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behaviour of the ground-state EE (at 7' = 0), previously
established by the authors for d > 1.
© 2017 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The present paper is devoted to the study of (bounded, self-adjoint) operators of the
form

Wo = Wa(a;A) = XA Opa(a)X/\’ a>0, (11)

on L2(R?), d > 1, where x, is the indicator function of a set A C R%. The parameter 1/a
can be interpreted as a quasiclassical parameter that tends to zero in our asymptotic
results. The notation Op, (a) stands for the a-pseudo-differential operator with symbol
a = a(¢), which acts on Schwartz functions u on R? as

(Ora(as) ) = = f] gy, xR

Integrals without indication of the integration domain always mean integration over R¢
with the value of d which is clear from the context. More general symbols, depending
on both variables x and &, or operators with matrix-valued symbols can be also treated,
but we limit our attention only to &-dependent symbols. We call the operator (1.1)
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a Wiener—Hopf operator. A more precise term would be truncated Wiener—Hopf operator,
but we always omit “truncated” for brevity. Our focus is on the operator difference

Do (a,A; f) :i= xaf(Wa(a; A))xa — Wo(f o a; A), (1.2)

with some suitably chosen functions f. We are interested in the asymptotic properties
of the trace tr Dy (a, A; f) as a — oo. If f(0) =0, A is bounded and a decays sufficiently
fast at infinity, then it is trivial to observe that the second operator on the right-hand
side of (1.2) is trace-class and

W[ i) = gl / £ (a(€)) de, (1.3)

where |A| is the d-dimensional Lebesgue measure of A. If |A| = oo, then neither of the
terms on the right-hand side of (1.2) is trace class (except in trivial cases), but their
difference is trace class, under the conditions adopted in this paper. We must emphasise
that it is essential to us to consider A in (1.2) also of infinite measure.

Asymptotic properties of D, (a, A; f) have been extensively studied in the literature,
with the majority of results obtained in the 1980’s. All results obtained at that time
pertained to the case of smooth functions f (or more precisely, smooth on the range of the
symbol a) and bounded A. Under these assumptions, the case of a smooth symbol a was
understood particularly well: the full asymptotic expansion of tr D, (a, A; f) in powers
of a~! was derived by A. Budylin—V. Buslaev [4] and H. Widom [30]. The paper [30]
also provides a brief historical account of this problem. Out of all relevant bibliography
we mention just one other paper by H. Widom, [29], whose ideas we exploit in some of
our proofs.

Another important and challenging problem is to study the asymptotics of the trace
of Dy (a, A; f) for discontinuous symbols, in particular, for symbols of the form a = yq
with a bounded region  C R%. This problem was studied by H. Landau-H. Widom [12],
H. Widom [28] (for d = 1) and by A.V. Sobolev [21,23] (for arbitrary d > 1). It was
found that

tr Do(a, A; f) = W1 a? Hlog(a) + o(a? ! log(a)), a — oo, (1.4)

for a bounded domain A C R? with an explicitly given coefficient 2J; = 20, (9A, 99, f).
The discontinuity of the symbol a can be interpreted as the presence of one of the two
Fisher—Hartwig singularities investigated in detail for truncated Toeplitz matrices, that
is, for the discrete counterpart of Wiener-Hopf operators, see [6].

In recent years, new demands for the asymptotics of traces of Wiener—Hopf operators
emerged, which have been triggered by applications to (quantum) statistical mechan-
ics. Our interest originates from the large-scale behaviour of the spatially bipartite
entanglement entropy (EE, also called mutual information) of free fermions in thermal
equilibrium. Here one faces several mathematical challenges at the same time.
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(1) Non-smooth functions f. One needs to consider the operator (1.2) with functions
f that lack smoothness at finitely many points, or, which is the same in view of
additivity, at one point. The functions of interest are the y-Rényi entropy functions
7y,7v > 0, that are defined in (10.1) and (10.2).

(2) Unbounded A. One needs to consider the operator (1.2) with unbounded domains A,
in contrast to most of the previously known results.

(3) Uniform estimates. In quantum-mechanical applications, apart from the scaling pa-
rameter, it is natural to control the dependence of the symbol a on other parameters
such as the temperature T > 0. Thus it is necessary to provide estimates and asymp-
totic remainder estimates that are uniform in the symbol a in some broad sense. For
example, in the study of the entanglement entropy the symbol a in the operator (1.2)
is given by the Fermi symbol ar ,,, see the definition (1.5), and one needs to control
the T-dependence of the estimates. This requires substantial extra work since the
results of [29,30] are not directly applicable.

A general approach to the study of operator differences of the form Pf(PAP)P —
Pf(A)P with a self-adjoint operator A, an orthogonal projection P and a non-smooth
function f, was put forward in [25]. One application of the results in [25] is the extension
of (1.4) to non-smooth functions f under the assumption that either A or its complement
is bounded, thereby tackling challenges (1) and (2) above.

The special case a(€) = xq(€) for bounded 2, A C R? was considered even earlier
in [13]. In the quantum-mechanical context, formula (1.4), if used with a = yq and the
function f = n,, gives the large-scale asymptotics of the entanglement entropy at zero
temperature with Fermi sea €2, see also [7].

In the present paper we work exclusively with smooth symbols a with a fast decay at
infinity. The function f is allowed to lack smoothness at one point, see Condition 2.1.
A typical example of such a function is f(¢t) = [¢|7,+ > 0. The region A is such that
either A or R?\ A is bounded, see Condition 3.1 for details.

The goal of this paper is two-fold, and it correspondingly splits in two parts.

Part 1: Sections 2-7. First we establish some explicit estimates for the (quasi-) norms
of the operator (1.2) in the Schatten—von Neumann classes &4, ¢ € (0,1]. Later on
we need only trace class norms, but the more general & -estimates are obtained at
“no extra cost”, and are provided for the sake of completeness. Here we rely on the
results of [25] where this problem was studied in the abstract setting. We quote these
results in Proposition 2.2. Indeed, the very fact that D,(a,A; f) € &, is an almost
direct consequence of Proposition 2.2, but this alone is insufficient for us since we need
sharp explicit estimates, uniform in a. Thus we identify a class of symbols a that we
call multi-scale symbols, and establish explicit estimates for ||Dq(a, A; f)||s,, which are
uniform in some suitable sense, see Remark 3.3. They do turn out to be sharp in @ and T
when used for the symbol (1.5), which serves as our leading example. The main estimate
is contained in Theorem 3.5. This takes care of issue (3) above.
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Our next result is the asymptotic formula for tr D, (a, f; A) as @« — oo, for spatial
dimension d = 1, see Section 4. Here we assume again that a is a multi-scale symbol,
and the main objective is to have the explicit control of the remainder, see Theorems 4.4
and 4.7. As mentioned earlier, we follow the seminal ideas of H. Widom, who proved
such asymptotic results for smooth functions f already in the 1980’s, see [27,29-31]. The
proofs of the main asymptotic results of Section 4 are presented in Sections 5 and 6.
To accomplish this we use rather a standard methodology of quasiclassical analysis:
first we prove the required asymptotics for smooth functions f, and then using the
bounds from Theorem 3.5 we extend them to non-smooth ones. The starting point is the
Helffer—Sjostrand formula (see Appendix A) which rewrites the trace of D, (a, A; f) for
smooth f in terms of D, (a, A;r,) with the resolvent function r,(\) :== (A —2)~!, A € R,
z e C.

Part 2: Sections 8-10. Here we apply the results obtained in Part 1 to the symbol

1

= —, £cRY (1.5)
1+exp (—h(g% “)

a(§) = ar,u(§) :

which is nothing but the Fermi symbol of free fermions. The real-valued function h = h(€)
is the classical one-particle Hamiltonian of the free Fermi gas, h(€) — oo as |€] — oo,
the parameter T' > 0 is the (absolute) temperature, and p € R is the chemical potential.
We always assume that p is fixed and T' € (0, Tp] for some Ty > 0. We are interested
in the behaviour of Do (T) = Dq(ar,u, A; f) when @ — oo and T' | 0 simultaneously.
The symbol ar , fits in the formalism of multi-scale symbols, laid out in Section 3, and
as a result we derive from Theorem 3.5 a sharp estimate for the trace norm of D, (T)
with explicit dependence on T and «, under the condition aT > 1, see Theorem 8.3.
For d = 1 the sharpness of this estimate is confirmed by the asymptotic formulas (8.24),
(8.27) for the trace of D, (T), that are derived from Theorem 4.7. The extension of this
large-scale asymptotics to dimensions d > 2 is the content of a separate paper [26].

In Section 10 we specialise further to the function f = n,,7 > 0, which brings us
to the main application of our results, that is, to the large scale asymptotic formulas
for the entanglement entropy (EE) H, (T, ; o) of free fermions in thermal equilibrium
associated with the bipartition R? = A U A¢ with a bounded A C R?, at temperature
T > 0.

As pointed out earlier, by now the EE is well-understood at zero temperature (see
[7,13]), which corresponds to the case when the Fermi symbol a is given by the indicator
function yq of the Fermi sea © C R?. In this case the EE exhibits a logarithmically
enhanced area-law scaling of the form (1.4). The case T' > 0 is somewhat trickier: the
entropy of the total system on R?, that is, trn, (Wa(ar,,; R?)) = tr Op, (ar,,), is infinite,
and hence it is not clear in advance even how to define the EE in a meaningful way.
Intuitively, the EE measures the difference between the sum of the entropies of the
states localised to A and A° and the entropy of the total system. Therefore, a physically
and mathematically reasonable definition of the EE is given in (10.4) below. By that
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we not only ensure the finiteness of the EE, but we are also able to obtain sharp (in «
and T) upper bounds in any spatial dimension d > 1. In Theorem 10.1 we show that'
|H, (T, pi; )| < Ca=1(|1log(T)|+1), if « > 1, oT > 1. This bound tallies well with the
asymptotics (1.4) and thus supports the intuitive expectation that the scaling behaviour
of the EE at T > 0 should resemble more and more the zero temperature behaviour, as
T | 0. For d = 1 this expectation is further justified by the asymptotic formulas (10.9)
and (10.11), derived from (8.24), see Section 9 for the low T-behaviour of the asymptotic
coefficient. As a by-product, this leads to the two-term asymptotic expansion of the local
thermal entropy of the free Fermi gas, which extends the hitherto known leading Weyl
asymptotics (see [16,2]).

The paper [14] presents results on the EE for the one-dimensional and the multi-
dimensional case without the underlying mathematical details. In combination with [26]
and [15] the present paper provides then a full proof of these announcements.

Acknowledgements. Various parts of this paper were written during several visits of HL
and AVS to the FernUniversitit Hagen in 2014-2016, and during the stay of all authors
at the International Newton Institute, Cambridge, in 2015. The authors are grateful to
these institutions for hospitality and financial support.

AVS was supported by EPSRC grant EP/J016829/1.

