L4 (D) (not
as function on R!). Even though the condition on f is very restrictive, adapting ideas
from [10], and considerably improving results thereof, well-posedness in spaces of
continuous functions is obtained, allowing f : R — R to be a (monotone) polynomial,
and assuming that the restriction of —A to C(D) generates a strongly continuous
semigroup of contractions. The approach used in [21] relies on approximation of the
coeflicients and extension of local solutions, as well as on a reduction to a deterministic
evolution equation with random coefficients, and on “sandwiching” C(D) between
UMD spaces defined as domains of fractional powers of —A. On the probabilistic
side, the results of [21] rely in an essential way on the semigroup approach to SEE in
UMD Banach spaces.

Even though a general theory for stochastic equations of monotone type remains
currently unattainable, the well-posedness results obtained here complement the ex-
isting ones in the particular case of A as in the previous paragraph and X = L,
with p # 2. In fact, our simplest existence results (see Theorems 2.3 and 2.7 below)
assume only that —A generates a continuous semigroup of contractions on L, (for
two different values of p) and that f is monotone and polynomially growing, without
any continuity assumptions (thus we obviously cannot consider solvability in spaces
of continuous functions). More sophisticated results (see Theorem 2.9 below) are ob-
tained under the further assumption that the resolvent of A is sub-Markovian and a
power thereof is hypercontractive. Such hypotheses are satisfied, for instance, by large
classes of nondegenerate second-order elliptic differential operators. The approach we
take follows the “classical” one described above for deterministic equations based on
constructing solutions to regularized equations and then passing to the limit in an
appropriate topology. The key difference is that the necessary a priori estimates on
the approximating equations have to be obtained by other means. To this purpose,
the essential tools are It6’s formula for the pth power of the L, norm and techniques
from convex analysis and the theory of nonlinear m-accretive operators.

The rest of the text is organized as follows. The main results are stated in section
2, and auxiliary results are collected in section 3. In sections 4, 5, and 6 we prove
well-posedness in the strict mild, generalized, and mild senses, respectively.

We conclude this introductory section fixing some commonly used notation. All
Lebesgue spaces on D will be denoted without explicit mention of the domain, e.g.,
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L, := Ly(D). The mixed-norm spaces L,(0,T;Ly(D)), T € Ry, will simply be
denoted by L,(L;). The domain and range of a map L will be denoted by D(L)
and R(L), respectively. The standard notation Z(E, F') will be used for the space
of linear bounded operators between two Banach spaces £ and F. We shall write
a < b to mean that a is less than or equal to b modulo a multiplicative constant, with
subscripts to emphasize its dependence on specific quantities. Completely analogous
meanings have the symbols 2 and ~.

2. Main results. Let (Q, F, (F;)o<i<7,P), with T' > 0 fixed, be a filtered prob-
ability space satisfying the “usual” conditions (see, e.g., [14]), and let E denote ex-
pectation with respect to P. All stochastic elements will be defined on this stochastic
basis, and any expression involving random quantities will be meant to hold P-almost
surely, unless otherwise stated. Given p > 0 and a separable Banach space X, we
shall denote by L,(X) the space of X-valued random variables ¢ such that

1
Il ) = (BIICIE) P < oo

and by H,(X) the space of measurable? and adapted X-valued processes such that

1/p
lulla cx) = (Esupnu(t)n&) < oo,
t<T

Both spaces are Banach spaces for p > 1 and quasi-Banach spaces for 0 < p < 1.

To look for Lg-valued (mild) solutions to (1), it is clear that the linear operator
A should be taken as the generator of a Cp-semigroup on L, and that the maps (b*)
should satisfy suitable Lipschitz continuity assumptions. For compactness of notation,
we set B := (b¥), i.e., B denotes the whole sequence (b*). Similarly, we shall write,
just as notation, W := (w), and

‘ S S) = tks U}kS.
/OB()dW()~ Z/Obmd (s)

keN

A completely similar notation will be used for other series of stochastic integrals.
For later use, we introduce the following conditions, where r > 0, s > 2:
(As) A is a linear m-accretive operator on L.
(B,s) The maps b* : Q x [0,T] x Ls — Ly are such that b*(-,-,z) is measurable
and adapted for all x € L, and all k € N, there exists a constant C'g such
that

HB(w,t,u)—B(w,t,v §CBHU—UHLS V(w,t) € Q x [0,T],

e,
and B(7 y O) € ]LT(L2(07 T7 LS(€2)))

For simplicity, we shall often suppress explicit indication of the dependence on time

of B. If A satisfies (Ay), the Cp-semigroup of contractions generated by —A on L,

will be denoted by S. Should A satisfy (A;) for different values of s, we shall not

notationally distinguish among different (but consistent) realizations of A and S on

different L spaces.

2Since we never need weak measurability, measurable will always mean strongly measurable.
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We assume that the function f: R — R is increasing and that there exists d > 1
such that |f(z)] < 1+ |z|? for all 2z € R. In particular, f is not assumed to be
continuous. The graph fy C R x R defined by

o) = f(z), xre€R\I,
o) {[f<x—>,f<z+>1, el

where [ is the jump set of f, is maximal monotone and clearly extends the graph of f.
Furthermore, the (multivalued) superposition operator f; associated to fo, defined as

fiiur— {veLy: ve folu) ae}

on its obvious domain, is an m-accretive subset of L, X L, (see, e.g., [1, pp. 106-107]).
We shall not notationally distinguish among the increasing function f, its maximal
monotone extension fj, and the associated superposition operator f;: they will all be
denoted simply by f.

Remark 2.1. Thanks to the linear term in u on the right-hand side of (1), noth-
ing changes assuming that f (or A, or both) is quasi-monotone, i.e., that f + §I is
monotone for some 6 > 0.

We shall establish well-posedness of (1) in several classes of processes. The most
natural, and most restrictive, notion of solution is the following. Here and in the
following we denote the measure P® dt ® dx on Q x [0, 7] X D by m (dt and dx being
the Lebesgue measure on [0,7] and on D, respectively).

DEFINITION 2.2. Let ug be an Lg-valued Fo-measurable random variable. A mea-
surable adapted Lq-valued processes w is a strict mild solution to (1) if u € Loo(Ly),
there exists an adapted Ly-valued process g € L1(Lg), with g € f(u) m-a.e., and, for
all t €10,T), S(t —-)B(-,u) is stochastically integrable and

(4)  u(t) —l—/o St —s)(g(s) —nu(s)) ds = S(t)ug —|—/0 S(t — s)B(s,u(s)) dW (s).

Stochastic integrability of G := (¢g*) with respect to W here means, apart from
the usual measurability conditions, G € L2 (0, T; L,(¢2)) P-almost surely.?

Our first main result provides sufficient conditions for the well-posedness of (1)
in H,(Ly). The proof is given in section 4 below.

THEOREM 2.3. Let p > 0 and q¢ > 2 be such that

p* = §(2d+q—2)>d.

Assume that

(a) uo € L+ (Lga);

(b) hypothesis (As) is satisfied for s = q and s = qd;

(c) hypothesis (B, s) is satisfied forr =p, s =q and r = p*, s = qd.
Then there exists a unique strict mild solution v € Hy,(L,) to (1). Moreover, u has
continuous paths and the solution map ug — u is Lipschitz continuous from L, (Lg)

to H,(Ly).

*

3This is not the most general definition of stochastic integrability (cf., e.g., [31]), but it suffices

for our purposes.
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Relaxing the definition of solution, well-posedness for (1) can be proved for any
p > 0 and ¢ > 2. The following notion of solution derives from the definition of
solution faible by Benilan and Brézis [4]. We first deal with equations with additive
noise, i.e., of the type

(5) du(t) + Au(t) dt + f(u(t)) dt = nu(t) dt + B(t) dW (¢), u(0) = uy,

where the process B is measurable and adapted and belongs to L, (L2(0,T; Ly (¢2))).

n
DEFINITION 2.4. Let p > 0 and ¢ > 2. A process u € H ( q) 15 a generalized
solution to (5) if there exist sequences (uon) C Lyp(Lg), (Bn) C Ly(L2(0,T; Lq(£2))),
and (u,) C Hp(Lg) such that upn, — ug in Lp(Lq), B, — B in L,(L2(0,T; Ly(l2))),
and u, — u in Hy(Ly) as n — oo, where uy, is the (unique) strict mild solution to

duy, (t) + Auy (t) dt + f(un(8)) dt = nuy,(t) dt + By, (t) dW (t), Uun (0) = ugy.

THEOREM 2.5. Let p > 0 and q > 2. Assume that

(a) uo € Ly(Lg);

(b) hypothesis (As) is satisfied for s = q and s = qd;

(©) B € Ly(La(0,T; Ly (12)).
Then (5) admits a unique generalized solution w € H,(Ly). Moreover, u has con-
tinuous paths and the solution map ug — u is Lipschitz continuous from L,(Lg) to
H(Lg)-

In order to define generalized solutions to (1) we need some preparations. In
particular, we (formally) introduce the map I" on H, (L) defined by I' : v — w, where
w is the unique generalized solution to

dw(t) + Aw(t) dt + f(w(t)) dt = nw(t) dt + B(t,v(t)) dW (t), u(0) = uy,

if it exists. It is easy to see that, if (B, ) holds, the domain of T" is the whole H,,(Lg).

