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CLOSURE THEOREMS WITH APPLICATIONS
TO ENTIRE FUNCTIONS WITH GAPS

BY
J. M. ANDERSON AND K. G. BINMORE

Abstract. In this paper we consider questions of completeness for spaces of
continuous functions on a half line which satisfy appropriate growth conditions. The
results obtained have consequences in the theory of entire functions with gap power
series. In particular we show that, under an appropriate gap hypothesis, the rate of
growth of an entire function in the whole plane is determined by its rate of growth
along any given ray.

1. Introduction. We consider nonconstant entire functions f(z) which have gap
power series expansions—i.e. expansions of the form

(1.1 flo) = 20 az"

in which a,=0 (n ¢ A), where A is a given set of positive integers. The maximum
modulus of f(z) on the circle |z| =r will be denoted by M (r)=M(r,f). As is well
known, the function

(1.2) m(s) = m(s, f) = log M(e°)

is a convex function of s.

The growth of M(r,f) will be measured by comparing it with that of a given
function H(r). We shall always suppose that H(r) is a positive increasing function
defined for 0<r<oo and that

(L3) h(s) = log H(e*)

is a convex function of s. We shall assume, in fact, that A(s) has a positive second
derivative at every point. This simplifies some of the proofs and is not an important
restriction. We shall also insist that, for each integer n,

(1.4 r"H(r) — +o (r — +0).

This amounts to excluding the case of polynomial growth (see Theorem A of §2).
The set A is to be thought of as being lacunary in an appropriate sense. Our
theorems show that, under such an hypothesis, the behaviour of M(r,f) is deter-
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382 J. M. ANDERSON AND K. G. BINMORE [November

mined by the behaviour of f(z) along any given ray emanating from the origin.
We shall always suppose such a ray to be the positive real axis, but this, of course,
involves no loss of generality. Our theory applies to functions with an arbitrary
rate of growth, but, as some of our theorems are known in the case of functions
of finite order—i.e. functions for which

pzlimsupl_(_)gl_og_il_(r_) < oo

rowo log r ?

it may be advantageous to think of the functions H(r) as growing very rapidly
indeed.
Using the methods of [1], the following theorem is easily proved.

THEOREM 1. Suppose that(*)

(1.5) >Nt < .
Then the hypothesis
(1.6) |f(x)| = H(x) 0=x<

implies that, for each o> 1, there is a constant A such that
(1.7) M(r,f) £ AH(or) 0 = r < o).

This extends a theorem of Gaier [6]. In Gaier’s theorem, condition (1.6) is
replaced by the hypothesis that f has finite order p and mean type = along a ray,
and (1.7) is replaced by the conclusion that f has order p and type 7 in the whole
plane.

Our initial aim in writing this paper is to examine the extent to which the gap
condition (1.5) can be relaxed if one takes into account the rate of growth of f(z).
This question is discussed in §2. The arguments used depend very strongly on the
work of Malliavin [11] concerning the completeness of systems of monomials
{x*} in a weighted Banach space.

Let Sy denote the Banach space consisting of all continuous functions f(x) on
[0, c0) for which f(0)=0 and which satisfy lim,_, ; | f(x)/H(x)|=0. As norm in
the space we use

I/l = max | /() H(x)|.

Let ¥ denote the linear manifold consisting of all finite linear combinations of
the monomials {x*s}. In view of (1.4), ¥ is a subset of S;;. Malliavin gives a necessary
and sufficient condition that ¥ be dense in Sy—i.e. that any f € S may be approxi-
mated in the |- |4 norm by linear combinations of the {x"=}. A question which
Malliavin does not consider, but which is of importance for our application of his
work, is the following:

(%) Where the symbol 3 appears with no indication of the range of summation it will be
assumed that the summation is from 1 to co.
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Question. Suppose that V is not dense in Sy. Then what is the closure V of Vin Sy ?