2. Estimates
2.1. The Schatten—von Neumann ideals of compact operators

This paper relies on the results obtained in [25] for general quasi-normed ideals of
compact operators. Here we limit our attention to the case of Schatten—von Neumann
operator ideals &4, ¢ > 0. Detailed information on these ideals can be found e.g. in
[3,8,18,20]. We shall point out only some basic facts. For a compact operator A on a
separable Hilbert space H denote by s,(A), n = 1,2,... its singular values, that is, the
eigenvalues of the operator |A| := VA*A. We denote the identity operator on 3 by 1.
The Schatten—von Neumann ideal &,, ¢ > 0 consists of all compact operators A, for
which

l4ll, = [gskm)qr oo

If ¢ > 1, then the above functional defines a norm; if 0 < ¢ < 1, then it is a so-called
quasi-norm. There is nevertheless a convenient analogue of the triangle inequality, which
is called the g-triangle inequality:

! Here and everywhere below by C or ¢, with or without indices, we denote positive, finite constants,
whose exact values are unimportant.
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[A1+ Azls, < [[Alls, + 1A2llE,, A1, A2 € &g, 0<g <1, (2.1)
and the Holder inequality,

A1 4z]ls, < llAills,, - [42lle,,. ¢ =ar' +a', 0<a,q < o0, (2.2)

a2’

see [19] and also [3]. In what follows we focus on the case ¢ € (0, 1].
2.2. Non-smooth functions

We study non-smooth functions, satisfying the following condition:

Condition 2.1. For some integer n > 1 the function f € C"(R\ {to}) N C(R) satisfies the
bound

— . (k) 4| YR
1 £ o?z?%%fifj'f ()]t — tol < o0 (2.3)

with some v > 0, and is supported on the interval (tg — R,tg + R) with some R > 0.
The case R = oo means no restriction on the support of the function f.

Below we denote by x g the indicator function of the interval (—R, R), R > 0. For a
function f satisfying the above condition the following bound holds for ¢ # ¢y:

FO @) < | Flnlt = to]*xr(t —to), k=0,1,...,n. (2.4)

If n > 1, then the above condition implies that with » := min{1,~} the function f is
s-Holder continuous — we denote this set by C%*(R). In particular, one can show that
for any tq,t2 € R,

|f(tr) = f(t2)] < 2R*| f|alts — ta], 3¢ = min{1,~}. (2.5)

The following Proposition was proved in [25]. For simplicity we state it only for bounded
self-adjoint operators.

Proposition 2.2. Suppose that f satisfies Condition 2.1 with some y > 0, n > 2 and some
to €R, R € (0,00). Let q be a number such that (n —o)~! < q < 1 with some number
o€ (0,1], o < 7. Let A be a bounded self-adjoint operator and let P be an orthogonal
projection such that PA(1 — P) € &,,. Then

If(PAP)P — Pf(A)lls, < Clf|.R°|PA(L - P)|,, (2.6)

with a positive constant C independent of the operators A, P, the function f, and the
parameters R, tg.
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Since the operator A is bounded, one does not have to assume that f is compactly
supported. The function f can be always replaced by another function suitably localised
to a bounded interval of size 2||A|| around the origin. This observation allows us to
obtain a bound of the correct degree of homogeneity. We state this fact as a corollary of
Proposition 2.2.

Corollary 2.3. Suppose that the conditions of Proposition 2.2 are satisfied with R = oo.
Assume in addition that || Al <1 and that to = 0 in (2.3). Then for any A > 0 we have

If(APAP)P — Pf(AA)|ls, < Clf].AIPA(L - PG, (2.7)

with a positive constant C independent of the operators A, P, the function f and the
parameter \.

Proof. Let f)(t) := A=V f(\t), so that | fV],, = | f].. Since || A < 1, Proposition 2.2
with R = 2 leads to the bound

IfP(PAP)P — PfP(4)lls, < Ol f|al PACL - P,
Substituting the definition of f) we get (2.7). O
As far as the A-behaviour is concerned, the above estimate is sharp, since for f(t) =
[t|”, v > 0, both sides have the same homogeneity in A\. We include such estimates where
an operator (or later, a symbol) is scaled by A in this paper for completeness although
the main application will appear only in [15].
We point out one special case of the non-homogeneous function 7 defined as
n(t) := —tloglt|,t € R, (2.8)
which nevertheless leads to a homogeneous estimate:
Corollary 2.4. Let ¢ € (0,1], and let A be a bounded self-adjoint operator and let P be
an orthogonal projection such that ||A|| <1 and PA(1 — P) € &, for some o € (0,1).
Then for any X\ > 0,
[n(APAP) = Pn(AA)Plls, < CoA|PA(L = P)|G,,, (2.9)
with a positive constant C, independent of the operators A, P and the parameter \.

Proof. We write

nN(APAP) — Pp(AA)P = X(n(PAP)P — Pn(A))P.
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The function n satisfies (2.3) with an arbitrary v € (o0,1), and arbitrarily large n, on
any bounded interval centred at g = 0. Now Proposition 2.2 leads to the claimed esti-
mate. O

3. Estimates for multidimensional Wiener—Hopf operators
3.1. Definitions

Now we derive from Proposition 2.2 some estimates for Wiener—Hopf operators on
L2(R?). In this paper, under Wiener-Hopf operators we understand operators of the
form (1.1) with a set A C R? and symbol a = a(¢). Throughout the paper we assume
that a € L®°(R?) so that the operator Op,(a) is bounded with || Op,(a)| = |a|Le-
Later we will assume that a satisfies some smoothness conditions. Our focus is on the
operator difference (1.2) with suitable functions f. The right-hand side of (1.2) is well
defined for a large class of functions f. We are mostly interested in functions f satisfying
Condition 2.1. Our immediate objective is to obtain for the operator (1.2) estimates in
the Schatten—von Neumann classes S, ¢ € (0,1]. These will be derived from appropriate
&4-bounds for the operator

XA Opg (@) (1 = xa). (3.1)

Bounds of this type were proved in [22]. To state them properly we need to specify precise
conditions on the set A and the symbol a.

We call a domain (an open, connected set) Lipschitz, if it can be described locally as
a set above the graph of a Lipschitz function, see [22] for details. We call A a Lipschitz
region if A is a union of finitely many Lipschitz domains such that their closures are
pair-wise disjoint.

Condition 3.1. For d > 1 the set A C R satisfies one of the following requirements:

(1) Ifd =1, then A is a finite union of open intervals (bounded or unbounded) such that
their closures are pair-wise disjoint.

(2) Ifd > 2, then A is a Lipschitz region, and either A or R%\ A is bounded.

We rely on the bounds for the operator (3.1) obtained in [22]. Apart from the explicit
dependence on the parameter «, these bounds allow one to control the dependence on
two scaling parameters: the momentum scaling 7 > 0 and the spatial scaling ¢ > 0. The
momentum scaling 7 is introduced via the support condition for the symbol a:

support of the symbol a is contained in B(p,7) :={n e R : [p—p| <7},  (3.2)

with some g € R, and via the family of norms
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N™ (a;7) := (X, Sup 7| Via€)l,m =0,1,2,.... (3.3)

The spatial scaling parameter ¢ > 0 is introduced by localising the operator (3.1) to
the ball B(z,¢) with an arbitrary z € R%. The constants in the estimates below are
independent of the symbol a, the parameters «, 7, ¢, and the points p, z.

Proposition 3.2. See [22, Corollary 4.4] Let the region A satisfy Condition 3.1 and let
the symbol a = a(&) satisfy the condition (3.2). Define for some q € (0,1] the natural
number m by

m = [(d+1)g ']+ 1. (3.4)
If the numbers T and £ satisfy the condition atl > ag > 0, then for any q € (0, 1],
IXaX Bt OPa (@) (1 = xa)le, < Cylart) T N (as 7).
In the next subsection we extend Proposition 3.2 to more general symbols a.
3.2. Multi-scale symbols, a

We consider C*°-symbols a = a(£€) for which there exist positive continuous functions
v=wv(€) and 7 = 7(§) and constants C, k = 0,1,2,... such that

la(€)| < Cov(€), |VEa(€)| < Cur(€) Fv(E), k=1,2,..., €£€R™ (3.5)

It is natural to call 7 the scale (function) and v the amplitude (function). We refer to
symbols a satisfying (3.5) as multi-scale symbols. In fact, in what follows, only some finite
smoothness of the symbol a is sufficient, but in most cases we impose the C*°-smoothness
in order to avoid cumbersome formulations. It is convenient to introduce the notation

e,
V,p(0,7) ./T(£>pd£, >0,p€R. (3.6)

Apart from the continuity we often need some extra conditions on the scale and the
amplitude. First we assume that 7 is globally Lipschitz, that is,

IT(&) = T(m)| < vl —m|, &neRY, (3.7)

with some v > 0. By adjusting the constants Cj in (3.5) we may assume that v < 1. It
is straightforward to check that

A4+v)t<—2<(1-v)Y ne B(S,T(E)) (3.8)
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Under this assumption on the scale 7, the amplitude v is assumed to satisfy the bounds

o <" <, e Bene), (3.9)
v(§)

with some positive constants C7, Cy independent of € and 1. The condition v < 1 guar-
antees that one can construct a covering of R? by open balls centred at some points & s
j=1,2,... of radii 7; := 7(§;), which satisfies the finite intersection property, that is,
the number of intersecting balls is bounded from above by a constant depending only on
the parameter v, see [11, Chapter 1, Theorem 1.4.10]. We denote B; := B(§;,7;). More-
over, there exists a partition of unity ¢; € C3°(R?) subordinate to the above covering
such that

IVEdj() < Crri®, k=0,1,..., £€R?, (3.10)

with some constants C} independent of j =1,2,....

It is useful to think of v and 7 as (functional) parameters. They, in turn, can depend on
other parameters, e.g. numerical parameters like . In our leading example of the Fermi
symbol (1.5), the function 7 is naturally chosen to be dependent on the temperature
T > 0, see (8.20).

Remark 3.3. Our aim is to derive various trace-norm estimates (resp. asymptotics) with
explicit or implicit constants that are independent of the functions 7, v, a, but may
depend on the constants in (3.5) and the domain A. If the functions 7, v are required to
satisfy (3.7) and (3.9), then the constants in the trace-norm estimates (resp. asymptotics)
may also depend on the constants v and Cq, Cs in (3.9). In all these cases we say that
the estimates (resp. asymptotics) are uniform in 7, v and a.

In the example of the symbol (1.5), the above uniformity allows us to control explicitly
the dependence of the obtained bounds on the temperature.