DEFINITION 2.6. A process uw € H,,(L,) is a generalized solution to (1) if it is a
fized point of T in H,(Ly).

THEOREM 2.7. Let p > 0 and q > 2. Assume that

(a) uo € Ly(Lg);

(b) hypothesis (As) is satisfied for s = q and s = qd;

(c) hypothesis (Bp q) is satisfied.
Then (1) admits a unique generalized solution u € H,(Ly). Moreover, u has con-
tinuous paths and the solution map ug — w is Lipschitz continuous from L,(L,) to
Hp (Lyg)-

The proofs of Theorems 2.5 and 2.7 are given in section 5 below. Note that if
u € Hy(L,) is a generalized solution to (1), we cannot claim that f(u) admits a
selection g such that fg S(t — s)g(s)ds in (4) is well defined, essentially because we
do not have enough integrability for g.

Under additional assumptions we obtain existence of a (unique) solution u for
which f(u) admits a selection g satisfying the “minimal” integrability condition g €
Li(L1(Ly)).

DEFINITION 2.8. Let ug be an Lg-valued Fo-measurable random variable. A mea-
surable adapted Ly-valued process u € Loo(Ly) is a mild solution to (1) if there exists
g € Li(L1(L1)), with g € f(u) m-a.e., and, for all t € [0,T], S(t — -)B(-,u) is
stochastically integrable and (4) is satisfied for all t € [0,T].
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The corresponding well-posedness result holds in a subset of H,(L,) defined in
terms of the potential of f, for which we assume that 0 € f(0). We need some
definitions first: for ¢ > 2, let ¢4 be the homeomorphism of R defined by ¢q : © —
x|x|772 and let F : R — R be the potential of f, i.e., a convex function such that OF =
f, which we “normalize” so that F'(0) = 0 (in particular ' > 0). Similarly, setting
f=rf oqﬁq_l, F stands for the potential of f, subject to the same normalization, and F*
for its Legendre—Fenchel conjugate. Finally, we set F:=F o¢g. A simple computation
shows that the convex function F' is the potential of the maximal monotone graph
2> f(2)6) ().

THEOREM 2.9. Let p > q > 2. Assume that

(a) uo € Ly(Lg);

(b) hypothesis (As) is satisfied for s € {1,q,qd};

(b') the resolvent Ry := (I + NA)™Y, X > 0, is sub-Markovian and such that

R{(L1) C Lqy for some o € N;

(c) hypothesis (Bp q) is satisfied;

(d) 0 € f(0) and F is even.

Then (1) admits a unique mild solution u € H,(L,) such that F(u), F*(g) € Ly(L1(Ly)).
Moreover, u has continuous paths and the solution map ug — wu is Lipschitz continuous
from L, (Lg) to H,(Lg).

The proof is given in section 6 below. It should be remarked that unconditional
well-posedness in H,(L,), i.e., without any further conditions on u, remains an open
problem.

Hypothesis (b) is satisfied by large classes of operators, for instance, all genera-
tors of sub-Markovian semigroups on L (D) and of symmetric semigroups on Lz (D).
Their resolvent is obviously sub-Markovian. The “hypercontractivity” of the resolvent
in hypothesis (b’) is satisfied, for example, by nondegenerate second-order elliptic op-
erators, under very mild regularity assumptions on the coefficients, thanks to elliptic
regularity results and Sobolev embedding theorems.

We conclude this section with a brief discussion on the relation among the three
concepts of solutions: it is clear that, by definition, a strict mild solution is a general-
ized solution. The opposite implication is obviously false already in the deterministic
setting. Again the definitions imply that a strict mild solution is a mild solution but
not vice versa. On the other hand, the connection between mild and generalized so-
lutions is subtler: we are going to show (see section 6) that the unique generalized
solution is a mild solution and that, under the hypotheses of Theorem 2.9, the mild
solution is unique. The proof of uniqueness of mild solutions is necessary because
nothing forbids us to imagine that there are other ways of constructing mild solu-
tions, without passing through generalized solutions as we do. It is, however, natural
to ask whether a mild solution is a generalized solution. Again by looking at the de-
terministic situation, the answer is most likely negative. However, it is not difficult to
adapt the proofs in section 6.2 to show that, under the assumptions of Theorem 2.9,
a mild solution is a generalized solution and hence, a fortiori, unique.

3. Auxiliary results. An essential tool will be the following It6 formula for the
gth power of the L, norm. For the proof (of a slightly more general case), which is
based just on Itd’s formula for real processes and Fubini’s theorem, we refer to [19].

THEOREM 3.1. Let u be an Lq-valued process, q¢ > 2, such that

u(t) = ug +/O b(s) ds—l—/o G(s) dW (s),

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where
(a) ugp: Q — L is Fo-measurable;
(b) b:Q x[0,T] = Lg is measurable, adapted, and such that b € L1(0,T; Lgy);
(c) G = (g"), with g* : Q@ x[0,T] — L, measurable and adapted for all k, satisfies
G e LQ(O, T; Lq(zg))

Then
¢
], = uolly, + | Galuoluts).bis)) s
¢

30 [ el 2ute). o () dut(5)
k
1 K q—2 2

+5 [ ala=D(u(s) 2GR s

The map ¢, := ||H%q is continuously (Fréchet) differentiable from L, to R, with

O Ly — L(Ly,R) = L
v — q<\u|q_2u,v>,

so that the sum of the second and third terms on the right-hand side of the above It6
formula can be concisely written as

A B! (s)b(s) ds + /0 B! (5)G(s) AW ().

This equivalent rewriting will be frequently used. It will also be useful to note that,
for any u € Ly,

 (w) = qllullf, I (w),

where J is the duality mapping of L, i.e., the map from L, to its dual such that
(J(u),u) = [|lulZ,-

We proceed with a pathwise (i.e., valid P-a.s.) estimate for the L, norm of solu-
tions to linear equations.

PROPOSITION 3.2. Let A be a linear m-accretive operator on Lg, ¢ > 2, and
consider the unique mild solution u to the equation

du(t) + Au(t) = b(t)dt + GE) AW (t),  u(0) = uo,

where ug, b, and G satisfy the assumptions of Theorem 3.1. If u € Lo (Ly), then

Hu(t)”iq < H“OHqu +/() D7 (u(s))b(s) ds—l—/o P (u(s))G(s) dW (s)

1 ! -
+ 5(]((] - 1)/ HG(S)Hiq(@)H“(S)HquQ ds.
0

Proof. For any L,-valued map h, we shall write, for € > 0, h¢ := (I +cA) " h. It
is not difficult to verify that u® is the unique strong solution to

duf + Au = b dt + G<dW,  uc(0) = uf
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(cf., e.g., [24, Lemma 6)). 1t&’s formula then yields*

t t t
||u€(t)||iq—|—/0 Dy (u®)Au ds = ||u8||qu+/ @;(ue)bsds—k/ @ (u”) G dW

0 0
1 i _
+gata=1) [ (w2 G ) ds

where @ (u)Au® = q||u€Hqu2<Au€,J(u5)> > 0 by accretivity of A on L,, and
||u8||L < ||u0||L by contractivity of (I +cA4)~! on L,. We are thus left with
q q

t t
w0z, < oy, + | @) as+ [ )6 aw
1 t
- / (Ju )72, |GE |12, ds.

2

We are now going to pass to the limit as ¢ — 0 in this inequality. One clearly has
[|us(t) ||L — [Ju(t) ||L as € — 0 because (I +¢A)~! converges strongly to the identity
q q

in Z(Ly) as € — 0. By the triangle inequality,

¢ t
/()@;(ua)bsds—/o P (u)bds| <

sup
t<T

+ ; | @ (u)(b° — b)| ds.

The following reasoning is to be understood to hold for each fixed w in a subset of €2
of full P-measure. Since u®(s) — u(s) and b°(s) — b(s) in L,, hence also in measure,
for all s € [0,77], and @ is continuous, it follows that

| (@4 (4 (s)) = @} (u(s)))b(s)] =0
in measure for all s. Moreover,
(@5 (u"(s)) — @f (u(s))) b (s)] < || (u(s)) — q);(u(s))Hqu o)l .,

S )5 o), < ey )],

and Hu”i;l@ ) HbHL € L1(0,T), which imply, by the dominated convergence
theorem,

T
/0 (@ (u) — @, (u))b°| ds 2% 0.