An analogous problem concerns the Banach space C,[0, 1] consisting of all
continuous functions f(x) on [0, 1] which satisfy f(0)=0, the norm being given by
|fll=maxos,<: | f(x)]. This problem was solved by Clarkson and Erdos [3] (see
also Korevaar [8]). It is well known that V is dense in C,[0, 1] if and only if

1.8) > At = oo,

If this is not the case (i.e. if 3, A; ! <o0) then the closure of ¥'in Cy[0, 1] turns out to
be a surprisingly small set—namely the set of all fe Cy[0, 1] which are the
restrictions to [0, 1] of functions f(z) which are analytic in the open unit disc with
a power series expansion of the form
(1.9) f@) = Az

By using this result we may say something about the closure of ¥ in Sy in the
case when > A;'<oo. If f(x) belongs to the closure of ¥ in Sy, then, for each
R >0, the function f(Rx) belongs to the closure of V in the space C,[0, 1]. In view
of the result of Clarkson and Erdés mentioned above, we deduce that f'is the restric-
tion to the positive real axis of an entire function f(z) with a power series expansion
of the form (1.9). Moreover, since f € Sy, we have that

f(x) = O(H(x)) (x = +o0).
On employing Theorem 1, we deduce that, for each o>1,
(1.10) M(r,f) = O(H(or)) (r— +0).
For 0<o<oo, let E, denote the set of all entire functions f(z) satisfying (1.9)
and (1.10). From the above remarks we have that V< E, (o> 1).
On the other hand, if f € E, (¢ < 1), then it is easily seen (as in Theorem 4 below)

that the partial sums of its power series expansion converge to f(z) in the |- |4
norm and hence that fe V.

If > A, <oo, we can therefore assert that
(1.11) E,c V< E

provided that 0 <« <1 <f. The more difficult case when 3, A, 1=o0 is discussed in
§4. In neither case, however, are we able to give a precise characterisation of the
set V.

To conclude this section we remark that the case H(x)=e* of Malliavin’s results
had been obtained earlier by Fuchs [5]. The question of noncompleteness in this
case has been discussed by Leont’ev [10] and our results of §4 complement his to
the extent that he deals only with the case of finite order.

2. Growth theorems. We begin with some definitions. As always A(s) is given
by (1.3). If A is a set of positive integers, we introduce the function

2.1 L= > Nt

Ap <h(x)
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and define the quantities D, and D, by
D, = Dy(A) = limsup x " 'L,(x), D, = Dy(A) = lim inf x ~1L,(x).
xX— + © X 4+ ©

We shall refer to D, and D, as the upper and lower A-densities of the set A. Note,
however, that these numbers may exceed one.

The set A will be said to be ~A-measurable if D, = D,, in which case the common
value will be denoted by D,. We may call D, the A-density of the set A. Following
Kahane [7], we may associate with D, a “densité extérieure” Djf. This number is
defined by

2.2) Df = D¥(A) = inf Dy(w)

where the infimum is extended over all A-measurable sets x4 which contain the set
A. To be consistent with what seems to be the English speaking usage, we shall
refer to Dj as the maximum A-density of the set A. The following inequality clearly
holds for all # and A:

D, £ D, = D}.

The case when £ is the exponential function has been considered, for example,
by Edrei [4] and by Malliavin [11]. They refer to the densities involved as
“logarithmic”. We remark that the ‘“maximum logarithmic density” DX, (A)
of a set A admits the following alternative definition—namely

L L(x)—L(x*%)
* = T
Dea(A) = lim lim sup |\ 7= 7150 %
where L(x)=2, <x A7 1.
Suppose now that f(z) is an entire function and that m(s)=m(s, f) is given by
(1.2). We shall say that f(z) has A-order p (in the whole plane) if
-1
p = lim sup ﬁ(—’:('@
The A-order reduces to the usual notion of order in the case when 4 is the exponen-
tial function. We shall also speak of a function having 4-order p “along a ray” or
“in an angle”, the definitions being the obvious ones.
Two increasing convex functions, A(s) and k(s), will be said to be comparable if
the limit

-1
@.3) / = lim "—g"(—s)—)
exists. Here 0=</=<o0. If 0 </< o0, then an entire function f(z) has 4-order p if and
only if it has k-order p/=1.

In a number of our theorems, we require that the function A(s), in addition to
satisfying the requirements of §1, have the property that log A(s) is a convex
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function of s. This implies that (log A(s))/s — m (s = +o0) for some m (0 < m = o).

The interesting case, of course, is that when m =00, since, if m < co, it follows from

the above remarks that f(z) has h-order p if and only if it has (ordinary) order mp.
With these definitions we now state

THEOREM 2. Suppose that log h(s) is a convex function of s and that k(s) is a
convex function of s which is comparable with h(s). Let f(z), given by (1.1), be an
entire function with h-order at most p< oo and suppose that

(2.4) DE(A) < 1)2p.

Then the hypothesis that f(z) has k-order o < p along a ray implies that f(z) has k-order
o in the whole plane.