In what follows we always assume that

inf := inf > 0. 3.11
i 1= i 7(€) (3.11)

The constants in the obtained estimates will be independent of the parameters «, Tinf, £,
satisfying the assumption

QTinf 2 O, (3.12)
or
alTing > o, (3.13)

with some ag > 0, but may depend on «y.
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Lemma 3.4. Suppose that the domain A satisfies Condition 3.1 and let the functions T
and v be as described above. Suppose that the symbol a satisfies (3.5) and that (3.13)
holds. Then for any q € (0,1] we have

IXAXB @0 OPa (@) (L = xa)lI§, < Cola)*™ Vo (v, 7). (3.14)
Suppose that (3.12) is satisfied. Then
Ixa Opa (a)(1 = xa)llE, < Coa™ Vo (v, 7). (3.15)
The bound is uniform in 7, v and a in the sense specified in Remark 3.3.
Proof. Let m be as defined in (3.4). Denote v; := v(§;), 7; := 7(§;) and B; := B(§;,75),

j=1,2,.... Due to (3.5) and (3.8), (3.9), the localised symbol a; = a¢; is supported in
the ball B(§;,7;), and the bound holds:

|V§aj(£)| < Cm’rjikvja k= 0,1,2,...,m,

so that N™ (a;;7;) < Cwj, see (3.3). Since alr; > g, by Proposition 3.2, we have for
any ¢ € (0, 1] that

IXAXB (@0 OPa(a;) (L — xa)llE, < Cqlatm)*1vf, Cf = Cylan).
By the g-triangle inequality (2.1) we can write

IXAXB(z0 OPa(@) (1 = xa)lIE, <Y IIXaAXB@H OPala;) (1 — xa)lIG,
J

< Cylal)™1 > ity (3.16)
j
In view of (3.8) and (3.9),

it <0 [ o) ol
B

and hence the sum on the right-hand side of (3.16) is bounded by

Y [r© tuierae < [ re)tuierae
i B,

At the last step we used the finite intersection property of the covering {B;}. This leads
to (3.14).

The bound (3.15) immediately follows from (3.14) upon using a finite covering of A
or R%\ A by unit balls and an associated smooth partition of unity. O
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Lemma 3.4 leads to the following result.

Theorem 3.5. Suppose that f satisfies Condition 2.1 with some n > 2 and v > 0, and
the domain A satisfies Condition 3.1. Let a be a real-valued symbol. Let the functions a
and T, v be as in Lemma 3./, and let (3.12) be satisfied. Then for any o € (0,1], o < 7,
and q € ((n — o)1, 1] we have

1Da(a, A; NIIE, < Coa® 'R F]E Viga (v, 7), (3.17)

with a constant independent of to. Furthermore, if to = 0 and ||a||L~ < 1, then for any
A>0,

1Da(Aa. A; HIIE, < Coa™ X F]E Voo (v, 7). (3.18)

The above bounds are uniform in 7, v and a in the sense specified in Remark 3.3. Fur-
thermore, the constants in (3.17) and (3.18) are independent of a, R, X\, but may depend
on ag in (3.12).
Proof. Use Proposition 2.2 with P =y, A = Op,(a) to get

1Da(a, A IS, < [1F (xa Opala)xa)xa = xa Opa(f o a)fg,

< Cy| F14RT77[xa Opa (@) (1 = xa)[ -

To get (3.17) it remains to apply (3.15). The bound (3.18) follows from (3.15) and
(2.7). O

We also state separately the estimate for the function (2.8):

Theorem 3.6. Let the function n be as defined in (2.8). Suppose that the real-valued symbol
a is as in Lemma 3.4 with ||a||L < 1 and that (3.12) is satisfied. Then for any X\ > 0
and any q € (0,1], o € (0,1) one has

[ Da(Aa, Asn)lls, < Cpo®™ N Vi 1 (v, 7). (3.19)

The bound is uniform in 7, v and a in the sense specified in Remark 3.5. Furthermore,
the constant in (3.19) is independent of a, but may depend on g in (3.12).

The proof is similar to that of (3.18), but instead of (2.7) one uses (2.9).
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4. Asymptotic results for the one-dimensional case
4.1. Results for smooth functions

Now we focus on the asymptotic behaviour of the trace of D,(a,A; f) as o — o0
for dimension d = 1. In line with the general theme of the paper we put the emphasis
on non-smooth functions f. Our starting point, however, is the asymptotic formula for
smooth f. This type of asymptotics was studied in [29] and later in [17], and we use one
result from [29] without proof. Conditions on the smoothness and decay of the symbol
a imposed in [29] are quite mild, but we assume stronger restrictions that enable us to
utilise the bounds derived in Section 3. More precisely, we impose the following condition.

Condition 4.1. The symbol a € C™(R), m > 1, satisfies the bound (3.5) for all derivatives
up to the order m, with some continuous positive functions T and v satisfying (3.7) and
(3.9) for all £ € R, respectively.

To state the result we first define asymptotic coefficients. For any function g : C — C
and any s1, s2 € C denote

dt. (4.1)

/1 g((1 = t)s1 +1s2) — [(1 — )g(s1) + tg(s2)]
517827
0

t(1—1)

This integral is finite for functions g € C%*(C), » € (0, 1]. Note also that

U(s1,8159) =0, Ul(s1,s2;9) = U(s2,5159),Vs1,82 € C. (4.2)

Note also that the integral equals zero if g(t) = 1 or g(t) = t. Now we define the

,a(&2);9)
87r2 i // |€1 &P d&idEs. (4.3)

\51 &2|>e

asymptotic coeflicient

B(a; g) ==

Note that B is invariant under the change a(§) — a(7€) with an arbitrary 7 > 0. If g is
such that ¢” € L*°(C), then the principal value integral can be replaced by the double
integral, and the following bound holds:

(&)1
fl2

This estimate was first pointed out in [29, (17)]. As shown in [24], under Condition 4.1,

B(a: )] < Clg" [l / ‘C‘ dé1ds.

one has
1B(a;9)] < Cllg" L= Va1 (v, 7), (4.4)

where the coefficient V ,,, for ¢ > 0,m € Z, is defined in (3.6).
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Proposition 4.2. See [29, Theorem 1(a)|. Suppose that Condition 4.1 is satisfied with
m > 2 and that Va1 (v, 7) < 0.

(1) Let g be analytic on a neighbourhood of the closed convex hull of the range of the
function a. Then the operator Dy(a;Ry;g) is trace class and

tr Dy (a; Ry 9) = Blas g). (4.5)

(2) If the symbol a is real-valued, then formula (4.5) holds under the condition g € C3(R).

Formula (4.5) was obtained in [29] under weaker conditions on the symbol a. Moreover,
for real-valued symbols a the smoothness conditions on g in [29] are less restrictive than
in the above proposition. Note also that for real-valued a the paper [17] allows further
relaxation on the functions a and g but we omit the details.

By rescaling © — ax one immediately concludes that the left-hand side of (4.5)
coincides with tr D, (a;R4;g). It is worth pointing out that, formally speaking, the
estimates in Section 3 do not ensure that the trace on the left-hand side of (4.5) is
finite, since neither R4 itself nor its complement is bounded. However, those estimates
in combination with Proposition 6.1 below do guarantee that Dj(a;Ry;g) is trace-class.

We apply Proposition 4.2 to the case of a real-valued symbol a and the function
g : R +— C defined as

g(A) =1 () = ﬁ, Imz # 0.
Now our immediate objective is to derive from (4.5) a similar asymptotic formula for the
operator D, (a;A; g) with a set A satisfying Condition 3.1(1). For d = 1, instead of A we
use the notation I. According to Condition 3.1(1),

K

I=TyUl | I (4.6)
k=1

where {I;;}, k =1,2,..., K is a finite collection of bounded open intervals such that their
closures are disjoint, the set Iy (resp. Ix41) is either empty or (—oo, z¢) (resp. (g, 0))
with some xy € R, and its closure is also disjoint from the other intervals. Below we use
the following notation for the number of endpoints of I, namely

oK if Iy = [g11 = O,
w:= ¢ 2K + 1 if only one of Iy, Ix41 is non-empty, (4.7
2K + 2 if both Iy, Ix1 are non-empty.

By writing K = K(I) and w = w(I) we emphasise the dependence on the set I. We
observe that

w(l) =w(I), with I =R\ I. (4.8)
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For arbitrary symbols a, b we introduce the notation
M (a,b) == ||0F"alla ||l + [lall< 08" bllus, m=1,2,..., (4.9)
and denote
0(z,a) := dist(z, [—||a||L=, |a|]|L=]) > 0. (4.10)
Theorem 4.3. Let I and w be as described in (4.6) and (4.7). Assume that

inf {|I], dist(Iy, [;)} > 1, k,j=0,1,2,...,K+1. (4.11)
kgk]

Suppose that a € C"™(R), m > 3, is real-valued. Then for any o > 0 we have

|tr Do (a, I;72) — wB(a;r.)|

<C aim‘kl 1 |Z‘—’_||a’|||—Oo SM(m)(a ail) (4 12)
<C, 6(Z7a) 6(Z7a) zyWy )y .

with a constant C,, independent of a, z, 0(z,a), and «, and the intervals I, k =
0,1,.... K + 1.

Clearly, by scaling we may replace the 1 on the right-hand side in condition (4.11) by
any (strictly) positive real number.

In the case of one bounded interval, the convergence of the left-hand side of (4.12)
to zero as a — oo was proved in [29, Theorem 2], see also [17, Theorem 9]. Note that
for an infinitely smooth a the right-hand side of (4.12) decays as a~*°,a — oo. For
one bounded interval, this effect was pointed out in [4, formula (1.5)]. These conclusions
of [4,17,29] are not sufficient for us, as our aim is to have a more explicit control of
the remainder as a function of the symbol a as in Theorem 4.3. In particular, when
considering symbols a = ar,, defined in (1.5), Theorem 4.3 allows us to obtain estimates
that depend explicitly on the temperature T', and possibly, on the chemical potential p.
The proof of Theorem 4.3 draws on the ideas of [29] and it is postponed until Section 6.

We extend the above bound to arbitrary functions of finite smoothness satisfying some
decay conditions. Precisely, for g € C"(R), n € Ny and a constant r > 0 we define

Nalg) = Nalgir) =3 [laP@I02at (0, = VETE (@
k=0

Theorem 4.4. Let I and w be as in the previous theorem. Suppose that a € C™(R), m > 3,
is real-valued and satisfies the bound (3.5) with some continuous positive functions T, v.
Suppose further that f € Cj(R) with n > m+6. Then for any r > ||v||Le and any a >0
we have
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[tr Do(a, I; f) — wB(a; f)| < CounNa(f5 7)™ V1 i (v, 7). (4.14)

This bound is uniform in 7, v and a in the sense specified in Remark 3.3. The constant
Crnn i (4.14) is independent of the parameters o, r and the function f.

4.2. Results for non-smooth functions

Now we assume that f satisfies Condition 2.1 with some v > 0. In this case, if v > 0
is small, it is not immediately clear why and under which conditions on the symbol a the
coefficient B(a; f) is finite. This issue was investigated in [24]. We quote the appropriate
bound, adjusted for the use in the forthcoming calculations. We use the integral V;, ,(v, )
defined in (3.6) and the notation » := min{1,~}.