By a completely analogous argument one shows that fOT}<I>;(u)(bE — b)| ds <2% 0 and
hence also that

t t
eN1E e—0
/0 Dy (u)b* ds —— ; @, (u)bds.
Let us now show that

M.(t) := /Ot O (u)GEdW 0 M(1) = /Ot ! (u)G dW

4From now on we shall occasionally omit the indication of the time parameter, if no confusion
may arise, for notational compactness.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/29/18 to 128.41.35.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2120 CARLO MARINELLI
in probability. Recall that, for the sequence of continuous local martingales (M. — M),

one has sup,<p|Mc(t)—M(t)| — 0 in probability if and only if [M. — M, M. —M|(T) —
0 in probability (see, e.g., [18, Proposition 17.6]). We have

(Ve =200 =) = [ 06 - @], as

where, by the triangle inequality,
195(u7)G° = @ ()G, < [|(®(u) = () G|, + |24 ()G = G,

By the identification .2’ (L4, R) ~ Ly, Minkowski’s and Holder’s inequalities yield

(@)~ wy) e, = | | (@00 @)t i

12
< [ @) - 20| 67, de
S LACORACIPY

€
G HLq(zQ)’
as well as, similarly,

125 ()(@ =), < l|2g(l,,,

G =G,

Since (I +eA)~! is a contraction on L, by a classical theorem of Marcinkiewicz and
Zygmund (see, e.g., [15, p. 484]) it is also a contraction on L,({3), hence
—0

H(I);(us) - ‘I’:;(U)HLQ, GEHLQ(ZZ) = H(I’/q(us) - (I):](u)HLq/ |G||Lq(z2) —

pointwise in the time variable, and ||G* — G| 1, (¢,) — 0 because (I +¢A)~" converges
in the strong operator topology to the identity in .Z(L,). The above also yields

0

@4 ()G = @ (uw)G|,, S [ullf, M IGlL, (ea),

where, since G € Ly(0,T; Ly(¢2)) and u € Lo (Lg),

T T
2(q—1 2(g—1
| UG, e s < I8 [ IGE y d < .

Therefore, by the dominated convergence theorem,

e—0

M. — M,M. — M|(T) ——0
in probability. Finally, by Hélder’s inequality,
t t
_ 2 -2
[ e @) ds < [ N6, lutolly, s

t
2 -2
< [ NG o)y ds :

We now establish a maximal inequality for stochastic convolutions that might
be interesting in its own right (see Remark 3.4 below). We shall use the following
notation, where S stands for the contraction semigroup on L, generated by —A:

SoG(t) = /0 "S(t — $)G(s) AW (s),
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THEOREM 3.3. Let p > 0 and q > 2. If G satisfies the hypothesis of Theorem 3.1,
then the stochastic convolution S o G has (a modification with) continuous paths and

, T ) p/2
E SoG(t <E G d .
supls0 607, <5 ( [ IGO0, 05)

Proof. We proceed in two steps, first assuming that G takes values in D(A), then
removing this assumption.

Step 1. Let us assume for the moment that G € L2(0,T; Ly(¢2)) and G € D(A)
almost everywhere. As in the proof of Proposition 3.2, it follows that S o G is the
unique strong solution to

du(t) + Au(t)dt = G(t)dW (1),  u(0) = 0.

Then It6’s formula yields

oy, + [ s = [

0

t

WG + Jata 1) [ Quls2 (617, ds
Setting
v, o=

b= salg — D{ult, IGIR,) — @ (u)Au

we can write . .
o(t) = /0 b(s) ds + /0 o(s) W (s).
Let o > 1 be arbitrary but fixed. Then ¢ : 2 — 2% € C? with
¢ (2) = 2ax** 1, ¢ () = 20(2a — 1)z2(@7 Y,

Therefore, by It6’s formula for real processes,
lu®) 2% = e(v(®) = / (¢ wls)ols) + 52" W) o )IZ, ) ds
+ [ et aws).

where
! ! (2a-1)q (1 2 2
| @b s = [ 5 (Gata= 0l 161E) @ (u(s) Au(s)) ds.
Accretivity of A implies
® (u)Au = qllu[{,*(J(u), Au) > 0;
hence, by Hélder’s inequality and Young’s inequality® in the form
zy < exmaT 4 N(eg)y* Vz,y >0, € >0,

5From now on, whenever we apply Young’s inequality, we shall mostly state only the exponents
used.
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one has
wa@ @</H IV GG, 0 ds
<ol [ IGOIE oa
<ellul 7., + NE) (/0 I, ds)aq.
Similarly,

[ oo a5 [T o), ds

where, by a reasoning already used above,

lall,, = 256, < [[24(w)

[P0 e P~ [ i P

hence, proceeding exactly as before,
t t
| e @iz ass [l 16Ol 6, ds
2a r 2 e
< el + NO( [ 16O,y d5)

Finally, Davis’ inequality yields
T ) 1/2
B[ oot as)

ez
~Y

Aww@w@mwas

E sup
t<T

where

Htp QHKQ ‘GHLQ(@V

which implies, by Young’s inequality with exponents 2aq/(2aq — 1) and 2ag,

T 2 12 20q—1 T 2 1/2
([ ooz, as) < it ([ 161, o)
< ell s+ NG ([ 16N oas)

Taking € small enough, the claim is proved in the case p > 2¢q. The case 0 < p < 2¢q
follows by Lenglart’s domination inequality (see [22]).

Step 2. Recall that G° := (I +cA)~1G is D(A)-valued and converges to G in
Ls(0,T; Ly(¢2)) as € — 0, and u® := S o G° = (5o G)° is the unique strong solution
to

duf (t) + Auf () dt = GE() AW (¢),  u°(0) = 0.

It is elementary to show, by the previous step, that (u®) is a Cauchy sequence in
H,(L,) and that its limit is a modification of S ¢ G. Since u® has continuous paths
and the convergence in H,,(L,) implies almost sure uniform convergence of paths
(possibly along a subsequence), we conclude that u has a modification with continuous
paths. 0
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Remark 3.4. The previous result is actually a special case of [32], who considered
the case of X-valued stochastic convolutions, with X a 2-smooth Banach space. Our
proof, although similar in spirit (the idea, as a matter of fact, goes back at least to
[30]), is interesting in the sense that it does not use any infinite-dimensional calculus.
In fact, as already mentioned, Itd’s formula for the gth power of the L,-norm reduces
to nothing else but the one-dimensional It6 formula and Fubini’s theorem (cf. the
proof in [19]).

The estimate for stochastic convolutions just obtained allows one to prove well-
posedness in the strict mild sense for equations with a Lipschitz continuous drift.

PROPOSITION 3.5. Let p > 0 and g > 2. Assume that hypotheses (A4) and (Bp,q)
are verified. If f : R — R is Lipschitz continuous and uy € L,(Ly), then the equation

du(t) + Au(t) dt + f(u(t)) dt = B(t,u(t)) dW(t), u(0) = o,
admits a unique strict mild solution u € H,(Ly) with continuous paths, and the solu-

tion map ug — w is Lipschitz continuous from L,(Ly) to H,(Lg).

Proof. Since the proof proceeds by the classical fixed point argument, we omit
some simple details. Consider the map, formally defined for the moment,

T (ug,u) — S(t)ug — /0 S(t—s)f(u(s))ds —|—/0 S(t — s)B(u(s)) dW(s).

To prove existence and uniqueness, it suffices to show that I'(ug, ) is an everywhere
defined contraction on H,(Ly) for any ug € L,(Lg). One has, denoting the Lipschitz
constant of f by CY,

sup
t<T

/0 S(t — 5)(F(u(s)) — F(u(s))) ds

LLI
T
< [ #6uts) = oD, ds < TCysuplfutt) vt
hence, writing S * f(u) to denote the second term in the above definition of T,

5% (f () = FD g, 1y < Tl =vllgy -

Similarly, denoting the Lipschitz constant of B by C'g, it follows by Theorem 3.3 that

p

E sup
t<T

/0 S(t — s)(Blu(s)) — B(u(s))) AW (s)

Lq

<[ 180 - BEO;,, ds)m

< TP/QCgH“ - UHEI (Lq)’

i.e., for a constant N independent of T',

HS<> (B(u) — B(”))HHp(Lq) < NT'V? CBH” - ”||Hp(Lq)'

Therefore, choosing T small enough, one finds a constant ¢ € |0, 1[ such that

T (w0, w) — T'(uo, < c||u

”)HHP(LQ) = 7v||Hp(Lq)'
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It is clear that I'(ug, H,(Lq)) C H,(Lg). Recalling that the function
d:Hy(Ly) x Hy(Ly) — Ry
1A
(z,y) = ||l — yH]HIpZ(?Lq)

is a metric on H,(L,), Banach’s contraction principle yields the existence of a unique
fixed point of I'(ug, -) on the complete metric space (H,(L,),d), which is the unique
strict mild solution we are looking for on the interval [0,T]. Writing v = T'(ug,u),
v = I'(vg, v), the Lipschitz continuity of the solution map follows by ¢ < 1 and

Ju— UHHP(Lq) = [T (uo, ) — F(U()’U)H]HIP(LQ)

< ||F(u0,u) — T'(up, ) + HF(uo,v) — T'(vo,

U)HIHIP(LQ U)HHP(LQ)

< cffu— UHHP(LQ) +[|uo — UOHILP(LQ)'

By a classical patching argument, the smallness restriction on 7' can be removed.
Continuity of paths follows by Theorem 3.3. ]

Remark 3.6. Eventhough quite sophisticated well-posedness results exist for SEEs
on L, spaces with Lipschitz continuous coefficients (cf., e.g., [9, 31]), the previous
simple proposition does not seem to follow from the existing literature. For instance,
in op. cit. the semigroup S is assumed to be analytic (but not necessarily accretive),
and (in [31]) solutions are sought in spaces strictly contained in H,(Ly), and p > 2.
It may indeed be possible to deduce the above well-posedness result from op. cit., but
it seems much easier to give a direct proof.