This implies that an entire function f(z) satisfying the conditions of Theorem 2
has the same A-order along every ray as it does in the whole plane. On taking A(s)
=k(s)=exp s, we obtain the following corollary (see K6vari [9, Theorem 1] for a
somewhat similar result).

COROLLARY 1. Let f(z) have order at most p <o and suppose that
2.5 D% (N < 1)2p.

Then the hypothesis that f(2) has order o < p along a ray implies that f(z) has order o
in the whole plane.

The question arises as to whether or not Theorem 2 is “best possible”. Since
k(s) is convex, we have that k(s)/s — v (s — +00) where 0=y =<o0. If y<oo, the
hypothesis that f has k-order o<oo along a ray implies that f has polynomial
growth along the ray. This is a situation we have considered elsewhere [2]. In the
notation of this section we have

THEOREM A. Let f(z) have h-order p < oo and suppose that

(2.6) Dy(A) < 1/2p.
Then the hypothesis that f is majorised by some polynomial along a ray implies that f
is itself a polynomial.

Conversely, if log h(s) is convex, then, given any set of positive integers A for
which D,(A)=1/2p, there exists a transcendental entire function f(z) with a gap
power series expansion of the form (1.1) and of h-order at most p but such that
f(x) =0 (x > +00).

Thus, Theorem 2 and Corollary 1 are best possible in the sense that the number
(2p) ~* which appears in (2.4) and (2.5) cannot be replaced by any larger constant.
One simply applies Theorem A to a set A for which D,(A)= DF(A). However, it
seems possible that Theorem 2 remains true if condition (2.4) is replaced by (2.6).
We have not been able to settle this question, even in the case when A(s) is the
exponential function.
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In addition to considering growth along a ray, one can also consider how the
growth in an angle of an entire function with a gap power series expansion affects
its growth in the whole plane. We discuss this question in §7.

3. Approximation results. We now turn to the Banach space S}, and the various
other concepts introduced in §1. We recall that H(s) is a positive increasing function
defined for 0<s<oo. In particular, H(0)>0. Also h(s)=Ilog H(e*) is a convex
function of s. For the given set A={A,} of positive integers we define

3.1 Ay =2 > AL

Ap <t

As before, V denotes the set of all finite linear combinations of the monomials
{x™n}.

Malliavin [11] proves the following theorem:
THEOREM B. A necessary and sufficient condition that V be dense in Sy is that, for
each real constant a,
+ d
(3.2) f () —a) 5 = +oo0

The dual space S} of Sy is the set of all measures u on [0, c0) for which

el = j H@)|du(o)] < .

It is well known that a necessary and sufficient condition for ¥ to be dense in Sy
(i.e. that the sequence {xs} be closed in S}) is that the only measure u € S§; which
satisfies

(.3) f: Padu(t) =0 (m=1,2,...)

is ©=0 (i.e. that the sequence {x"s} is complete in Sy). To prove the necessity of
(3.2) in Theorem B, Malliavin therefore assumes that (3.2) does not hold and
constructs a measure p € Sy which satisfies (3.3) but does not vanish identically.

Malliavin’s construction is very explicit. If (3.2) does not hold, the measure u
is determined by

® a1 — 1—-2/Q+ D) ooz
6o 6= [ o =@ [T (Fae)e
where g(z) satisfies
(3.9 log [s@] = —2 {7 20 ar—bx.

In this equation b is a constant and ¢(¢) is a certain even function of ¢ which
satisfies [ $(¢) dt/t?< 0.
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A sequence {x"»} is said to be free in Sy if no x* can be approximated in the
|- |# norm by linear combinations of the other elements of {x*s}. Let L, be the
linear functional defined on ¥ which maps each polynomial P(x)=3 a,xc onto
its nth coefficient. That is to say

(3.6) a, = L(P).

It is easy to prove that {x=} is free in S if and only if each of the linear functionals
L, (n=1,2,...) is bounded. As a consequence we deduce that a necessary and
sufficient condition for the sequence {x*s} to be free in Sy, is the existence of measures
M, € Sp (n=1,2,...) with the property that

f T edu(t) =1, n=k
0
=0, n#k.

The sufficiency is immediate. For the necessity, we note that L, may be extended to
the whole of Sy by the Hahn-Banach theorem and therefore may be represented
in the appropriate form.

We now prove a lemma which implies that the sequence {x*»} is free in Sy
whenever V is not dense in Sy. The proof of the lemma requires some remarks
concerning the properties of convex functions.