Proposition 4.5. See [24, Theorem 6.1]. Suppose that f satisfies Condition 2.1 withn = 2,
v > 0 and some R > 0. Let a € C*®(R) satisfy Condition 4.1. Then for any o € (0, x|
we have

1B(a; £)| < Co| fl2R Vo (v,7), (4.15)

with a constant C, independent of f, uniformly in the functions T, v, and the symbol a
in the sense specified in Remark 3.5.

We note another useful result from [24]. It describes the contribution of “close” points
& and & in the coefficient (4.3). Suppose that 7ine := infeer 7(€) > 0, then we define

// Va6, a(&): f) je oo (4.16)

B(l)(a;f) = |§1 — §2|2

—— lim
872 €10
e<|€1—&a| < Tpt

This quantity is estimated in the following proposition.

Proposition 4.6. Suppose that f satisfies Condition 2.1 with n = 2 and v > 0. Let
a € C®(R) satisfy Condition 4.1. Suppose also that Ting > 0. Then for any 6 € [0, 5),
the following bound holds:

B (a )] < Cs| flamingVaer4s (v, 7). (4.17)
uniformly in the functions T, v, and the symbol a in the sense specified in Remark 3.3.
This bound follows from [24, Corollary 6.5].

The bound (4.15) plays a central role in the proof of the following theorems. From
now on we assume that 7, > 0 and that 7i,r and « satisfy (3.12). The convergence
in the next theorems is uniform in the functions 7, v, and the symbol a in the sense
specified in Remark 3.3, but no uniformity is claimed in the parameter g in (3.12).
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Theorem 4.7. Let I and w be as described in (4.6) and (4.7). Suppose that f satisfies
Condition 2.1 with some v > 0, n = 2 and some ty € R. Let a € C®(R) be a real-
valued symbol satisfying Condition 4.1, and let aTins > . Suppose that ||v]|L~ < 1 and
Vor(v,7) < 00 for some o € (0,1], 0 <7, and

. g1 Vim(v,7)
1 ml M o, 4.18
agroloa Vo,l('Uﬂ') ( )

uniformly in v, T (see Remark 3.3), for some m > 3. Then

lim #(trDa(a,I; f)—wB(a; f)) =0, (4.19)

a—roo le (’U, T)

and the convergence is uniform in v, T and a.

In order to avoid possible confusion we recall that v, 7 are thought of as functional
parameters of the problem, and they may depend on the numerical parameter «.. Thus
the equality (4.18) is a genuine, non-vacuous assumption.

For the next theorem recall that the function 7 is defined in (2.8).

Theorem 4.8. Let I and w be as in the previous theorem. Suppose that f satisfies Con-
dition 2.1 with some v > 0, to = 0, and all n. Let a € C®(R) be a real-valued symbol
satisfying Condition 4.1, and let aTins > ap. Suppose that ||v||Le < 1 and Vy1(v,7) < 00
for some o € (0,1], o < 7, and that (4.18) is satisfied. Then for any real A > 0, one has

1

In addition, if V,1(v,T) < co with some o < 1, then

lim ¥(tr Do (Xa, I;n) — wB(Xa;n)) = 0. (4.21)

a—o0 \Vy1(v,7)

The convergence in (4.20) and (4.21) is uniform in the functions T, v, and the symbol a
in the sense specified in Remark 3.3, and in (4.21) it is also uniform in the parameter
A € (0, Xo] for any Ao < oo.

We point out that the smoothness conditions on the function f in Theorem 4.8 are
much more restrictive than those in Theorem 4.7. This difference will be briefly explained
after the proof of Theorem 4.8.

The main difficulty lies in the proof of Theorem 4.3, whereas the remaining theorems
are derived from it via relatively standard methods. In the next section we concentrate
on this derivation. The proof of Theorem 4.3 is deferred until Section 6.
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5. Proofs of Theorems 4.4, 4.7 & 4.8

1067

We use the almost analytic extension constructed in Lemma A.1 with some r > ||v|| e,

where v is the amplitude of the symbol a as in (3.5). Let f be the almost analytic

extension of f constructed in Lemma A.1. It follows from (A.1) that
tr Dy (a, I; f) —wB(a; f)
_ %/] %f(x,y;r) (tr Do(a, I;7.) — wB(a; 7)) dzdy.
Thus by Theorem 4.3 and by (A.3) we have
| tr Do(a, 15 f) — wB(a; f)]

<Cofm+1//’a (z,y;7)

< Cammt / / F(ar) @)y~ M (a,, 0z )dyde,

(|21 + gl + llall=) y|~*M "™ (az, aZ

ly|<(z)

for any r > ||v||L=. Let us now estimate M (™ (a,,a; ).

Lemma 5.1. Suppose that a € C™(R) satisfies (3.5) with some m > 1. Then

~ + |z lofl7e !
M (q, <, 1Yl 1 L Vi (v, 7).
(az,a5") [ Tm 2|2 + [ Tm z|m—1 1m(0,7)

Moreover, for any r > ||v||L<, and oll y with |y| < (x),, we have

(m) (g (@)r (z)y -
M (Z’z)< m||(1+ )%,m(,)a

| |m 1
with a constant C,, independent of r.
Proof. By definition (4.9),

M " (az,at) = [0 allu [laz e + 110g"az I flas L

Ydady

(5.1)

(5.4)

In view of the bound (3.5) the first summand in the above formula is bounded by

1
Cp—
[ Im z| /T

To estimate the second term on the right-hand side of (5.4) we use the Leibniz formula

and (3.5) to obtain



1068 H. Leschke et al. / Journal of Functional Analysis 273 (2017) 1049-1094

v ™
\3?a;1| < Cm( + )Tm.

[Im 22 |Im z|m+!

Thus the second summand in (5.4) does not exceed

1 mogl
Colelhm + 1) o + iy ) [ 7o)

This leads to the claimed bound (5.2).
For r > ||v]|Le and |y| < {(x),, the bound (5.3) immediately follows from (5.2). O

Proof of Theorem 4.4. By (5.3), the integral on the right-hand side of (5.1) is estimated
by

T :"_1
<|y|>m1 ) dydzx.

Vinte) [ [ Fanr (14

lyl<(z)-

Since n > m + 6, this integral is finite and it is bounded by
CVim (v, T) /F(x;r)(a:)f*zdx = CVim(v, T)N,(f;7),
where we have used the definition (4.13). Therefore (5.1) yields the bound
| tr Da(a, I; f) = wB(a; f)] < CNu(fir)a™ " Vi (v, 7),
as claimed. O

Proof of Theorem 4.7. For brevity we denote D, (f) := D,(a,I; f) and B(f) := B(a; f).

Step 1. Proof of formula (4.19) for f € C%(R). Without loss of generality we may
assume that ||al|L~ < 1/2 and that the function f is supported on the interval [—1, 1].
By the Weierstrass Theorem, for any € > 0 one can find a real polynomial f. such that
the function g. := f — f. satisfies the bound

(k)
(A, tmax lg ()] < e. (5.5)

Clearly,

Doc(f) = Da(fs) + Da(ge)~

In order to estimate D,(g.) we extend the function g. to the interval [—2,2] as a
CZ-function in such a way that ||gc[lcz < Ce with some universal constant C > 0.
Observe now that such g. satisfies Condition 2.1 with t{g = —3, R =5, n = 2 and arbi-
trary v > 0. Furthermore, |gg |2 < Ce. To be definite we take v = 2. Since the condition
(3.12) is satisfied, we may use Theorem 3.5 with ¢ = 1 and arbitrary o € (0,1), so that
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[Da(9:)lle, < CeVo(v, 7). (5.6)
Moreover, by (4.4),
|B(ge)| < CeVar(v,7) < CeViyq(v,T). (5.7)

In order to handle the trace of D,(f:), extend the polynomial f. as a C§°-function on
the interval [—2,2]. Thus by Theorem 4.4 with r =1 > ||v]|Le,

[tr Do (fe) — wB(fe)] < ONu(fe; 1)a_m+lvl,m(va ),

with arbitrary m > 3. In view of the condition (4.18) and by virtue of (5.6) and (5.7),
we have

lim sup

1
V7)|t1"Da(f) _WB(f)|

071(1)77_

. 1
< limsup m| tr Do(fe) — WB(fs)!

o,1

1
+ lim sup 7 IDa(ge)|le, + wlimsup ﬁw(gsﬂ

a(v, 7) o1 (v, 7)

. 1 Vim(v, T
< Np(f;1) limsup « H% + Ce = Ce.

Here the limsup is taken as a — 00, aTinf > «q, and it is uniform in v, 7 and a. Since
€ > 0 is arbitrary, this leads to (4.19) for arbitrary C2-functions f.
Step 2. Completion of the proof. Let f be a function as specified in the theorem. Let
¢ € C°(R) be a real-valued function satisfying (A.2). We represent
F=rW 4P o<r<,

k(1) = ¢t - t0)RTY),

2 1

i (0) = 1) - @),

For fl(zl) we use Theorem 3.5 with ¢ = 1, n = 2, and a 0 € (0,1],0 < 7, such that
Vg71 < 00

IDa(fi))ls, < CR| 3 |2Von (v, 7).

By (4.15), the coefficient B( }(%1)) satisfies the same bound. Note also that |f1(21)|2 <
C’lflg7 so that
1

m|Da( 1(?,1))_“3(]01(31))’ SCIflzRW_U. (5.8)
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Now, it is clear that fg) € C2(R), so one can use formula (4.19) established in Part 1 of
the proof:

1
lim — | Do (f) — wB(fP) = 0.

Q—00, QTinf>00Q Vo‘71(’l}, T)

Together with (5.8), this equality gives

| tr Da(f) —wB(f)]

lim sup

1
Vo1 (v, 7)

. 1 (2) (2)
<1 tr Do (f + f e
1m 071(0’ )| r (R) ( )| Cl IR

<C|fl.R7.

Again, the limits above are taken as a — 00, aTiyf > «ap. Since o < 7, and R > 0 is
arbitrary, the required asymptotics follow. 0O

Proof of Theorem 4.8. Instead of f we introduce for A > 0 the function
FO) = ATV F(A), t € R

It is clear that |f|n = |f(>‘)|n for all n. As in the previous proof, without loss of
generality we may assume that ||a|L~ < 1/2, so that the function f®) may be assumed
to be supported on the interval [—1,1]. Note that

Do(Ma,I; f) = N'Dqo(a, I; ), B(Aa; f) = XB(a; fV).

Thus the asymptotic formula (4.20) is equivalent to the following relation:

lim _ (tr Do(a, I; fN) — wB(a; fV)) = 0. (5.9)

a—oo,atine>a0 Vi1 (U, T)

The further proof now follows essentially Step 2 of the proof of Theorem 4.7. As before,
for brevity we use the notation D (f) := Da(a, I; f), B(f) := B(a; f).
Let ¢ € C5°(R) be a real-valued function, satisfying (A.2). Represent
Y=g +g,0<R<1,
gr (1) = FVOC(RT),
2 1
g (£) = SV (0) = g5 (0).
1

Since the condition (3.12) is satisfied, for g5’ we may use Theorem 3.5 with ¢ = 1, n = 2,
and a 0 € (0,1], o < 7, such that V1 < oo:



H. Leschke et al. / Journal of Functional Analysis 273 (2017) 1049-1094 1071

IDa(g5)ls, < CRT g% |2Voi(v,7) < CRY7| f|2Vira (v, 7).