4. Strict mild solutions. Consider the regularized equation
(6) dux(t)+Aux(t) dt+ fa(ux(t)) dt = nux(t) dt+B(t,ux(t)) dW (1), ux(0) = ug,
where f) : R — R, A > 0, is the Yosida approximation of f, defined as

o= %(1 (AN,

As is well known (see, e.g., [1, pp. 99, 106-107]), f» is Lipschitz continuous on R, as
well as on L, (when viewed as a superposition operator). Thanks to Proposition 3.5,
well-posedness of (6) in the strict mild sense holds in H, (L) for all p > 0 and ¢ > 2.

We now proceed to considering (1). In this section we first show that a priori
estimates on uy imply well-posedness of (1), then obtain such estimates (under addi-
tional assumptions on A and B), thus proving Theorem 2.3. Our argument depends
on passing to the limit as A — 0 in the mild form of the regularized equation (6).

4.1. A priori estimates imply well-posedness. We begin establishing suffi-
cient conditions for (uy) to be a Cauchy sequence in H,(L,), whose limit is then a
natural candidate as solution to (1).

It will be useful to consider the space H,(X), with X a separable Banach space,
endowed with the equivalent (quasi-)norm

1/p
-— [Es —at t P) ; R ,
ol o0 = (Bsuplletu ) . aems

and denoted by H, o(X).
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LEMMA 4.1. Letp >0, ¢ > 2, p* :=p(2d+ q —2)/q, and assume that hypotheses
(Ay) and (B,,q) are satisfied. If the sequence (uy) is bounded in Hy«(Logtq—2), then
(ua) is a Cauchy sequence in Hy(Ly).

Proof. Let us define, for a constant parameter o > 7 to be chosen later, vy (t) :=
e~y (t) for all t > 0, so that

dvy(t) = —avy(t) + e “uy(t),
hence also, for p > 0,

A(n = v,) + (o= m) (o = ) + Ao =0, + € (Fa(ua) = Fu(w,) ) de

(7)
=e “(B(ux) — B(u,)) dW,

in the (strict) mild sense, with initial condition vx(0) — v,(0) = 0. Proposition 3.2
yields

Jox(® =017, +ate =) [ los = v, 1, s
; / D) (0 — 0) (falun) — fula) ds
< / e~ (vx — v,) (B(ua) — Bluy)) dW
0

1 ! -
+5alg —1) / e (Bws) = Blu)I7, g, llor = vl 7, ds
0

We are going to estimate each term appearing in this inequality. Note that ®(cx) =
171 @/ (z) for all ¢ € Ry and x € Ly, hence

(I);(UA - 'Uu)(f)\(UA) - f#(u#)) = e lamls (I);(UA - Uu)(fA(UA) - fu(uu))

and
@ (un — ) (falun) — fuluy)) = (J/D\UA — % (ux — ) (fa(un) = fu(uy)) da,

where, setting Jy := (I + Af)~!, A > 0, and writing

uy — Uy = ux — Jux + Huy — Juu, + Juu, —uy
= Afa(ur) + Iux — Jpuy — pfr(ug),

one has, by monotonicity of f and recalling that fy = f o Jy,

(fa(un) = Fulun)) (un =) > (Fa(ua) = fulun)) (Afa(ua) = pfou(u))
2 )\|f,\(u>\)|2 + U|fu(uu)|2 —(A+ U)’fA(UA)Hfu(“u”

I = 51

_%(A + 1) (| () |+ [ Fu(w)] ).

Y

Y

Moreover, since |f(z)| < |f(z)| < 1+|z|¢ for all z € R and |z —y[?772 < (|x|—|—\y|)q72

for all z, y € R (the latter inequality holds because g > 2), one infers
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(ux — up)ux — u,u|q72

(fA(UA) = fu(uy)

~—

2 = ) (14 a2 + ) Jux = ]

2d -2
2 =) (1 (fal = ) ™) (lua | + )
2 =t ) (14 [ua P72 o Ju P12,

thus also
t
[ et = n (s~ ) ds

t
2=(+p) /0 €1 (1t [fun[| 7202+ a5 ) ds

Lagtq-2 Lagyq—2

1— e

qat _
2 =t o (1 gl

2d+q—2
Lagiq—2 ’

+ouplen ()],
which estimates the third term on the left-hand side of (8).

The Lipschitz continuity of B implies that the integrand in the last term on the
right-hand side of (8) is estimated by

CBet™ ur = [, = G flos — ]},

In particular, collecting the second term on the right-hand side and the second term
on the left-hand side of (8), we obtain

lor(® =), +a(a=n—=Chla=1/2) [ for = v, s

1 —e9ot

SN+ p) T (1 + sg§||u,\(5)|’2d+q—2

2d+q—2
Lagiq—2

+ b;lélt3||uu(5)||L2d+q—z

#| [ o - ) (Bus) — Bu) aw|

For any o > 1/q, raising both sides to the power p/q, taking supremum in time,’ then
expectation, one gets, setting p* := (2d + ¢ — 2)p/q,

E sup||va(t) — vu(t)Hi
t<T a

/ T r/q
+qp/q(a—n—%cz23(q—1))p qE(/ ox = vlly ds)
(9) 0 q

/ 1 P v
SO+l (1 +Esupllua®),,. +E§gg>!w<t>llmﬂ_2)
‘ p/q
+ Esup / 670‘5@;(1))\ - U;L)(B(UA) - B(uu)) awi -,
t<T|JOo

where, by the Burkholder-Davis—Gundy inequality,

6Note that A(t) + B(t) < C(t) for all t, with A, B, C positive functions of ¢, implies sup, A(t) <

sup, C(t) and sup, B(t) < sup, C(t), hence sup, A(t) + sup, B(t) < 2sup, C(t).
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r/q

| e o =) (Bs) = Blw,)) aw

E sup
t<T

<[ e 0n — u () - B o)

By an argument based on Minkowski’s and Holder’s inequalities already used several
times, and the Lipschitz continuity of B, one has

lem @ (0x = 0.) (B(wr) = B(w,)) [, ds

ds

HL y —ocs(B(u)\)—B(up,))Hiq(éZ)

/ Jox = w2 e (Blun) = B [,

<C} ?E:IP)HU/\ - vl‘”iqqﬂ) /0 [ox — u#Hiq ds.

This implies

p/q

E sup
t<T

t
/0 B! (05 — v,)(B(un) — B(uy)) AW
T 24
s ey Esuplon =0 ( [l = vl as)
t<T a 0 N

T p
< EC]Z;/qunguv)\ - qui + Nl(E)C%/qE(/ |ux — v#)Hi ds) ’
< q 0 q

r :
< 6C§/Q]Esup||v>\ — UMHZ + Nl(s)Cg/qu_gE(/ ||v>\ — ’u#)HqL ds) ,
t<T q 0 q
where we have used Young’s inequality with exponents ¢/(¢ — 1) and ¢ in the second-
last step, and Holder’s inequality with exponents ¢/2 and ¢/(q¢ — 2) in the last step

(recall that ¢ > 2). By (9), we conclude that there exist constants No, N3, independent
of A\, i, and «, with N5 also independent of €, such that

) , 1 N T . p/4q
Esup[loa(t) = v, (8)[[}, + "/ (@ =n— 5(a—1)C}) E(/ lox = wall7 ds)
t<T e 0 ¢
T p/q
< enaBsuplon(t) — w0, + N ( [l ui, )
t<T a 0 4

+ (AP (1 +Esupllas@)[Z,,,, , + Efggllum)ﬂ’izdﬂz) :

It is immediately seen that, choosing £ small enough and « large enough, we are left
with

.
]Efgg”vx(t)fv,t HL < (A+p)P/e <1+Esup”1t,\ HLMH , +1E§2$||u,¢(t)|’hd+q2>,

which implies, by the boundedness of (uy) in Hy«(Logtq—2), that (uy) is a Cauchy
sequence in H, o (L), hence also in H,(L,) by equivalence of (quasi-)norms. d
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The strong convergence of uy to a process u € Hy,(L,) just established does not
seem sufficient, unfortunately, to prove that w is a strict mild solution to (1). In fact,
writing the regularized equation (6) in its integral form

(10) ux(t) + / S(t — 5)fa(ur(s)) ds

:S(t)uo—i-n/o S(t — s)ux(s) ds—&—/OIS’(t—S)B(s7u)\(s))dW(s),

difficulties appear, as is natural to expect, when trying to pass to the limit in the
integral on the left-hand side. We are going to show that boundedness assumptions
on (uy) in a smaller space imply convergence of the term containing fy(uy) in a
suitable norm, which is turn yields well-posedness in the strict mild sense. First we
state and prove a Lipschitz continuity result for the solution map ug — wu of strict
mild solution, which immediately implies uniqueness.