Suppose that g(x) is a convex function of x with the property that

3.7 gx)/x = 40 (x = +00).
With such a function we may associate another function 7,(y) defined by
(38 7o(y) = sup {xy—g(x)}.

The function 7,(y) is itself convex and satisfies (3.7). Moreover (see [12, p. 7]), we
have that

(3.9) glx) = sup {yx—7,(0)}-

LEMMA 1. Suppose that V is not dense in Sy. Then there exist measures p., € Sy
n=1,2,3,...) for which

f Pedu(t) =1, n=k,
0
=0, n #k,

and such that
Il < € CXP{‘% 2N }
k=1

where C is a constant depending only on the sequence A and the function H(x).
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Proof. We set Hy(t)=H(t+1) (¢20) and define, for x=0,

M(x) = max (Ho(t))

We now write H;(¢)=t*H,(¢). Since ¥ is not dense in Sy it follows from Theorem B
that V is not dense in Sy,. Hence we may use Malliavin’s construction to obtain a
nonzero measure u € Sy, with the property that

j Pedu(t) =0 (k=1,2,...)
0
This measure y is determined by (3.4). Since u € Sy, we have that, for x=4,
0 © tx
t*|du(t)| = f ——— H,(?)|du(t
[ #1auo] = [ 7 Halduto)

< su
125

tx
| Mol = Kb
where K is a constant which depends only on the function H(s) and on p. Since the
function g(z) determined by (3.4) has no zeros, the function G,(z)=(z— A, — 1) ~1G(z)
has no zero at z=2A,+ 1. On writing A= A,, we conclude that

n( ) - G(Z) -1

@ tz—l © tz—)\—l
= f T 0 = [ e o

z

[ L] [ { [ ao)a

We now seek to show that the integrated part of this expression vanishes,
provided that x=%z> 1. Firstly,

t
tz"“lf u du(u)
0

Also, since G(A+1)=0,

g:x-1£|dy(u)|—>o (t—>0+).

[0 dutd = - [ duty;

and hence

t
p2mAml f u du(u)
0

tz""lf  du(e)
t

":U'“HI. -0 (t_) +°°)°

Thus, for Zz>1,

(3.10) Gu(2) = f: 1 du (1)
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where v, is defined by

t
do(t) = ‘?A% { f " d,u(u)} dt.
0o
We shall show that, for each integer n,
(3.11) [vn]le < 4,

where A4 is a constant depending only on H and u. Assuming this fact for the
moment, we define u, by

A1) = G—(—}+—l) dna(2).

We have from (3.9) that

© Gn(/\k f 1)
A d“ - 7/ = k
.L o n(t) Gn()‘n t 1) l’ " ’

=0, n # k.
Moreover, it is not difficult to deduce from (3.4) that

n
|G+ 1|~ £ BMexp {—2A,, Z /\,;1}
k=1
where B is a constant which depends only on the sequence A and on the function

H(s). The necessary estimation for the infinite product which appears in (3.4) is
given in Fuchs [5]. It follows immediately from this inequality and from (3.11) that

liali S 48 exp {~24, 3 7).
k=1

It remains to establish (3.11). Now, if x<A—1,
© © t
[ ol s [T emr-rar [ wlduo
0 ] 0

= ["wiaul [ err e = 525 [ wlduto
0 u —X Jo
S KM(x-4) (xz 4.
Only the last inequality above requires x = 4, and so we conclude, in particular, that
[ ol = [ 1o,

for each integer n, the integrals existing since H(0)>0.
Ifxz=A+1, )
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f #¥]dvn(1)| = f (F-A-1 gy I f W du()
0 0 t
< fw tx-A-ldsz W d(as)|
0
_ f W dus)| f FEA=1 gy = 1 u"ldp(u)[
0

< KM(x—4) x =z 4.
When A—1<x<A+1, we have that
[ o) = [ o=l + [ o2l
0 0 0

S KM(x—6)+KM(x—2) (x 2 6)
< 2KM(x-2) (x 2 6).

v 1

On combining these results, we obtain that, if x=6,
(.12) f #*|dva(t)| < 2KM(x—2).
0
We now define constants 4, by
P+1
4, = f )] (2= 1,2,3,...).
p
From (3.12), we deduce that, for any given p (0<p <o) and any x=6,

A,p* = p* f:l ldv(1)| < f: 1¥|dvo(1)] < 2KM(x—2).

Hence,
Ap p < x -2
2K S M&—2) = max| s |
Therefore,
(.13) log A21’ < max {sx—(ho(s) +25)} = k),

say. But hy(s)+2s is a convex function of s, and thus, by (3.9),
ho(s)+2s = max {sx —k(x)}.