By (4.15) the coefficient fB(gg)) satisfies the same bound. It is clear that gg) € C*(R),
and by definition (4.13),

Nn(gg)§r) < Cn,R,rIf()\) In < C’n,R,rlfInyn =12,...,
for any r > 0. Thus by (4.14),
|tr Da(gy)) = wB(gi )| < CNa(gs 14 No)a™ ™ Vi 1 (v,7),

with arbitrary m > 3. Therefore, using (4.18) and arguing as in the proof of Theorem 4.7,
we obtain

[ tr Do (fN) = wB(f V)]

lim sup

bt
V071(v, 7')

A 1 2 2 —0
<lim g tr Da(95)) — wB(g$))| + C|f].R

<C|fl.R7C.

The limits above are taken as o — 00, aTins > ag. Since R > 0 is arbitrary, the required
asymptotics (5.9) follow. As explained previously, this implies (4.20).
Proof of (4.21): We write

Do (Xa, I;n) = ADq(a, I;m), B(Aa;n) = AB(a;n).

Since the function 7 satisfies Condition 2.1 for any v € (o, 1), the proclaimed asymptotic
formula is a direct consequence of the formula (4.19) for the operator Dy (a,I;n). O

Observe that the proof of Theorem 4.8 has only one step, in contrast to that of
Theorem 4.7. Namely, in the former we do not prove that the sought asymptotics holds
for arbitrary f € C?(R) since this would require approximating f with polynomials
whose dependence on A would have to be explicitly controlled. We do not go into these
difficulties.

6. Proof of Theorem 4.3: the case of a single interval

We recall the notation (1.1) for the Wiener—Hopf operator: W, (a; I) = x5 Op,(a) x1
with the notation A replaced by a subset I C R. A central role in our argument plays
the operator

Hy(a,b; 1) := Wy (ab; I) — Wy (a; )W, (b; I) = x1 Op,,(a) (]1 — XI) Op,(b)xr, (6.1)

with C™-symbols a = a(§) and b = b(£). At the first step of the proof we assume that
the set I is just a bounded interval (zg,yo) with yo — x9 > 1.
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6.1. Preliminary bounds
For any z € R denote
R = (2,00), R i= (=00, 2), X = X(2.00)s X$) = X(o0.0)-
We define
Za(a,b;T) i= Ho(a,b;T) — Ha(a,b;R()) — Ha(a, b;RED).

Most of the estimates for the introduced operators will follow from the next proposition,
which is a consequence of [22, Theorem 2.7].

Proposition 6.1. Let a be a symbol such that 9f"a € LY(R) with some m > 3. Let z, t be
numbers such that z —t =€ > 0. Then for any a > 0, we have

X Opa (@)X ls, + X Oy (a)xi e, < Crn(al) ™™ +1(|0Fal| 1.

Proof. The operator X,E_) Op,(a) X,(ZH is trivially unitarily equivalent to X(()_) Op, (b) XSH

with the symbol b defined as b(¢) := a((al)71¢). By [22, Theorem 2.7],
IX6~ OP1(0)X; s, < CrllO™ bl < O (@)™ 0™ alur,
for any m > 3. This is the required estimate. 0O

Remark. Theorem 2.7 in [22] contains two misprints: the number n should be defined
by the formula n := [2¢71] + 1, and the main estimate of the Theorem should have the

—m

1 . _
factor 724  ~™ instead of r?

Now we proceed to estimating trace norms of the operators H,, Z, introduced above.
Recall that M (™) (a,b) is defined in (4.9).

Lemma 6.2. Let I = (x0,yo) with yo — xo > 1. Then for m > 3 and any o > 0 we have
|Za(a,b;1)|le, < Crma™ ™M™ (a,b), (6.2)
and
| Ha(a, b RSD) Ha(a, b RED) e, + | Ha(a, b RED) Haa, bR [,

< Cra™ ™ Y |a| oo ||b]| Lo M ™) (a, b). (6.3)

Proof. We denote A := Op,(a), B := Op,(b). Clearly, the operator Z := Z,(a,b;I)
splits into the sum
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Z=2W 423,
ZW = x1 AXD By — X Ax(D B,
Z® = 1 AXS) By — xS A BXH.
Let us rewrite

ZW = —x A By — ) AxSP BXE)

xo

Z® = (DA Bxr — x50 Ax() BXD.
Then, by Proposition 6.1,

1206, < IXG A e IBI + AN 1§ BXE e,
< Cna” "1 ([0g all e [lolls + lall=[108"bllr) = Cona ™™+ M ™ (a,b).

Adding it up with the same bound for the operator Z(?) completes the proof of (6.2) for
Z(a,b;I).
Proof of (6.3): Let zg := (o + yo)/2, so that the trace norm of the operator

Ho(a, bR Ho(a, b, REY) = X AXSH By AxS,) B!
can be estimated by

||A||2 ”B” HX BX (z0,20) ||61 =+ ”A” ”BH2 ”X (z0,90) AX‘LD H61

Now Proposition 6.1 leads to the bound (6.3) for the first term on the left-hand side of
(6.3). In the same way one proves the same bound for the second term on the left-hand
side. O

Lemma 6.3. Let the conditions of Lemma 6.2 be satisfied and let g € C™(R) be another
symbol. Then

[ [Wala; ) = Wa(a; RED)] Ha (b, ;RS |,

+[|[Wala: 1) - Wa(asRéE))] a(b, g R,
< Ca™ ™ lgl|L= M m><a,b>. (6.4)
Proof. With A := Op,(a), B := Op, (b) we write
Wa(a; RED) = Walas 1) = xrAxgl + x Gy (6.5)

and estimate
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IxrAx§ Ha (b, g RED) s, < llafli=llglli= i BxS) e, -
For the second term on the right-hand side of (6.5) let zp := (x¢ + yo)/2. Then

ISP AXEH Ha (b, g;RED s,
< XD A e bl gl + llallie gl xS Bx e, -

Now Proposition 6.1 leads to inequality (6.4) for the first term on the left-hand side of
(6.4). The remaining inequality is derived in the same way. 0O

6.2. Estimates for Dy (a,I;r,): one-dimensional case

We apply definition (6.1) to the symbols a, := a—z and a;!. Now we assume that a is
a real-valued symbol and that 6(z,a) > 0, see definition (4.10). Thus we obtain (replace
A by I)

XI*Wa(ahI)Wa(a;l;I) =H, (aza zlaj)

Clearly, both operators W, (a,;I) and W, (a;*;I) are invertible on L?(I) and

[Walas DIFH < Walaz 5 D[, || < Izl + llall

1
8(z,a)’
Thus 1 — H,(a.,a; ;1) is invertible on L?(R) and

(1= Ha(az a5 D)o = WalaZ 5 D) Walaz DI

with the bound

(0 Halaaz i)~ < L (6.
As a consequence,
(Walas ) = 2) " 'x1 = WalaZ 1)
= Wa(az 55 1) | Wala 55 1), Walas DI = xr
— Wy (az 1) Ho(az,aZ 5 1) [1 = Ho(az,as 5 0] 7 (6.7)

Let us analyse the part of the right-hand side which contains H,.
Lemma 6.4. Let I = (x0,y0), and let yo — xo > 1. Denote

Hy = Ho(az,a;5 1), HY = Ho(az, a5 RED), HY = Ho(az, a7 R,

z 5
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Then for any a > 0 and any m > 3,
|Ho (1~ Ho) ' = HP @ - H) ™ = HO W - HP) g,

2| + llalli~

3
(m) -1
e ) M (a,,a;").

S Cma—m+1 (

Proof. We use the representation
H, = H(gl) + Héz) + Za7 Lo = Za(azaaz_l;j)'

The required bound for Z,,(1— H,)~! follows from (6.2) and (6.6). Now, by the resolvent
identity,

|HO @ - H) ™ = BO@ - HO)Y o, < (11— HD)™

< NHWHP s, + I1HD | | Zalls, | 1102 — Ha) 7.

The required bound for this operator follows from (6.6), (6.2) and (6.3). O

Lemma 6.5. For z € C let g be the function defined as g(\) = r,(\) := (A — 2)~! for
A € R. Also, with the symbol a as above, let a, :== a — z. Then for any a > 0,

|Da(a, I;72) = Da(a,R); 1) = Da(a, RED; 7)o

Yo V2

- 1 (2] + llafli= -
< m+1 (m) 1 )
< Cma d(z,a) ( 3(z,a) M az, ;)

Proof. We use the notation H,, Hél), H((f) from Lemma 6.4, and

Wa = Walaz 5 1), W = Wa(a S REY), WP = Walal 5 RE)).

Yo

By Lemma 6.3 and the bound (6.6),

—mep1 2] £ llafli=

[(Wa = WENYHP (1 - BF) s, < Ca M (a,,azt),

§(z,a)? *
for k = 1,2. Together with Lemma 6.4 this gives
2
IWoHa(1 = Ho) ™' =Y WPHP (M - HP) e,
k=1
sy a1 [ VTR
- 5(z,a) §(z,a) B o

Now formula (6.7) leads to the proclaimed estimate. O
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Proof of Theorem 4.3 for the case I = (xo,yo). Lemma 6.5 shows that for the function
7, defined as 7,()\) := (XA — 2) 7! the trace of D,(a,I;r,) coincides with the sum

tr Do (a, R();7.) + tr Dy (a, RE;r,) (6.8)

Yo

up to the remainder specified in the lemma. As we have observed earlier, due to the

translation and reflection invariance, each of the intervals R%)

,]Rg(,;) in the above trace
sum can be replaced by (0,00). When calculating the traces in (6.8), by making the
change of variables x — ax we can take & = 1. Now Theorem 4.3 follows from Proposi-

tion 4.2(1). O
7. Proof of Theorem 4.3: the case of multiple intervals

In this section we consider general sets I of the form (4.6), and assume that (4.11) is
satisfied. Throughout this section we assume that ¢ € C™(R) with some m > 3 and that
a is real-valued. The parameter « is allowed to take any positive value and the constants
in all estimates obtained are independent of the function a or the parameters z with
d(z,a) > 0 and a. Our strategy is to reduce the case of general I’s either to the case of
one bounded interval, considered in the previous section, or to the case of the half-line,
covered by Proposition 4.2. More precisely, our objective is to prove the following result:

Theorem 7.1. For all o > 0 we have

|Do(a, I;r.,) ZD a, I;r.)lle,

< Ca—mt1 1 |Z| + ||a|||-°° 3M(m)(a Cl,_l) (7 1)
- 3(z,a) 3(z,a) R '

where M™ (a,b) is defined in (4.9).
The proof consists of several steps:

Lemma 7.2. Under the above conditions

1

,1 < —m-+1
Walaz'sD) = 3 S WalaZ s lls, < o™ gy

M™ (a,,a7t),  (7.2)

z

and with H,(a,b; I) defined in (6.1),

1Ha(az a5 ) — ZH a:,0; 5 1) e, < Ca ™M™ 0z a7t). (7.3)
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Proof. In order to prove (7.2) we write

a;';1) ZW D) = Y x5 Opalaz ' )xi;-

Jik:jF#k

Due to the condition (4.11), by Proposition 6.1, the trace norm of the right-hand side
does not exceed

—m m  — —m 1 m -
o +1||6‘§ a 'y <« HWM( )(az,a b,
as required. For the proof of (7.3) we write
He(az,az' 1 ZH az,a;' i Iy) = =Y X1, Opa(a=)x1, Opg(az )i,

where the sum is taken over the indices such that either j # k or j # s. By Proposi-
tion 6.1, the trace norm of the right-hand side does not exceed

@ (e 108 az e+ llaz e 108 az ) = oM™ 0z, a7,
as required. O

Lemma 7.3. Under the above conditions

HI:]I_Ha(azaaz_l;I)]_lH az, z ’ E a/zv z17lk)]_1H (CLZ, z a H61
k
—mar 124 llafli= (m) 1
< Ca < 50.a) M (az,a;").