LEMMA 4.2. Let uy, ug be strict mild solutions in H,(Ly) to (1) with initial con-
ditions ug1 and ugz, respectively. Then

lur —vu2llm, ) < lluor — wozllL, (z,)-

In particular, if (1) admits a strict mild solution u € H,(L,), then it is unique and
the solution map is Lipschitz continuous from L,(Lgy) to H,(L,).

Proof. We use again an argument based on Itd’s formula and elementary inequali-
ties. By definition of a strict mild solution, we have f(u1), f(u2) € L1(Ly). Therefore,
from

d(ur — ug) + A(ur — ug) dt + (f(u1) = f(uz)) dt
= n(ul — UQ) dt + (B(ul) — B(UQ)) dVV, ul(O) — UQ(O) = ug1 — Uop2,

and Proposition 3.2, it follows that
t
Jox(® = wa(o)}, + ata —n) [ llon = walt, ds
0
< or — wea]3, + 2109
1 ! —as 2 q-2
+gaa=1) | e (Blur) = Bluz) ||z, i lJor = vallz, " ds.
where v; ;= e “u;, i = 1,2, and
t
M(t) := / e” Py (v1(s) — v2(s)) (B(ui(s)) — Bl(us(s))) dW(s).
0
By the Lipschitz continuity of B,

e (Ber) = Blea)) [, ol = e2ll7, < Chllen = el

hence

1 t
Jox(® = wa(o)}, +a(a =0 = 5~ 10CE) [ lor —vallf, ds
0

< ||uor — UOQH%Q + M(t),
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and we choose « so that (o —n — (¢ —1)C%/2) > 0. Taking suprema in time, raising
to the power p/q, taking expectation, and raising to the power 1/p, we get

1 1/q
o1 = v2lly, r,) + 4" (a == 5(a = 1)0%) o=l 2z
1/q

p/q

< Jluor = uO?HJL,,(L

where the implicit constant depends only on p and ¢, and M7 := sup,p|M;|. The
Burkholder-Davis-Gundy inequality yields

IM2I1L0% S AL M0 = (lia, Mg/

%
<[ ([ o =l e - Bl )

S os -

UQHLP(LML )

SEH’Ul— +N

UZH]HIP(L ) )or — val|, (L (L))’

where we have used the Lipschitz continuity of B and the inequality

1/2 1/2
1601 2., < D17 N01E2 < elldllrn. + NEN¢llz, Vo€ LyN L

We are thus left with

Va 1 2\ /4
[ = vallg, 1.,y + 4 (a—n— 5((1_1)03) ler = vl e
S Jlwor = woally, () +ellor = v2lly, i,y + NEor = w2l 2,2,

Since the implicit constant is independent of a and &, this implies, upon choosing «
large enough and e small enough, and recalling that the (quasi-)norms ||-||m, . (z,) and
[ ||H,,( L,) are equivalent,

Jus — UQHH,,(LQ) ~r [|un - UQHHP,Q(LQ) = [jor - UQHH,,(LQ) S [Juor = U’OZHILP(Lq)' O

To prove uniqueness of solutions in Hy,(L,) we have used in a crucial way the
condition f(u) € L1(L,), which allows one to apply Proposition 3.2 (i.e., to use It6’s
formula). It is thus natural to look for conditions ensuring weak compactness of fy(uy)
in a functional space contained in Lo(Lq(Lg)). This is the motivation for the following
well-posedness result, conditional on boundedness of (uy) in a suitable norm.

PROPOSITION 4.3. Letp >0, ¢ > 2 and p* := p(2d+q—2)/q > d. If the sequence
(ur) is bounded in H,« (Lqq), then (1) admits a unique strict mild solution u € H,(Lg)
with continuous paths, and ug — w is Lipschitz continuous from L,(Lg) to H,(Lg).

Proof. Since d > 1 implies gd > 2d + ¢ — 2 and Lyq < L2g1q—2, it follows by
Lemma 4.1 that uy converges strongly to v € H,(Ly) as A — 0. We are going to pass
to the limit as A — 0 in a mild form of (6), i.e., in (10) above. The convergence

/ St — 8)Blux(s)) dW (s) 2% / S(t— ) Bu(s)) dW(s)
0 0

in probability for all ¢t < T follows by Theorem 3.3. In fact, by the contractivity of S
and the Lipschitz continuity of B, one has
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p

E / S(t — 1) (Bur(r)) — B(u(r))) dW(r)
0 Lq

<[ luo -l )"

where the last term tends to zero as A — 0 because uy — u in H,(L4) and H,(L,) —
Lp(Lo (Lq))-

We can now consider the term in (10) involving fx(uy). It follows from |fy| < |f]
and |f(z)| <1+ |z|¢ for all z € R that, for any s > 1,

d
Hf)‘(u)‘)H]LP*/d(LS(Lq)) S+ HUAHHP* (Lga)’

so that fy(uyn) = f(Jauy) is bounded, hence weakly compact, in the reflexive Ba-
nach space E := Ly« /4(Ls(Lg)) (recall that p*/d > 1 by assumption). In particular,
there exists ¢ € E and a subsequence of A, denoted by the same symbol, such that
f(Jxuy) — g weakly in E as A — 0. Since Jyuy — u strongly in £ as A — 0 and f,
as an m-accretive operator on F, is also strongly-weakly closed thereon, we deduce
that g € f(u) m-a.e. Since the linear operator

6> [ S(—s)p(s)ds

0

is strongly (hence also weakly) continuous on E, we infer that

/S—sf)\u)\ /\_w/S—s

weakly in E and hence that

u(t) = S(t)ug — /0 St —s)(g(s) —nu(s)) ds + /0 S(t— s)B(u(s)) dW(s)

for almost all ¢ € [0, T]. However, since v admits a continuous L,-valued modification,
the identity must be satisfied for all ¢ € [0,T]. Existence is thus proved, and unique-
ness as well as continuous dependence on the initial datum follow by the previous
lemma. The mild solution u, being a strong limit in H,,(L,) of (u,), inherits the path
continuity of the latter. ]

2. A priori estimates. As we have just seen, well-posedness in the strict
mild sense in H,(L,) for (1) can be reduced to obtaining a priori estimates for (uy)
in H,, (Lg, ), with p1 > p and ¢1 > ¢ suitably chosen.

PROPOSITION 4.4. Let p > 0 and g > 2. If ug € L,(L,) is Fo-measurable and
hypotheses (Aq), (Bpq) are satisfied, then there exists a constant N, independent of
A, such that

E sup||u(t b §N(1+E ul|® )
suplln (), ol

Proof. The proof uses arguments analogous to ones already seen, hence we omit
some detail. As in previous proofs, we begin observing that the regularized equation
(6) admits a unique Lg-valued solution uy, and, setting vy(t) := e **uy(t) for all
t > 0, with o > 1 a constant to be fixed later, Proposition 3.2 implies
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t t
[ox®l3, + ata =) [ Toally, ds+ [ e @wptun)ds

¢
S/o e~ (va)B(uy) dW

2

We shall denote the stochastic integral in the previous inequality by M. By the
homogeneity of order ¢ — 1 of @, the monotonicity of fy, the inequality |fx| < |f],

1 ! -
+gaa=1) [ e B[ g, Il ds

the identity [|®y(z)|z,, = q\|:::||qL;17 and the elementary inequality a?~! < 1+ a9 for
all a > 0, we have

e” D) (vx) falun) = €717 (un) (fa(ur) — £2(0) + f1(0))
> e 1P (un) f1(0) > —e 1D (uy)| £(0)]
> —qe” | F(0)[luallf

qe” %1 f(0)| — g™ | £ (0)[[[uallZ, .

| \/

hence

! 7()43@/ ds > — |f( )| qat d
e a(Ox)fa(un) ds > (I-e —q|f(0)] HUAHL 5.
Similarly, by the triangle inequality and Lipschitz continuity of B,
— QS 2 —4Qs 2
lem B[}, ) < 2C[0ally, +2¢72%BOI;, -

hence, thanks to the elementary inequality a?=2 < 14 a4, a > 0,

1 ! —as 2 —2
301 [ et Bl ol s

t
<ala=10Ch [ (14 [BO) )l

||Lq(€2)(1 —e7),

We can thus write
t
ox®[3, + oo =n =170 = (a=1)CE) [ onl, ds
-1
< |f(0)| +Q(q )HB
o 2«