We may write this in the form
log t2Hy(t) = max {x log ¢t —k(x)}.
Thus

(3.14) {2H (1) < max (1% exp (—k(9)} < max {‘% (-:-,)x}

[November
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by (3.13) provided that the maximum value of x log ¢ — k(x) is assumed for a value
of x= 6. This will be the case as long as ¢ is large enough—say = p,, where p, is a
constant which depends only on the function H(s).

We choose t=p=p, in (3.14) and obtain that, for p=p,, p?Ho(p)<2K|A,.
Hence

AH(p+1) £ 2K[p®  (p Z po)-

We therefore conclude that

[valle = f: H(2)|dva(2)]

00

< H(po) j ldou(O]+ D AH(p+1)

=po

0 Ll 1
< HQo [l +2K 3 = 4,
P=Do

where A4 is a constant which depends only on the function H(s) and on u. This
completes the proof of Lemma 1.

Suppose now that ¥V is not dense in Sj. Then it follows from Lemma 1 that the
sequence {x+} is free in Sy. Hence the linear functional L, defined on V by (3.6)
is bounded. Its extension L, as a bounded linear functional to ¥ is therefore unique.
Given any f'€ ¥V, we may therefore define a,=L,(f) and write

(3.15) &) ~ D axt,

This definition says nothing about the convergence of the series in (3.15). However,
if
Pyx) = D ayxe

is a polynomial with the property that |P,—f|gz—0 (n—>00), then a,, — a;
(n — o) for each k=1, 2,....

LeMMA 2. Suppose that V is not dense in Sy. Then, given any fe V for which
f(x)~3 a,x, we have that

@l 5 Cverp {20, 3 a2} 111

where C is a constant depending only on the set A and on H(s).

Proof. In view of the continuity of L, (n=1, 2, ...), we need prove this only in
the case when f'is a polynomial P € V. We have

ap, = J:o P(2) dp,(t),

where the measure p, is that of Lemma 1. Hence
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P(2)
e | HG@)

1P -l
n

= cvep{-20 3 e} Pl
k=1

by Lemma 1, as required.

IIA

|an|

NGO

4. Problems of closure. Suppose now that ¥ is not dense in Sy. Then how big
is the closure ¥ of Vin Sy ? We have already considered the case when 5 A;1 <o
in the introduction. For this section we shall therefore make the assumption that

.1 DAt =

We recall the definitions of M(r)=M(r, ), m(s) and A(r) given in §§1 and 3, and
define

4.2) P(s) = max {ns—n(n)}.
We now state

THEOREM 3. Suppose that (4.1) holds, and that V is not dense in Sy. Then each
f €V is the restriction to the real axis of an entire function f(z) with a gap power
series expansion of the form

4.3) f@) =D A

Moreover, there is a constant a, which depends only on the set A and on H(s), such
that m(s, ) S (s+a) for all sufficiently large values of s.

Proof. We write C,=C" exp {—2A, 2%-; A7}, and suppose that f(x)~ > A,xs.
We then have from Lemma 2 that

4.4 [4a| = Gl Sz
Since Ci/*» — 0, we deduce that the series
g2 = Z Apz™

converges for all values of z. The function g(z) is therefore entire. We prove that

f(x)=g(x) (0=x<o0).
Let

k
Py(x) = z Appx’n
n=0

be such that
|f~Pelz—0  (k—>oc0).
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Then

[4n—Aucl < Cullf=Piln
by Lemma 2. Thus, for a given x (0=<x <0),

|/®)—g@)| = |/(X)—Pu(x)] + | Pu(x) — g(x)]

00

= H®)|f—Pelu+ + Apx™

n=k+1

i Apx™n

n=k+1

k
Z (Ank - An)xA"
n=0

< HWI=Pula+{ 3 Cornflf=Pilu+
-0 (k — o).

Hence f(x)=g(x) (0= x <o0). Moreover,

M(R,f) £ 2 |As| R < || fll 2, CPR exp {—2)«,, > A,;l},
k=1
by Lemma 2. Hence, for a suitable constant K,
M(R,f) < Kmax {2CR)" exp (—nA(n))}- > 27,
On taking logarithms, we obtain that, for all large s,
m(s, f) = max {sn+an—ni(n)} = J(s+a),

where R=e¢* and a>log 2C. This completes the proof of Theorem 3.
THEOREM 4. Let f(z) be an entire function satisfying (4.3) and for which
4.5) m(s, f) < h(s—a)

for some a>0 and all large values of s. Then the partial sums of the power series
expansion of f(z) converge to f(z) in the ||- |z norm and hence fe V.