Proof. For brevity we denote H, := H,(a.,a;';I), Y = H, (a.,a;t;Ix). Due to
(6.6) and (7.3), in the first term we can replace H, with >, HY. Now we estimate,
using the resolvent identity:

11 = Ha) " HE) — (1 — BO) T HP) |
< (1 = Ho) M 10 = HP) | (Ho — HIHP s,
2] + llal= ) ® (k) ) (k)
< W HH ZH |61 |H || +Z |H oz H(‘51 s
’ J#k

where we have used (6.6) again. As j # k in the last term in the square brackets, this
term equals zero. Now the required bound follows from (7.3) and the bound

+ [Ja]| e~
H*) <7|Z| . 4
Hy || < 5(2,0) O (7.4)
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Proof of Theorem 7.1. As in the previous proof we use the notation H,, Hék). Also, we
denote Wy, := Wy (a7t 1), Wi = W (azt Ii). In view of (6.7),

||Da(aa-[; Tz) - ZDa(a,Ik;Tz)Hﬁl
k
< HWa - ZWc(yk)Hgl H(IL - Hoc)_lHaH
k

+ Y WP (1 = Ha) ™ Ho =Y (1= HE) T HP|
k k

The first term on the right-hand side satisfies (7.1) by (7.2) and (6.6), (7.4). The second
term satisfies (7.1) by Lemma 7.3 and due to the bound ||Wc(yk)|| <d(z,0)7t. O

Proof of Theorem 4.3. By (7.1), it remains to use the results for individual operators
D, (a,Iy;r,). For k = 1,2,..., K, that is, when Ij is a bounded interval, we use the
bound (4.12) proved previously. If k = 0 or k = K + 1, that is, when I is a half-line,
we use the identity (4.5). This leads to the bound (4.12), and completes the proof of
Theorem 4.3. 0O

8. Estimates for D,(a, A; f) with Fermi symbol a = ar,,: multi-dimensional case

As explained in the Introduction, the asymptotic analysis in this paper was partly
motivated by the study of the entanglement entropy of free fermions. Thus in this section
we apply the results obtained above to the special choice of the symbol a featuring in
definition (1.2). We choose the symbol a to be the Fermi symbol ar, defined in (1.5).
The choice of the (non-smooth) function f remains arbitrary for the time being. Further
on, in Section 10, we specialise to the Rényi entropy function f =7,, v > 0.

The physical context of the various quantities is as follows. We assume that the energy
of a single particle in position space R? consists only of kinetic energy in the absence of
external forces and is determined by a Hamiltonian h = h(€) and that, for simplicity,
particles do not have a spin-degree of freedom. The free Fermi gas is then a collection of
infinitely many such particles obeying the (Pauli—)Fermi—Dirac statistics. An equilibrium
state of this free Fermi gas is uniquely determined by specifying the temperature T" > 0,
the chemical potential u € R, and the Fermi symbol (1.5). We will assume that p is fixed
and T € (0,Tp], and, in particular, T is allowed to become small, that is, 7"} 0. Our aim
is to find estimates with explicit dependence on 1" and «.

In what follows it will be convenient to use the following notation. For any two non-
negative functions x and y depending on all or some of the variables/parameters «, T,
&, we write x < y if there exist two constants C, ¢ independent of «, T, £ such that
cy <z <Cy.

The assumptions on the function h = h(€) are as follows:
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Condition 8.1.

(1) The function h € C°(R?) is real-valued, and for sufficiently large & and with some
constants f1 > 0 and ¢ > 0 we have

h(€) > clg]™. (8.1)
Moreover, for some (2 >0
IV'h(€)] < Cn(1+ €))%, n=1,2,..., &R (8.2)
(2) On the set S :={& € R?: h(§) = u} the condition
Vh(€) £0, €€ S (8.3)

is satisfied.
(3) The Fermi sea 2 := {€ € R : h(€) < u} has finitely many connected components.

Let us record some useful inequalities for the symbol a = a7, from (1.5).
Lemma 8.2. Suppose that 0 < T < Ty. Then
V" a(€)] < Cra(€)(1 - a(&) (1 + €)™ T ™" n=1,2,...,
with constants C,, depending on Ty, 1, and the constants in (8.2).

The proof is elementary and thus omitted.
A straightforward calculation leads to the bounds

() - xal€)] < exp (- "E =), e me (5.4
and

o)1 - a(e) < exp (M), g et (5.5)
Our objective is to obtain the following estimate.

Theorem 8.3. Suppose that the function f satisfies Condition 2.1 with some n > 2 and
~v > 0. Suppose also that the region A and the function h satisfy Conditions 3.1 and 8.1
respectively. Let oT > ag > 0, 0 < T < T} for some o and Ty. Then for any o € (0,7),
o <1, we have

[Dalazp, As f)|g, < CR=7a™ (|log(T)| + D] £, (8.6)
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with a constant C independent of T, R,tg,«, and the function f, but depending on
aOaTOa,u“

Until the end of this section we always assume that the region A and the function h
satisfy Conditions 3.1 and 8.1 respectively.

Because of (8.1) the set 2 is bounded, so that Q C B(0, Ry) with some Ry > 0.
Assume first that d > 2. Due to condition (8.3), the set S is locally a C*°-surface, which
is called the Fermi surface. More precisely, for any &, € S there is a radius » > 0 such
that |0¢,h(€)| > c for all £ € B(&,2r) with a suitable choice of coordinates £ = (é,{d),
and hence there exists a function ¥ € C°>°(R?~1) such that

SN B(&.2r) = {€ € R 60 = W(E)} N B(&o, 2r). (87)
For definiteness we assume that B(§,2r) C B(0, Ry). We may also assume that

QN B(&,2r) = {£ € R : & > W(€)} N B(&, 2r). (88)
This can be achieved by replacing & and U(€) with —&; and —¥(€) and by taking a
smaller r, if necessary. Without loss of generality we may assume that ||[V¥|~ < M
with some constant M > 0. By choosing a sufficiently small r > 0, due to the condition
|O¢, h| > c one can also guarantee that

€0 — (@) = |h(&) — ul, € € B(&,2r), (8.9)

with some C > 1. It is clear that |¢4 — ¥(&)| > dist(&, S). On the other hand, |€ — 1| >
(1+M?2)=1/2|6,—W(£)], for any &€ € B(&,,2r) and any n € SNB(&,, 2r). Consequently,

€4 — W(E)] < dist(€, S), V€ € B(&, 7). (8.10)

Since the set € is in fact a C*°-region, we can cover its boundary S with finitely many
open balls {D;(r)} of radius r centred at some &; € S, such that in each D;(2r) one
can find an appropriate function ¥ = ¥; that satisfies the properties (8.7)—(8.9) after
an appropriate choice of coordinates in every ball D;(2r). From now on for brevity we
denote D; = D;(r).

Let D C R? be a region such that DN S = @, and

R? = (U;D;)UD, D= (U;D;)U{€ €R?: |¢] > Ry} (8.11)

If d = 1, then we modify the definitions of {D;} and D in an obvious way. For example,
each Dj is now an interval such that with an appropriate choice of the coordinate & the
open set D; N is simply D; N{¢ € R: ¢ > 0}. Thus the covering (8.11) holds for d = 1
as well.
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The idea of the proof of Theorem 8.3 is to observe that the symbol (1.5) satisfies (3.5)
on each element of the covering (8.11) with some functions 7 and v defined individually
on each of the domains D; and D. After that Theorem 3.5 produces Theorem 8.3.

Let us first describe the construction of the scaling function 7 and amplitude function
v on D; and D. We do this for the case d > 2, as for d = 1 only obvious modifications
are required.

Let ¥ = WU € C*(R?1) be a function describing the surface S inside D, see (8.7).
Recall that we always assume that |[V¥|| .~ < C. We introduce the functions 9 and
w®) defined on R? as

00 = - W@+ T, @ =ew(-a TE). o
Due to (8.4), (8.5) and (8.9), the constant ¢; can be chosen to guarantee that
la(§) — xa (&) < w(€), & € D, (8.13)
and
a(€)(1 - a(§)) < wV(§), &€ D;. (8.14)

Since D; C B(0, Ry), we get from Lemma 8.2 that for £ € D;
[V"a(§)] < CaT"a(€)(1 — a(§)) < CaT "0 (€), Cn = Cu(Ro).

Using the fact that sup,. o t"e~" is finite for all n = 0,1, ..., we can estimate the right-
hand side by C,,£¢)(&)~". Therefore

|V"a(€)] < Cot9 (€)™, n=0,1,2,..., V€ € D;. (8.15)

This shows that on D; the symbol a satisfies (3.5) with 7(&) := £U)(¢) and v(§) :=
) (€) = 1.
On the domain D the construction is different. Define the function @ as

B1
W(E) == exp (—01%) £ cR% (8.16)

Since h satisfies (8.1), and |h(€) — pu| > ¢ for € € D, one can find a constant ¢; > 0 such
that

exp (—W) <w(€)?, £e€D.

Hence, by (8.4) and (8.5),

|a(€) — xa(é)| < w(€)*, &€ D, (8.17)
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and

a(€)(1 - a(§)) <w(€)?, &€ D. (8.18)

Consequently by Lemma 8.2,
IV"a(€)| < CuT (1 + €)= w(§)* n=1,2,...,

for all & € D. Using the fact that suptZl(lfﬁzT*1)7’e*clt61T_1 < C(n,Tp) for all T €
(0,Tp) and n =1,2,..., we conclude that

Va(€)] < Cuii(€), n=1,2,..., £ € D.
This implies that with a suitable constant co = ¢o(To, h),
[V*a(€)| < C’ne_”l‘ilﬁl, n=0,1,..., £eR%

It is more convenient to replace the exponential by a power-like function 9(§) := 9, (€) :=
(1+ €)=V with some o € (0,1], so that for all £ € D

IV™a(€)| < Co(1+ €)D" n=0,1,.... (8.19)

Thus «a satisfies (3.5) with # =1 and v = §,. The choice of the value of o will be made
later.