HL +MT’

and we choose the constant « larger than n+|f(0)|+ (¢ —1)C%. Raising to the power
p/q, taking suprema, then expectation, and taking the power 1/p, we are left with

/
Hv>‘||]1-]1p(Lq) + Niloall, p(Lq(Lg)) ~ S No+ H]MTH1 ’
where
1/
Nyi= g (a—n = |£(0) - (g - 1)C})

0 —1 9 1/‘1
Ny := ('f((l)l + q(qza )HB(O)HLQ%)) ’
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and, by an argument based on the Burkholder-Davis—Gundy inequality and norm
interpolation, as in the proof of Lemma 4.2,

1
M3/ v M| = ||, a3

Lp/q
S €||v>‘”HP(LQ) + Ng(E)Hv)‘HLP(Lq(Lq))'

I,

Collecting estimates yields

+ Ny

||v)‘||Hp(Lq) (a)HU)‘H]Lp(Lq(Lq))

< Na (N2 +elfoall ) + Ns@lloall, 1, 20))

for a constant N, independent of a and e. The proof is completed choosing first
small enough, then « large enough, and appealing to the equivalence of the norms of
Hp(Lg) and Hp,a(Lq). a

4.3. Proof of Theorem 2.3. Since ug € Ly~ (Lyq) and hypotheses (Ayq), (Bp+.qd)
are satisfied, the regularized equation (6) admits a unique Lgq4-valued (strict) mild so-
lution wy for all A > 0. By Proposition 4.4 the sequence (uy) is bounded in H,« (Lgq);
hence Proposition 4.3 allows us to conclude that (1) admits a unique strict mild so-

lution v € H,(Ly) and that the solution map ug — u is Lipschitz continuous from
Lp(Lg) to Hp(Lg).

5. Generalized solutions. In this section we prove Theorems 2.5 and 2.7.
The main tool is the Lipschitz continuity of the map (ug, B) +— w established in
the next lemma. For reasons of notational compactness, we set L, o(0,T;X) :=
L, ([0,T], u; X), where u is the measure on [0,7] with density ¢ — e~ "%

LEMMA 5.1. Assume that p > 0 and ¢ > 2. Let uy, us € Hy,(Lg) be strict mild
solutions to

du1 +Au1 dt+f(u1)dt = nuy dt+Bl dVV, Ul(O) = Up1,

and
dug + Aus dt + f(’LLg) dt = nuo dt + By dW, Uo (0) = Ug2,

respectively, where B1, By € L,(L2(0,T; Ly(¢2))) and uo1, oz € Ly(Ly). Then, for
any o >,

(11) [Jur = “2HHP,Q(LQ) < Juor — u02HLp(Lq) +|B1 — B2’|LP(L2,Q((),T;Lq(e2)))'
In particular,
(12) [Jur = UQHH,,(Lq) < Juor — UOQHILP(Lq) +|B1 - BQ||L,,(L2(0,T;Lq(Zg)))'

Moreover, the same estimates hold for generalized solutions.

Proof. The proof uses again arguments analogous to those used in the proof of
Lemma 4.2, therefore some detail will be omitted.

Setting v;(t) = e *tu;(t), i = 1,2, for all ¢ > 0, with a > #, it follows by
Proposition 3.2 and monotonicity of f,
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t
o) = o)y, +ata =) [ s = val, ds
t
S ||u01 — uOQHiq +/0 e—as(I);(,Ul — 1}2)(31 — BQ) dw

1 K —as 2 -2
#gala=1) [ e (B B o on —vallf "

where, by Young’s inequality with exponents ¢/(¢ — 2) and ¢/2, the last term is
estimated by

t
—2 _ 2
splon(s) = wa(o) [} 72 B = Bl g, s

t q/2
< sup||ua(s) — va(s)||°. +N(5)</ 25| By — By (Mds> .
s<t 4 0 4

Choosing ¢ smaller than one, hence, as before, raising to the power p/q, taking
suprema in time, then expectation, and finally power 1/p, we get

[[or - v2||Hp(Lq) + (= m)"/or — ”QHILP(Lq(Lq))

1/q

< Juor = u02||H_,p(Lq) +|B1 - BQ||LP(L2,Q(07T;LQ(42))) + ||M;||Lp/q7

where M denotes the stochastic integral with respect to W in the first inequality

above. Applying the Burkholder—-Davis—Gundy inequality, elementary estimates, and
Young’s inequality with exponents ¢/(¢ — 1) and ¢, we have

«||1/a i
1Mz, S Il Mgl

4 2(q—1) 2 —2as qu
(] = w2 = Bally 2

S 5H”1 - U2HHZ,(LQ) + N(E)HBl — B

]LP
HLP(LQ,Q(O,T;Lq(fz)))‘

Choosing ¢ suitably small, the last two inequalities yield

H”l - UzHHp(Lq) < Hu01 - uOQH]Lp(Lq) + HBl - 32HLP(LQ‘Q(O,T;LQ(ZQ)))’

which, recalling the equivalence of the norms in Hj, o (L), & > 0, establishes the claim
because

Hu1 - U2HHP,(V(L{1) = Hvl - UzH]HIp(Lq)’
lor = w2lle, iz, o0y = o0 =22l 20y

It is easily seen that estimates (11) and (12) are stable with respect to passage to the
limit, hence they remain true for generalized solutions. |

Proof of Theorem 2.5. Let p1 > p be such that

py = %(2d—|—q—2) > d.
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Note that d > 1 implies pj > p1 > p, hence L (Lgq) is dense in L, (L), so that there
exists a sequence

(ton)nen C Ly (Lga)

such that wg, — uo in L,(L,) as n — co. Similarly, there also exists a sequence
(Ba)nen C Ly; (L2(0,T; Lga(2)))

such that B,, — B in L,(L2(0,T; Ly(¢2))) as n — co. Then, by Theorem 2.3, for each
n € N the equation

duy, () + Auy (t) dt + f(un(t)) dt = nu(t) dt + By, (t) dW (2), U (0) = ugp,

admits a unique strict mild solution u,, € H,, (Lq) — H,(L,), and the previous lemma
yields

H“n - “mHHp(Lq) S ||“0n - UOmHu_p(Lq) + HB" - BmH]Lp(Lz(O,T;Lq(Zg)))’

hence (u,) is a Cauchy sequence in H,(Lg). This implies that its strong limit u €
H,(L,) is a generalized solution to (5). Uniqueness and Lipschitz dependence on the
initial datum follow immediately by (11). 0

Proof of Theorem 2.7. Let wi,ws € Hy,(L,) and consider the equation, for
i=1,2,
du;(t) + Aui(t) dt + f(ui(t)) dt = nui(t) dt + B(wi(t)) dW(t),  ui(0) = uo;.

The assumptions on B immediately imply that B(w) € L,(L2(0,T; L,(¢2))) for all
w € H,(Lgy), hence the previous equation admits a unique generalized solution u; €
H,(L,) by Theorem 2.5. In particular, the domain of the map I is the whole H,(L,)
and its image is contained in H,(L,). We are now going to show that I is a contraction
in H, o(Lg) for small T'. In fact, inequality (11) yields

[Jur — “2HHP,Q(LQ) < [Juor — UOQHLP(Lq) +[[B(wy) - B(wQ)||]Lp(L21a(O,T;Lq(Z2)))’
where, by the Lipschitz continuity of B,

HB(wl) - B(U’?)Hip(Lz,a(o,T;Lq(éz)))

T ) p/2
= IE(A e™2%|| B(wy) — B(w2)HLq(z2) ds)

T ) p/2
<cpa( [ e - walf as)
0

14 2 p
< CRT"||wy — ”“’QHH,),(,(LQ)'
This implies that I' is a contraction on H, ,(L,) for T" small enough, hence that a
unique generalized solution exists that depends Lipschitz continuously on the initial

datum. By a classical patching procedure, the result can be extended to arbitrary
finite T'. O

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/29/18 to 128.41.35.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SEMILINEAR SEEs 2135

6. Mild solutions. In this section we prove Theorem 2.9. The proof is split
into two parts: first we prove existence, showing that one can pass to the limit in the
term of (10) containing fy(uy) in the weak topology of LL;(L;i(L1)). Then we prove
uniqueness, as a consequence of continuous dependence on the initial datum, via an
extension of Proposition 3.2. We proceed this way because, as will be apparent soon,
the symmetry condition on F' and the “regularizing” assumptions on A are needed
only to prove uniqueness.

The proofs in this section rely on some results of convex analysis whose proofs
can be found, for instance, in [17, Chapter E].