Proof. Let f(z)=> a,z" where a,=0 (n ¢ A). It suffices to show that
Z a,x"
n=N
We deduce this from the fact that
=} tn
A= nzo @] S‘gg {_H(t)} < 0.

To obtain this last inequality, we begin with an estimate of the coefficients. From
Cauchy’s coefficient inequality,

-0 (N — o).
H

log |a,| £ —sup {ns—m(s)} = — 51‘1p {nt—m(t+a)} —na.
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Writing m,(t) =m(t+a), we have that

|a.| < exp {—na—r,,(n)}

where, for a convex function g, 7, is defined by (3.8). Also,

stlglg {ITI%;} = exp {sgp [sn—h(s)]} = exp mx(n).

Hence

A=< Z exp {—na— 1, (n)+ m(n)}.
n=0
A sufficient condition that 4 be finite is therefore that 7,(n) <, (n) for large
values of n. But this follows from (4.5) and so the proof of Theorem 4 is complete.

5. Density conditions. If the function (s) is given by (4.2), we define the
function ¥(r) by

(5.1) d(s) = log F(e).

For 8>0 we define F; to be the set of all entire functions with a gap power series
expansion of the form (4.3) for which

M(r,f) = O(¥(Br))  (r— o).

Assembling the results of the previous section and recalling the definition of
E, given in §1, we conclude that, if > A, =00 and V is not dense in Sy, then

(5.2) E,c V< F,

for each a <1 and some B> 1. This result is less satisfactory than (1.11) which was
obtained for the case > A; ! <oo.

A more elegant conclusion than (5.2) is possible if one is willing to admit some
side conditions. For p>0 we let G, denote the set of all entire functions with a gap
power series expansion of the form (4.3) and which have h-order at most equal to p.
With this definition we have

THEOREM 5. Suppose that log h(s) is convex and that
(5.3) D¥(A) < 1.
Then, provided that 0<a<1, G,= V<G,.

We require two lemmas.

LemMA 3. Suppose that log h(s) is a convex function of s. Then V is dense in Sy
if Dy(A)>% and V is not dense in Sy, if Dy(A)<3.

Proof. The proof simply uses the criteria of Theorem B. We suppose firstly that
D,(A)>1 and that a is a given positive number.
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Then there exists a sequence of real numbers {s,} which is unbounded above
and has the property that

A —a = h=(sy) k=12...)

where A(s) is defined by (3.1). We may assume that s, > 2s;,,_; and so

["He-0%23 [ H0w-0%251= o

It follows from Theorem B that ¥ is dense in Sy.

Now suppose that D, <. Then there exists a 8 < 1 such that, for large values of s,
A(s) £ 8h~(s). Since log A(s) is convex, we have that

h(ds) = O(h(s))* (s = +00).

For an appropriate constant 4,
+ o + + o
f h(A(s))‘S"—;v < f h(8h‘1(s))‘j—§ <4 f % < .
It follows from Theorem B that V is not dense in Sy.

LemMMA 4. Suppose that g(x) is a strictly increasing function of x which has a
positive second derivative at every point and which satisfies (3.7). Then, if log g(x)
is convex, there is a constant 8> 0 such that
(5.9 xg Y (x)—x £ 7,(x) < xg~1(8x)
for all sufficiently large values of x.

Proof. The left-hand inequality is obtained by substituting x=g ~(y) into (3.8).
To prove the other inequality, we let k(x)=g’(x). Then

(5.5) 74%) = xk~1(x)—glk~1(x)) £ xk~1(x).

Since log g(x) is convex, its derivative is increasing. It follows that there is a §>0
such that

for all sufficiently large values of x. We let y=g(x) and conclude that

¥[8 = g'(x) = k(g7 (»)).

Hence g~*(8y) 2k~*(y) and the result follows from (5.5).

Proof of Theorem 5. The conclusion that G, ¥ for each « (0<a«<1) follows
immediately from the fact that E,= ¥ for each « (0<a<1). It remains to show
that V<= G;. In view of (1.11) we may assume that > A;1=c0.

Let A satisfy 0<A<1. By (5.3) we may embed A in a set of positive integers u
for which D,(u) exists and satisfies
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(5.6) 1A < Do) < 3.