Now we can put together the definitions of £7), v(9) and 7, % to define the scaling func-
tion and amplitude on the entire space. Let {¢j},§£ be a partition of unity subordinate
to the covering (8.11). Then we define for £ € R?

(8.20)

41~

{T@) = 0(3; (9 (€);(€) + B(8)),
(€)== 30, 6;(€) + (1 + €)== a(¢).

The constant 6 > 0 is chosen to guarantee the bound ||V 7|l < v with some v € (0, 1).
It is straightforward to check that v satisfies (3.9) and that 7 =< 1 on D. Moreover, by
virtue of (8.10), 7 < £ on Dj;. Consequently, the symbol a satisfies (3.5) with the
functions 7 and v defined above.

Let us establish some bounds for V; ,(v,7), see (3.6).

Lemma 8.4. Let T € (0,Ty]. Let 7 be defined as in (8.20) with the same o € (0,1] as in
(8.20). Then

Vor(v,7) <

log(T)’ +1, (8.21)
Vo p(0,7) < Cp , TP p> 1, (8.22)

with a constant independent of T € (0, Tp).
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Proof. We estimate integrals of the type (3.6) over the domains that form the covering
(8.11). Denote

v(§)”
T(£§)”

v(§)”
T(§)”

V)= [ 6©% 50 de Tayo,r) = [ o655 de.

As we have observed previously, 7 = £\) on Dj, so that

. A

V) (v,7) = / (I — WD) + T)*dg

D;
2r
= pd-t /(|t|+T)_”dt.
—2r

This leads to (8.21) and (8.22) for V,,(]p) Furthermore, 7(£) < 1 for all £ € D. Therefore

Voslo.m) = [(L416) 41 <,

for any p € R. The obtained bounds together prove (8.21) and (8.22). O

Proof of Theorem 8.3. We use (3.17) with ¢ =1 and any o € (0,7), o < 1:
1Da(a,As fllle, < Copa® | flnR ™ Vo (v,7).

Now Lemma 8.4 leads to (8.6). O

The case of a homogeneous function h deserves special attention since in this case
one can explicitly control the dependence on the chemical potential p. We illustrate this
with the example of the function h(&) = |€|%. The parameter p can be “scaled out” with
the help of the following formula:

Opa(aT,lJ«) = Opu(aT'yl)v T/ = T/’L_lv vi= a\/ﬁ)
so that Do (a7 ., A; f) = Dy (a1, A; f). Thus Theorem 8.3 leads to the following result.

Theorem 8.5. Suppose that f satisfies Condition 2.1 with some n > 2 and v > 0, and
that the region A satisfies Condition 3.1. Let a = ar,, be given by (1.5) with h(&) = |&|?
and let oTp="? > ay,0 < Tp~' < Tpy. Then for any o € (0,7), 0 <1,

[Da(aru, As £l s, < CoR7 ™| flnlay/m) ™™ (|log(Tn™)| + 1), (8.23)

with a constant C, independent of R, a, i, and the function f, but depending on ag, Ty
and y,0.
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The final result in this section is specific to dimension one.

Theorem 8.6. Let I and w be defined as in (4.6) and (4.7) respectively, and let the con-
stituent intervals I satisfy (4.11). Suppose h satisfies Condition 8.1 and that f satisfies
Condition 2.1 with somey > 0, tg € R andn = 2. Furthermore, suppose thatT € (0,1/2]
and oT > oy > 0. Then

Olli_)rr;o m(tr Dy(ar,, I; f) — wB(aT,H;f)) =0, (8.24)

uniformly in ty € R. Moreover, for any T € (0,1/2],

B(azu; )| < Crol £2 [og(T)], (8.25)
uniformly in tg € R.

Proof. Define the scale and the amplitude as in (8.20). Then the log-bound (8.21),
together with (4.15) implies (8.25).

In order to prove (8.24) we use the asymptotics (4.19). First we check the condition
(4.18). By (8.21) and (8.22), the left-hand side of (4.18) is estimated by

1
| log(T)|’
and hence it tends to zero under the conditions a1 > ag and @ — oco. As a result, the

condition (4.18) is satisfied, and therefore one can use (4.19), which leads to (8.24), as
required. O

a—m+1 VU,m(Uv T)

< 7)™+
Voi(v,7) < C(aT)

The above formulas hold for arbitrary T satisfying the condition o' > «agp. If we
assume additionally that 7" | 0, then the asymptotics (8.24) can be written in a more
explicit form, thanks to the asymptotic formula for B(ar, ,; f), T | 0, obtained in The-
orem 9.1, which, incidentally, confirms the sharpness of the estimate (8.25). Recall that
according to Condition 8.1, for d = 1 the set € is represented as

N
Q=JJ;, N<o, (8.26)

j=1
where {J;} are bounded open intervals such that their closures are pairwise disjoint.
Corollary 8.7. Let the set I, number w and the functions h, f be as in Theorem 8.6.
Suppose that T' | 0 and oT > ag > 0. Then

tr Da(ar,p, 15 f) = | log(T) (‘;—ﬁvu, 0: 1)+ 0<1>), (8.27)

uniformly in to € R, where N is as in (8.26).
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Proof. The claimed asymptotics follows immediately from Theorems 8.6 and 9.1. 0O
9. Asymptotics of B(ar,,; f) asT | 0

Here we study the behaviour of B(ar,,; f) with the Fermi symbol a7 ,, defined in (1.5)
as T' ] 0. The number N below is as in the representation (8.26).

Theorem 9.1. Let ar, be as in (1.5), and let h satisfy Condition 8.1. Suppose that f
satisfies Condition 2.1 with some tg € R, v > 0 and some R < 1. Then, as T | 0

Blar; f) = U(1,0; f) [log(T)[ + O(1), (9-1)

22
with U(1,0; f) defined in (4.1).

Let 7 and v be as defined in (8.20), so that 7, = 6T. We study separately the integral
B defined in (4.16) and

B (q; f) : // | 51 6(522) S )dfldgg, a=ar,. (9.2)
|§1 &>

Using (4.17) and (8.22), we conclude that for all T € (0, Tp],
1BW(a; )| < C. (9.3)

To study B3 we intend to replace a with the indicator function yq. To this end we
note the following properties of the function f, and as a result, of the integral (4.1). The
bound (2.5) says that the function f is Hoélder continuous:

[f(t1) = f(t2)] < 2| flilts — t2|, 5 := min{1,~}.

An elementary calculation shows that for any p € (0,1) and for any real s1,71, s2, 72 (see
[24, Formulas (2.4) and (3.8)]) we have

(U (s1,52:. f) = U(r1,m2: )] < Cf | log(u)| (Is1 = m] + |s2 — 2 )
+ Ol (Is1 = s2 + 11 — ral*). (9.4)

This leads to the following result.

Lemma 9.2. Let f be as above and suppose that |s1 — sa| + |r1 — 2| < C. Then for any
d €10, 5c) we have

|U(s1,802; f) = U(r1,m2; £)] < Cslfli(Is1 = 71]° + |2 — m2|%). (9.5)
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Proof. It suffices to assume that [s; — r1|+|s2 — 2] < 1/2. Now (9.5) follows from (9.4)
if one sets = [s1 — 71|+ [s2 —re|. O

Lemma 9.3. Let the condition of Theorem 9.1 be satisfied. Then

B3 (a; £) = BP (xa; )| < Cl S, (9.6)
uniformly in T € (0, Ty).
Proof. In view of (9.5),
B (a; ) — B (xq: f)| < aslfll // Xgl(fl)' dé1de
oL <|é1—
<o /|a o) de, 9.7)

for any 0 € [0, ). To estimate this integral we use a partition of unity subordinate to the
covering (8.11), as in Section 8. Thus, in view of (8.4) and (8.9), for each D, we obtain

/Ia —xa(6)°dé; < C/ Bk d¢ < CsT.

Also, since the set D is separated from €, we have

B1 -
(€)= xalén] < Cexp (-2, e e b,

and hence

le1+1P1 _c
O de) < Cye T

/|a(§1) — xa(&)’dé < O/e*

D
Together with (9.7), the above estimates lead to (9.6). O

It remains to calculate B3 (yq; f). Since U(1,1; f) = U(0,0; f) = 0 and U(1,0; f) =
U(0,1; f), this coefficient reduces to

U(L,0; f 1
500l = ot [ [ et pdads
§1¢Q e 8l <€ -0

The next lemma seems to be useful in its own right, where we claim a certain unifor-
mity in the size of the intervals Ji, k = 1,2,..., N, although Theorem 9.1 does not need
this.



H. Leschke et al. / Journal of Functional Analysis 273 (2017) 1049-1094 1087

Lemma 9.4. Let Ji, = (s, t;) CR, k=1,2,..., N be a finite collection of bounded open
intervals, such that their closures are pairwise disjoint, and let J = UpJy. Suppose that
T € (0,To) and |Jx| < di, k=1,2,...,N, with some d; > 0. Then

ds
—— < CN|log(T .
> [a [ Ep<oNjem), (9:8)
Ttgd  |t—s|>T,s€Jx

with a constant C depending only on d.
Assume in addition that

|Jk| Zdo, k:1,2,...,N, H;ingSt{Jkan}ZdOa
J

with some dg € (0,d41]. Let ¢ € C(R) NL>*(R) be a function. Then, as T | 0,

S [aa [t

Ligs [t—s|>T,s€Jx

= |log(T |Z (sk) + @(tk)) + Nl L=O(1), (9.9)

where O(1) depends only on dy and d;.

Proof. Proof of (9.9): Without loss of generality assume that ||¢||L~ = 1. It is immediate
to see that

ds
NO
> fan [ ey [ [ ptgevon
Ligs [t—s|>T,s€Jy, Liga, [t—s|>T,s€ Jy,
so that (9.9) reduces to showing that

N

ds N
= )| s1) 4 @(tr)) + NO(1), T 1 0.
2/ e () 32 (olo) + (00

k=1id 7, [t—s|>T,s€ J
Hence it suffices to prove (9.9) for one integral only, that is, that
ds
p(t)dt [T (¢(s0) + #(to)) [log(T)| +O(1), T |0, (9.10)
t¢J [t—s|>T,seJ

for a bounded interval J = (s, to) with |sg — to| > do. Without loss of generality assume
that J = (0,1). Split the sought integral into the sum X; + X2 + X5 + X4, with
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00 1
ds
X = t)dt
' /*”() /(t—s)?’
1+T 0
=T 1 d
S
Xy = t)dt
: /‘O() /(t—s)?’
—00 0
14T 1-T p 14T J
S S
X3 = t)dt t)dt
vim [ewi [ 2+ [ e P
0 1 [s—t|>T,1-T<s<1

Xy = _/: o(t)dt T/l G fSS)Q +_Z o(t)dt / G 583)2‘

|s—t|>T,0<s<T

Direct calculations show that X3 + X, < C uniformly in 7' € (0,7p]. The integral X;
differs from

at most by a constant independent of T'. An elementary calculation shows that
X1 = o()[log(T)| + O(1).