6.1. Existence. We shall use the following weak convergence criterion (see [7,
Theorem 18]).

LEMMA 6.1. Let (Y, A, ) be a finite measure space. Assume that -y is a mazimal
monotone graph in R X R with D(v) = R and 0 € v(0). If the sequences of functions
(zn), (yn) C Lo(Y, A, pn) indezed by n € N are such that lim, oy = y p-a.e.,
Zn € Y(yn) p-a.e. for allm, and there exists a constant N such that

/ ZnYn dp < N Vn € N,
Y

then there exist z € L1(Y, p) and a subsequence (ng)i such that z,, — z weakly in
Li(Y,u) as k — oo and z € y(y) p-a.e.

Sketch of proof. The weak compactness in Lq(Y, ) of (2z,) is a consequence of
ZnYn = G(yn) + G*(zn), where G is a convex function with G(0) = 0 such that ~ is
the subdifferential of G and G* is the conjugate of G. In fact, D(y) = R implies that
G* is superlinear at infinity, which in turn implies, by the criterion of de la Vallée-
Poussin (see, e.g., [5, Theorem 4.5.9]), that (z,) is uniformly integrable in L (Y, p);
hence, by the Dunford—Pettis theorem, it is relatively weakly compact thereon (see,
e.g., [5, Corollary 4.7.19]). The fact that z € y(y) p-a.e. requires a further (short)
argument based on monotonicity (see [7] for details). O

Let us also introduce some further notation. For ¢ > 2, define the homeomorphism
¢q of R and the maximal monotone graph f in R x R as

¢g x> xlr|i7? = |z|9 sgn fi=7Ffo (Z);l.

Since 0 € f(0), there exists a convex function F : R — R with F(0) = 0 such that
OF = f, where 8 stands for the subdifferential (in the sense of convex analysis). As
usual, we shall denote the convex conjugate of F' by F*. We recall that F** is convex
and superlinear at infinity, because f is finite on the whole real line.

In the next statement g stands for the process defined in Definition 2.8.

PROPOSITION 6.2. Letp > q > 2 and 0 € f(0). Assume that

(a) uo € Ly(Lg);

(b) hypothesis (As) is satisfied for s € {1,q,qd};

(c) hypothesis (Bp,q) is satisfied.
Then there exists a mild solution v € H,(Lg) to (1). Moreover, u has continuous
paths and satisfies F(u), F*(g) € Li(L1(L1)).

Proof. We proceed in several steps.
Step 1. We begin showing that the generalized solution to (1), which exists and
is unique thanks to Theorem 2.7, can be approximated by strict mild solutions to

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/29/18 to 128.41.35.24. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2136 CARLO MARINELLI

suitable equations. Let u be the generalized solution to (1) and § > 0. Then there
exists ng € N such that |[u — unlu,(L,) < ¢ for all n > ng, where u,, is the unique
generalized solution to

duy, + Auy, dt + f(u,) dt = nu, dt + B(up—1) dW, U, (0) = ug.
In turn, for any n > ng, there exists v = v(n) and ug,, [B(un,l)} , such that
ln =l (2g) < o = voulle, (2, + [[[Bn-1)lw = Blun-0l, 1,010, 00)) <&
where v is the unique strict mild solution to
duy, + Auy, dt + f(uy,) dt = nuy, dt + [B(un—1)] , dW, uy (0) = ugy.

In particular, by the triangle inequality, one can construct a sequence of strict mild
(n)

solutions &y, := uy '~ such that ||u — @[, (z,) is less than (a constant times) 4, i.e.,

being § arbitrary, the sequence 4, := ulﬁ(n) converges to w in H,(L,).
Step 2. We are now going to show that there exists a constant IV, independent of
n, such that

T
E /0 B! (11, (5))gn(5) ds < N,
where g, € f(u,) m-a.e. is the selection of f(u,) appearing in the definition of strict

mild solution. Let By, := [B(un—1)]y(n) and vy (t) := e~y (t) for all ¢ € [0, T], with
a > 1 a constant. Proposition 3.2 and obvious estimates yield

T T
ol oz, + @ =) [ g, ds+ [ o, () (s) ds

< [Juonf7, +sup

1 T _ -
+5ala - 1)/ e Ba(s) [, ey lon ()17, ds.
0

/Otea‘“@’q(vn(s))Bn(s) dW‘

As before, let us denote the stochastic integral on the right-hand side by M. Ap-
pealing to Young’s inequality with exponents ¢/(¢ —2) and ¢/2, the last term can be
estimated by

EHU"Hiw(O,T;Lq) + N(E)||B"Hig(0,T;Lq(€2))7

so that, choosing e small enough, raising to the power p/q, and taking expectation,
we obtain

r/q

T
[onli, 1.,y + E( / e D! (0 (5))Gn (5) ds)

S ||“0n||£p(Lq) + E(M7)P/9 + HB”"EP(LQ(O,T;Lq(fg)))'

By an argument already used before, based on the Burkholder—Davis—Gundy inequal-
ity and Young’s inequality with exponents ¢/(¢ — 1) and ¢, we have

E(M7)P S €||v"||§ﬂp(Lq) + N(g)HB"HEP(LZ(O,T;LQ(ZQ)))’
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thus also, choosing € small enough,

T p/q B
B( [ oo enaas) S ol )+ 1Bl o,

where the first term on the right-hand side is bounded because, by definition of a
generalized solution, ug, converges to ug in L,(L,). Moreover, denoting the norm of
L,(L2(0,T; Ly(¢2))) by ||| for simplicity,

1Bn = Blun-)|| = |[Blun—1)lum) = Blun1)[| <
hence || B, || < ||B(un—1)| + d, where, by the Lipschitz continuity of B,

| B(tun-1)|| < |B(un—1) — B(O)|| + || BO)]
S llun—ills,z,) + [1BO)]-

Since u, — u in Hy(Lg) as n — oo, it follows that ||uy||, (1,) 15 bounded, which in
P aq

a )
turn implies that ||Bn || is also bounded. We conclude that there exists a constant NV,

independent of n, such that
p/q

E(/OT €= (0a(5))7n (5) ds> <N

Since p/q > 1, it follows by Jensen’s inequality that

T
E/O e~ (v (5))Gn(s) ds < N

(where N might differ from the previous one). The proof is finished observing that
em P! (v, (s)) = e 1D (i (s)) and e~ 1 > 797 for all s € [0, T].

Step 3. We are going to show that the uniform estimate of the previous step
implies that the generalized solution w is also a mild solution to (1). The conclusion
of the previous step can equivalently be written as

/:qbq(an)gn dm < N,

where Z := Q x [0,7] x D, and N is a constant independent of n. Since ¢, is a
homeomorphism of R, setting v, := ¢,4(tin) and recalling the definition f := fo ¢, !,
we have (see, e.g., [6, p. I1.12] about the associativity of composition of graphs)

gn € f(un) = fo (z);l(ﬁbq(an)) = f(”n)E

hence the previous estimate can be written as

/vngndm <N,

where g, € f(v,) m-a.e. Since, by continuity of ¢y, v = ¢g(un) = ¢q(u) =: v m-a.e.
as n — oo and D(f o d);l) = R, Lemma 6.1 implies that there exists g € Li(m) and
a subsequence (n') of (n) such that g,, — g weakly in Li(m) as n’ — oo, and

g€ fodg'(v)=fod, (¢g(w)) = fu) m-ae.
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Since —A generates a Cp-semigroup of contractions on L (D) by assumption, one
obtains

/OS(t—s)gn(s)ds%/O S(t— s)g(s) ds

weakly in L1 (L1(L1)) as A — 0, by a reasoning completely analogous to that used in
the last part of the proof of Proposition 4.3. Similarly, convergence of the stochastic
convolutions follows as in the proof just mentioned because

1B —

n—r oo
B(“)HLP(LQ(O,T;Lq(Zz))) 0

Step 4. Tt remains to prove that F(u), F*(g) € Li(Li(L1)). In fact, we have

JnUn = F(vn) + F*(gn) because g,, € f(vn) = OF(vy); hence, by the previous step,
there exists a constant N, independent of n, such that

/~F(v") dm < N, [F*(gn) dm < N.

The convexity of F' and F* implies the weak lower semicontinuity in Ly (m) of

o | F(¢)dm, ¢~ | F*(¢)dm,

T
T

hence F*(g) € Lyi(m) because g, — g weakly in Li(m). Moreover, v, — v in m-
measure and

[onllLym) = 1@l L,y m) = lunllz,omy = 0l ),
by virtue of the strong convergence @, — u in H,(L,) and the embedding H,(L,) —
L,_1(m). We thus have v,, — v strongly in L;(m), hence, similarly as above, F(u) =
F(v) € Li(m). d
Remark 6.3. If p < g, the above proof does not work because Jensen’s inequality
reverses. However, a weaker integrability result can still be obtained. Namely, again
by Jensen’s inequality, we have

ﬁM%mNWw<M

uniformly over n, where the constant N depends also on the Lebesgue measure of D.
Setting 2(*) := |z|* sgnx for all € R and a > 0, taking into account that 0 € f(0),
the previous estimate can equivalently be written as

/ f7<Lp/q>¢(<1P/Q> (Un) dp < N.