We denote by W the set of all finite linear combinations of the monomials
{x“s} and write

px) =2 3wt
Un<x
Evidently V= W. It follows from (5.6) that D,(x) <% and therefore, by Lemma 3,
we may deduce that W is not dense in Sy,.

Now suppose that fe V. Then fe W and hence, by Theorem 4, f is an entire
function with a gap power series expansion of the form f(z)=>_, a,z" in which
a,=0 (n ¢ p). Further, there exists a constant a such that, for large values of s,
m(s, f) = y(s+a) where

(5.7 $(s) = max {ns—nu(n)}.
By (5.6) we have that u(n)> Ah~(n), for all sufficiently large values of n. But

log A(s) is convex and hence, by Lemma 4, there is a constant & such that
h=Y(n) 2 (8/n)7,(n/d). Thus, for all sufficiently large values of n,

n

w(n) > ATS Th (S\)

On substituting this inequality into (5.7) and writing n=m3, we obtain that, for all
large values of s,

P(s) £ max {mds — Ad,(m)}

ms s
AS I,ln‘lgt))( {X_ T,,(m)} = ASh(—A-)
by (3.9). Thus given any A’ satisfying 0 < A’ < A we conclude that, for large values
of s, m(s, f) = h(s/A"). Hence

lim sup

h~m(s)) _ 1
§—» 0 S = AI
But A, and hence A’ can be chosen as close to 1 as we like. It follows then that

f(2) has h-order at most 1; i.e. that V<G, as required.

6. Growth on a ray.
Proof of Theorem 1. We may suppose that f(0)=0. It is then a simple conse-
quence of Theorem 1 of [1] that, for any fixed K> 1, there is an N such that

|lar"| < K™ max |f(x)|
0sxsr
for each n= N and every r>0. (For the necessary estimation of the product II(n)

see, for example, [6].) Given o> 1, we suppose that ¢ > K> 1. Then, for appropriate
constants B and C,
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L
M@, f) £ BrV+ 2 |aqrte™|o—™
n=N

< B4 H(o) > (%)

n=N

= Br¥+ CH(ro)

from which the theorem follows by (1.4).

Proof of Theorem 2. We may assume in the first place that k(s)/s — +oo
(s — +o0) since Theorem A covers the case when this does not hold.

We may also assume that p<1 and that DF¥(A)<3%. (If necessary, we replace
h(s) by h(rs) where 7 is chosen so that > p and 7D}(A) <1.) Each of the functions
f(Rt), where R>0, then has A-order p<1 and so we deduce from Theorem 6 that
f(Rt) € ¥ for each R>0.

Since the functions A(s) and k(s) are comparable, the equation (2.3) holds for
some / (0= /= 0). Since o< p, we have that /<oo. We distinguish two cases: when
/=0 and when 0 </< 0. In view of the remark following (2.3), no loss of generality
is involved in the second case if we take A(s)=k(s).

Now Df(A)<1. Hence, if 0< A< 1, we may follow the argument of Theorem 6
and embed A in a set of positive integers p for which D,(r) exists and such that
1A < Dy(r)<%. With the notation of Theorem 6 we have that W is not dense in
Sy and f(Rt) € V= W for each R>0.

Now suppose that f'has the power series expansion (1.1). It follows from Lemma
2 that, for each R>0,

(6.1) la.R*| < C™ exp {—np@)}- | f(RN)||x
where p is given by (5.5).

We now use the hypothesis that f has k-order o on a ray. We can assume without
loss of generality that the ray is the positive real axis. If o< <1, we obtain that,
for large values of s, log | f(e®)| < k(rs). Hence, writing R=e", we have that

log | f(RN) & = sup {k(rr+rs)—h(s)}.

Since k(s) is convex,

k(rr+7s) < ok(rr|e)+ Bk(=s/B),
provided that « and B are positive and that «+B=1. Thus
62 log | /(RN < ak(rre)+sup {Bk(rs|B)— h(s)}.

Suppose in the first instance that /=0. Then for any B> 0,
(6.3) Bk(s[B) < h(s)
for large values of 5. Hence, for a suitable constant a,

log | f(RO)|x S ok(rrfa)+a.
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Since u(n) — oo (n — o0), it follows from (6.1) that
|a,R?| £ 2" B exp {ck(rr[«)}
for a suitable constant B. Thus
M(R.f) S D |as|R* < B exp (ok(rr/c)).
Hence, if >0, the inequality
m(r, ) = ak(rr|e)+log B = k(rr[e+b)

holds for all large values of r. But equation (6.3) holds for each 8> 0. Since «+58=1,
o may be chosen arbitrarily close to 1. As 7 is any number which satisfies o< 7<1,
it follows that f has k-order o in the whole plane. Thus the theorem is proved in the
case /=0.