Thus X; satisfies the same formula. In the same way one proves the appropriate formula
for X5. This leads to (9.10), and hence to (9.9).

The bound (9.8) is proved in a similar way by estimating integrals of the same type
as in the first part of the proof. We omit the details. O

Proof of Theorem 9.1. Writing
B(a: f) = B (a; ) + (B (a: £) - B (xas 1)) + BP (xas /),

and combining (9.3), (9.6) and formula (9.9) with ¢ = 1, we obtain the claimed asymp-
totics (9.1). O

10. Entanglement entropy and local entropy

In this section we keep using the Fermi symbol ¢ = ar , as in (1.5) and investigate the
special case of the function f given by the v-Rényi entropy function n, : R — [0,log(2)]
defined for all v > 0 as follows. If v # 1, then

() = { 7 log [t7+(1—¢t)] forte(0,1), 101)

0 for t ¢ (0,1),
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and for ¥ =1 (the von Neumann case) it is defined as the limit

mi(t) = lim , (£) = (10.2)

y—1

—tlog(t) — (1 —t)log(l —¢t) fort € (0,1),
0 for t ¢ (0,1).

From now one we assume that the region A and the Hamiltonian h satisfy Conditions 3.1
and 8.1 respectively. The operator D,( - ) is as defined in (1.2) and the notation {2 is
used for the Fermi sea, see Condition 8.1.

If A is bounded, then the local (thermal) «y-Rényi entropy of the equilibrium state at
temperature 7' > 0 and chemical potential u € R is defined as

Sy(T, s A) = tr [%(Wl(aT,mA))], (10.3)

see for example [10]. If one lifts the condition of boundedness, then the above quan-
tity may be infinite, but the y-Rényi entanglement entropy (EE) with respect to the
bipartition R? = A U (R?\ A), defined as

H. (T, 1; A) := tr Dy (ar ., A;ny) + tr Dy (ag,,, R\ Asn,), (10.4)

is finite, as the next theorem shows. Note that these definitions also make sense for
T = 0, if one adopts the notation ag , := l.fl”i% ar,, = Xqo- A somewhat surprising fact is

that for bounded A,

As explained in [13], this is a consequence of the following two identities: tr ., (xaPaxa) =
trny (PaxaPa), where Po = Op; (xa), and 0, (PaxaPa) = 1y (Paxa<Pa). The first iden-
tity holds since the non-zero spectra of xa Poxa and PoxaPo coincide. The second one
follows from the symmetry of 7., that is, from the equality n,(t) = n,(1 —1t), t € [0, 1].

We are interested in the behaviour of the above quantities when A is replaced with
al, with a large scaling parameter . While the case T = 0 was investigated in detail
in [13], in the current paper we concentrate on the case T' > 0 and the limit 7" | 0. The
next theorem shows that the entropies (10.3) and (10.4) are both finite, and establishes
sharp bounds when o and T both vary within certain limits.

Theorem 10.1. Let d > 1. Suppose that oT > oy and T € (0,Ty] with some ag > 0,
Ty > 0. Then the v-Rényi entanglement entropy satisfies

[H, (T, p1; @A) | < Ca® (| log(T)| + 1). (10.6)
If A is bounded, then the local v-Rényi entropy satisfies

|S5(T; ;. ah) = a’s (T, w)|Al| < Ca?~(|log(T)| + 1), (10.7)
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where
S’y(Tv M) = ﬁ /nv(aT,u('s))dg

The constants in (10.6) and (10.7) are independent of o and T, but may depend on the
parameters ag, Ty, p, the function h and the region A.

The coefficient s, (7, ) is called the v-Rényi entropy density (cf. [14]). It can be
expressed in the form:

(v_vl)T(p(T,u)—p(T/%u)), if v #1,
sy (T =1 (10.8)
8_§(T7N), ify=1,

in terms of the pressure

N(E)
(T, 1) -—/Wﬂiﬂ

and the integrated density of states

1

N(E) = G / Xowe) (E — h(€)) d, E € R,

of the free Fermi gas. The relation (10.8) for v = 1 is a standard thermodynamic relation,
see for instance [1].

For d = 1, apart from the bounds, we can also determine the asymptotic behaviour
of the local (or thermal) entropy and of the EE.

Theorem 10.2. Let d =1 and let I C R be given by (4.6). Then the EE satisfies
H, (T, ) = 2B (ar,m,) + of | 1og(T)| + 1), (109)
and if Iy = Ix41 = @, then with s, from (10.8) the local entropy satisfies
S, (T, s @) = sy (T, | + 2KB(arny) + ol log(T) +1),  (10.10)
as o1 > ag, a — 00.
A proof of the leading large-scale behaviour of the local entropy S, (T, i; aA) at fixed
T > 0 appeared (among other things) first in [16,2] (for v = 1). The sub-leading correc-

tion in dimension d = 1 in (10.10) is new. The extension to dimension d > 2 is subject
of [26, Section 3].
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If in Theorem 10.2 we also assume that T | 0, then the asymptotic formulas take a
more explicit form. To state this result recall that due to Condition 8.1, the Fermi sea
has the form (8.26) with a finite N € N.

Corollary 10.3. Let d = 1, I be as in (4.6), and let N be the number of connected
components of the Fermi sea, see (8.26). Let «T > o and T | 0. Then the EE satisfies

1
H. (T, ji: al) = wN %\ log(T)| + o | log(T)| + 1). (10.11)

It is worth pointing out that the coefficient in front of |log(T")| agrees with the asymp-
totic coefficient found in [7,13] for the zero temperature case. Indeed, with the notation
that we presently use, the theorem in [13] implies that for a bounded I, that is, with
w = 2K, we have (see (10.5))

Hy (0, g5 0l ) = 25,(0, p; )

1
=wN Rl

log(a) + o(log(a)), o — o0.

Clearly, the coefficient in this formula is the same as in Corollary 10.3. Therefore, if we
identify « inside the logarithm with 1/7 we recover the above asymptotic expansion in
Corollary 10.3.

Proof of Theorem 10.1. It is easy to see that
H, (T, ;@) = tr Do (ap i, As11y) + tr Do (ar,,, R\ As 7). (10.12)

Now, let ¢ € C*°(R) be such that 0 < ¢ < 1 and

¢(t) =

1 fort<1/4,
0 fort>3/4.

If v # 1, then ny¢ and 1, (1—¢) satisfy Condition 2.1 with to = 0 and ¢ty = 1, respectively,
and with s = min{1,~}. The functions ¢ and 7 (1 — ¢) satisfy Condition 2.1 with
arbitrary v < 1. Since the mapping f +— D,(a, A; f) is linear, we have

Da(a,A;ny) = Dala, A;nyd) + Dala, Ayny (1= ¢)). (10.13)

Applying Theorem 8.3 with R = 1 to each term on the right-hand side, we conclude for
ol > ag and 0 < T < Tp, that

[Dalaz,u, Asiy)lle, + ||Da(aT7/uRd \Asmy)lle, < Cad71(| log(T)| + 1)- (10.14)

In view of (10.12), this leads to (10.6).
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In order to prove (10.7), we rewrite (10.3):
Sy (T, s A) = tr{xany (Opg (ar,u))xal + tr Da(ar,u, As ). (10.15)

For the first trace we have the simple identity

tr[xany (Opa (ar,))xa] = trlxa Opa (115 (az,))xa] = a’sy (T, ) |A].

Together with the bound (10.14) for the second trace, this yields (10.7). O

Proof of Theorem 10.2. Applying Theorem 8.6 to each term on the right-hand side of
(10.13), and using (4.8), we obtain as oT > «agp, o — o0, that

tr Do(ar,u, I;ny¢) = wB(ar,u;1y¢) + o(|log(T)| + 1),
and
tr Da(aT,ua I 77'y¢) = wg(aT,u; 777925) + 0(‘ IOg(T)‘ + 1)7

where w = w(I) = w(I°). Similar formulas can be written with the function (1 —¢)n, as
well. Thus, remembering the linearity of the map f +— B(a; f) (see definition (4.3)), we
obtain (10.9).

The asymptotics in (10.10) is obtained in the same way using (10.15) and (1.3). O

Proof of Corollary 10.3. The claimed formula immediately follows from (10.9) and the
asymptotic relation (9.1) after observing that (cf. [13])

1
1
10777:/ 1 (t — 2 +'7.
0

t(1— 6y

One should note that in the same way one could replace the coefficient B(ar,,, 1)
by its asymptotics (9.1) in formula (10.10) as well. However, the specific entropy density
sy(T, ) in the leading term would also need to be expanded in T | 0, and the precise
place of the B( - )-term in the resulting expansion of S., will depend on the relationship
between o1 and T. We do not go into these details.

Appendix A. The Helffer-Sjostrand formula
When studying functions of self-adjoint operators we rely on the Helffer—Sjostrand

formula which holds for arbitrary operators A = A* and arbitrary smooth functions
fECHR), n>2(z=x+iy, Z =32 —|—i8%)):

= % // %f(x, y) (A — x — iy) " 'dady, (A.1)
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where f = f(z,y) is an almost analytic extension of the function f, see [9, Propo-
sition 7.2] and [5, Chapter 2|. An almost analytic extension of f € C"(R) is a
C!'(R?)-function f, such that f(z) = f(z,0) and |%f(m,y)| < Cly|. For the sake of
brevity we use the representation (A.1) for compactly supported functions only, so that
the integral (A.1) is norm-convergent.

Let us describe a convenient almost analytic extension of a function f € C§(R). For
an arbitrary r > 0 introduce the function

]" < )
Ur(fﬂ,y) — |y| <SC>7~ <1'>r = /22 + 72
0, [yl = (@)r,
Later, we need a function ¢ € C(R) to be a function such that
C(t)=1 for |¢t| <1/2, and ((t) =0 for |¢t| > 1. (A.2)

Lemma A.1. Let f € C*(R), n > 2. Then for any r > 0 the function f has an almost

analytic extension f = f( -, - ;r) € CY(R?) such that f(x,y;r) = 0 if [y| > (z),.
Moreover, the derivative, %f(x,y;r), satisfies the bound

|52 @] < CuP @ )lyl"~ U (a.), (A3)
where
Fain) = 3 1O @)
=0

The constant C,, does not depend on f or the constant r.

The proof of this lemma is a marginal modification of the proof contained in
[5, Chapter 2| and is thus omitted.
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