For any a > 0 the function z — 2{® is a homeomorphism of R, hence the function

Ypg T ¢flp/q> (x) is also a homeomorphism of R. We clearly have

fép/q> c f(p/4> ° wp—; <¢p7q(un))

p-a.e., hence there exists z € Ly (p) such that fT(Li/q) — z weakly in Lq(u) along a
subsequence (ny), with z € f{/@ o (i (Yp.g(w)) = fP/9(u). We thus have, for a
generalized solution, that ¢ € f(u) is only in L, /,(u), rather than in L; (). This in
particular implies that it does not seem possible any longer to claim that u is a mild
solution, even in a very weak sense, as the semigroup S is not defined in Ly (D) spaces
with 0 < ¢ < 1.
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6.2. Uniqueness. The aim of this subsection is to prove continuous dependence
on the initial datum (from which uniqueness follows immediately) for mild solutions
to (1), without assuming that g € Li(Lg). We need to assume, however, the same
integrability conditions on the solution that are established in the proof of Proposition
6.2, as well as positivity and regularizing properties for the resolvent of A and a
symmetry condition on F'.

The key is the following estimate for the difference of two mild solutions to (1),
whose proof is inspired by an analogous result, in a different setting, in [2].

LEMMA 6.4. Under the hypotheses of Theorem 2.9, assume that u;, i = 1,2,
satisfies

u; (t) + /0 S(t—5)(gi(s) — nui(s)) ds = S(t)ug; + /0 S(t — s)B(ui(s)) dW (s)

for all t € [0,T), where g; € L1(L1(L1)), g; € f(u;) m-a.e., and F(uz), F*(gl) €
L1(L1(L1)). Then, setting vi(t) := e~ **u;(t), t € [0,T], for a > 0 constant, one has

Jos6) = (0], + ato =) [ oats) = wa(o), ds

n / €5 (01(5) — va(5)) (91 () — ga(s)) ds

< |uor — U02Hiq
—|—/O e” P (v1(s) — v2(s)) (B(ui(s)) — B(ua(s))) dW (s)

+gala—1) / e (B (5)) — Blua(s) 3. ) len(s) — vals) |4 > ds

for allt €10,T7.

Proof. Given o € N such that (I + ¢A)™7 maps Li(D) to Ly(D), set hf :=
(I+ecA)~?hfor all h € {u;, ug;, gi, vi }, and BS := (I+cA)"7B(u;). Then g; € L1(Lg)
and v is the unique L,-valued strong solution to

dvs + AvS dt + (o — n)vs dt + e g5 dt = e~ ' B dW, us (0) = ug,.

K2

1t6’s formula then yields

[of® ~ w501, +ata = [ o5 - w563, ds
0
4 [ B () — ()51 (5) — g5(6) ds

(13) < Jugy = uie|,

e~ (v5(s) — v5(s)) (Bi(s) — B5(s)) dW(s)

+
o\ﬁ

+5ala=1) [ e (B15) = B 0500 = 051, .

| —

We are now going to pass to the limit as ¢ — 0 in the above inequality. Since
(I +eA)~7 converges to the identity in .Z(L,) in the strong operator topology, it
immediately follows that
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e—0

[o5(t) =5 (®)]],, — [[oa(t) —va(t) vt € [0,T7,

Iz,

H“(En - u62HLq - H“Ol - UOQHLQ'

Since (I +cA)™7 is contracting in Ly, [[vf —v5||z, < [|v1]|z, +[|v2] L, pointwise; hence,
by Fubini’s theorem, v € H,(L,), and the dominated convergence theorem,

t
[l as =5 [l a5 ve<r
0 q

The dominated convergence theorem also immediately shows that

t
e (506) = BT 0 i) w5 s

8, oo (31 0) = Bl ), 6) ~ 17

Let us now consider the last term on the left-hand side of (13). Recalling the definition
of the homeomorphism ¢, : z + z|z|7"2, we have

/o e R (v5(s) — v5(5))(gi(s) — g5(s)) ds
= [ e i) 15069) (05 — 5505) ds
/ | (a1(6) = g3(9) (i (5) = () e s

The properties of (I +eA)~7 imply easily that g — g¢; in Ly(L1(L1)), hence in m-
measure, as € — 0. Similarly, since u{ — u; in m-measure and ¢, is continuous,
¢q(uf —u3) = ¢q(u1 — uz) in m-measure. In particular,

e—0

(91 — 95) dq (uf — u3) —= (91 — g2)Pg(ur — us)

in m-measure. We are going to show that this convergence takes place in Ly (L1 (L1)).
To this purpose, it suffices to show, by Vitali’s theorem, that the sequence on the
left-hand side is uniformly integrable. Let d € ]0,1/2] be arbitrary but fixed. By
Young’s inequality with conjugate functions F' and F* and the definition F:=Fo Dqs

(95 — 95) bq(us —u5)| = [6(g5 — 95)| |pq (6(us — u3))|
< F( d(ug _uz)D +F*( d(gt _95)’)
F(5(u§ —uj)) + F* (6(g5 — 95))-

In the last step we have used that F and F* are even: in fact, since F' is even and
F(0) = 0, we infer that f is odd, f is odd, and hence F, F*, and F are even with
F(0) = F*(0) = F(0) = 0. Then it follows that F* and F' are increasing on R (this
can also be seen by F* = f~1 = =¢,0f~1 >0 and oF = f¢, > 0onRy). Therefore
F(ex) = F(clz]) < F(|z|) = F(z) for all z € R and ¢ € [0,1], and the same holds for
F*. In particular,
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P (5 —u3)) = F (5 (260) + 5 (~26u3) )
< S F(20u5) + 5 P (20u3)
< (P + (),

and, completely analogously,

F*(6(g5 — 95)) < = (F*(g) + F*(95)),

DN | =

thus also
(97 — 95) bq (u5 — u5)| S F(uf) + F(us) + F*(g5) + F*(g5)-

Let us now observe that, by Jensen’s inequality for positive operators (see, e.g., [16]),

F(g5) = F* (I +£A)7g:) < (I +eA)7F*(g3),

Fr(uf) = F((I+eA)™u;) < (I+eA) 7 F(u).
But since F'(u;), F*(gl) € Ly(L1(L1)) by assumption, hence (I+eA)~ F(u;) — F(u;)
and (I +€A)""F*(g9;) — F*(¢9;) as € — 0 in L1L; Ly, it follows that the sequence
(95 — 95)0q(us — u5)| is dominated by a convergent sequence of Ly (L1 (L)), which is
a fortiori uniformly integrable. Then (g§ — g5)¢4(u —u3) is also uniformly integrable,
because a (positive) sequence dominated by a uniformly integrable sequence is itself

uniformly integrable. We have thus proved that the last term on the left-hand side of
(13) converges in probability for all ¢ € [0,T] to

/o e (v1(5) — va(5))(91(5) — g(5)) ds.

It remains only to consider the stochastic integral on the right-hand side of (13),
which converges to

/o e~ (v1(s) — va(s)) (B(u(s)) — Blua(s))) dW (s)

in probability for all ¢ € [0,T] as ¢ — 0. The proof is based on an argument en-
tirely analogous to the one already used in the proof of Proposition 3.2 and is hence
omitted. O

We can now prove uniqueness of mild solution to (1) and their continuous depen-
dence on the initial datum.

PROPOSITION 6.5. Under the hypotheses of Theorem 2.9, assume that u € H,(Lg)
is a mild solution to (1). Then u is the unique mild solution such that F'(u)+ F*(g) €
L

Li(L1(L1)). Moreover, the solution map ug — u is Lipschitz continuous from Ly, (Lg)
to H,(Ly).

Proof. Let uy, ug be as in the previous lemma, with ug1, ug2 € L,(Lg). Then
t t
Hvl(t) - vg(t)Hi +q(a— 77)/ Hvl - vgui ds —|—/ e_asq);(vl —v2)(g1 — g2) ds
N 0 K 0
t
S HuOl — ’UJOQHqL( +/ 670(8@;(1}1 - UQ)(B(Ul) - B(UQ)) dWwW
! 0

1 t -
+ 5ala~ 1)/ le=* (B(w1) = B(a)) |7, (o llon — 2|5, ds,
0
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where
P (v1 — v2) (91 — g2) = qef(qfl)a(gl — g2, dg(ur — uz)) > 0.
We are now in the condition to use exactly the same proof of Lemma 4.2, arriving at

[Jur = u2||]HIp(Lq) < [luor = UOQHLI)(Lq)’

which proves that ug — w is Lipschitz continuous from L, (L) to H,(L,), and hence,
as an immediate consequence, that the solution is unique. 0

Remark 6.6. It is clear by the previous proof that we do not have well-posedness
in the space H,(L,), as our uniqueness result holds only under additional assumptions
on the solution itself. The problem of unconditional uniqueness in H,(L,) remains
therefore open.
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