Suppose now that 0 </<oo. For this case we may assume that h(s)=k(s). We
now take f=, in which case «a=1— . From (6.2) it then follows that

(6.4) log [ f(R)|z = ak(rr/e).

Since log A(s) is convex, we may estimate u(s) as in Theorem 6. We obtain that
for large values of s,

su(s) > Arp(s) = Ari(s).

On substituting this result and the inequality (6.4) into (6.1), we deduce that, for a
suitable constant y,

log |a,R"| £ yn— Ar(n)+ak(rr/e).
Thus,
log |a,| £ yn— A7 (n)—sup {nr—ak(rr/e)}
= yn— A7 (n)— asup {ns/t—k(s)}

= yn— Ary(n) — ar(n/7)
s yn—(A+a/m)mi(n)
since 7, is convex. It follows that
log |a,R*| £ —n+ sup {r+v+Dn—(A+af7)7(n)}

Il

r+y+1
— (Aol (FE25)

Hence, proceeding as in the case /=0, we conclude that, for an appropriate
constant b, m(r, f) <k(dr+b), where §=(A+«/7) "1, for all sufficiently large values
of r. In this inequality «=1—7 and A may be chosen as close to 1 as we please.
It follows that

-1
lim sup E—%”@ <8,

r=> 00
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where 8 may be taken as close to 7, and hence as close to o as we choose. Thus
f(2) has k-order at most o, and the proof of Theorem 2 is complete.

7. Growth in an angle. Edrei [4] and Malliavin [11, p. 233] have both inde-
pendently obtained the following result.

THEOREM C. Let f(z) have order p<oo in some angle of opening greater than
27 D¥ (A). Then f(2) has order p in the whole plane.

Malliavin deduces this from his Theorem 10.4 which is a consequence of his
approximation results. His method also yields the following theorem. In this
theorem the number D'(A) is defined by

. L(x)—L(y)
FAY — .
.1 DIy = ngl_)swtug log x—log y
THEOREM 6. Let f(z) have h-order p<oo in some angle of opening greater than
27 D(A). Then f(z) has h-order p in the whole plane.

Malliavin calls the number D'(A) the quasi-logarithmic density of A. As he
remarks

(7.2) Dexy(A) £ D5(A) £ D'(A),

and, therefore, Theorem 6 is weaker than Theorem C in the case when 4 is the
exponential function. It would be interesting to know whether Theorem 6 remains
true in general with D'(A) replaced by DX (A).

Theorem 6 is a consequence of Theorem D below. This is simply a version of
Malliavin’s Theorem 10.4. Before quoting Theorem D, we require a few
definitions.

If k(r) is a real valued function on (0, c©), the function ky(r) is defined by

ko(r) = inf k(s).

The function k(r) is said to be asymptotically increasing if the function k(r) —ko(r)
is bounded (0 < r <0).

The ‘quasi-logarithmic density D(A), defined by (7.1) above, turns out to be
the greatest lower bound(?) of the set of all « for which « log x—L(x) is asymp-
totically increasing.

The function g(z) will be assumed to be analytic at the origin with a gap power
series expansion of the form

13 £ = > e

n=0

in which ¢,=0 (n ¢ A).

(?) Not the least upper bound as in [11, p. 218], which is, presumably, a misprint.
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THEOREM D. Let & denote the closure of a sector of the unit disc which subtends
an angle y > 2w Doyy(A) at the origin. Suppose that g(z), which is given by (1.3) in the
neighborhood of the origin, is continuous on & and analytic on its interior. Then

ea| = exp {«+Bn+ (k(n) — ko(n))n} max le(@)],

where o and B are positive constants which depend only on the set A and the sector &
and k(x)=(y[m) log x— A(x).

Theorem 6 is now readily proved. If y > 27 DY(A) then the function k(x) is asymp-
totically increasing—i.e. k(n)—ko(n) is bounded. In view of (7.2) we may apply
Theorem D to the function g(z)=f(Rz) for an arbitrary value of R>0. We obtain
that, for an appropriate constant a,

M(aR,f) = max |f(Rz)] (R >0).

The assumption that f(z) has h-order p in an angle of opening y then yields the
required result. Theorem C is proved similarly (see [11, p. 233]).
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