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Abstract

This thesis is centred around computations in the derived module cat-
egory of finitely generated lattices over the integral group ring of a finite
group (. Building upon the representability of the cohomology functor in
the derived module category in dimensions greater than 0, we give a new
characterisation of the cohomology of lattices in terms of their G-invariants,
only having the syzygies of the trivial lattice to keep track of dimension.
With the example of the dihedral group of order 6 we show that this charac-
terisation significantly simplifies computations in cohomology. In particu-
lar, we determine the Bieberbach groups, that is, the fundamental groups of
compact flat Riemannian manifolds, with dihedral holonomy group of order
6. Furthermore, we give an interpretation of the cup product in the derived
module category and show that it arises naturally as the composition of
morphisms. Inspired by the graded-commutativity of the cup product in
singular cohomology we give a sufficient condition for the cohomology ring

of a lattice to be graded-commutative in dimensions greater than 0.
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1 Introduction

This thesis deals with computations in the derived module category of the category
F(G) of finitely generated lattices over the integral group ring Z[G] of a finite
group GG. We are particularly interested in its application to the cohomology
theory over these rings.

The theory of cohomology is fundamental to modern algebra. It is the dual
version of homology and has its roots in the concept of a dual cell structure
which H. Poincaré used in his proof of the Poincaré duality theorem. However
its true importance was not realised until some 40 years after the development
of homology. Although most of its ideas were around from as early as the 1890’s
the birth of homological algebra took place in the late 1930’s with crystallisation
of the notion of homology and cohomolgy of a topological space. The realisation
that the same formalism can also be applied to other algebraic structures was
primarily due to the work of S. Eilenberg until it reached its maturity in 1956
with the publication of Cartan and Eilenberg’s book [5] and with the emergence
of central notions of derived functors, and projective and injective modules. Today
it extends to nearly every area in algebra.

In this thesis we will be working with the Eilenberg-MacLane definition of
cohomology which is obtained by applying the Hom( - , N') functor to a projective
resolution P, — M of a module M and taking the homology of the resulting chain
complex, that is

H"(M,N) = H,(Hom(P,, N)).

With this definition H"(M, N) inherits the natural additive group structure from
Hom(P, M). In his paper [17] Yoneda showed that alternatively we can define
cohomology as module extensions which are naturally equipped with the product
structure of concatenating extensions, the Yoneda product. This then allows us to
introduce a product structure on cohomology, the cup product, and results in the
notion of the cohomology ring H*(M, M) of a module. In the case of H*(Z,Z), Z
the trivial rank 1 module, coincides with the cup product of singular cohomology.
In section 2.2 we will give an introduction to cohomology, its relation to module
extensions and its algebraic structure.

The derived module category of a category of modules is the quotient cate-
gory obtained by factoring through the subcategory of projective modules. In his
PhD thesis [8] J. Humphreys showed that for a module over a ring R satisfying
Ext"(M, R) = 0, for n > 1, the cohomology functor H"(M, - ) is co-representable
in the derived module category with co-representing object the n-th syzygy of M,
Q,(M), that is, for all n > 1 we have

H™(M, N) = Hompe, (Q,(M), N).

The idea of the derived module category and the co-representability of the coho-
mology functor has already been around for some years and was also observed for



example by J.Carlson in the case of modules over the group ring kG of a finite
group G with k a finite field of characteristic p, see [4], and has been formalised
for certain classes of modules by F.E.A. Johnson in [10]. However Humphrey’s
result remains the most general. Furthermore, in his book [10] Johnson proved
that under certain conditions the syzygy functors €2,, and €2_,, are adjoint in the
derived module category, that is

Hompe, (Q2,(M), N) ~ Homp,,(M,Q_,(N)).

This is mainly due to the fact that in these cases every homomorphism f : M —
M’ can be lifted to a chain transformation between two complete resolutions of
M and M.

Although the condition Ext™(M, R) = 0 fails for most rings it is true for many
interesting ones, in particular the integral group ring Z[G| of a finite group G. As
also mentioned by Carlson in [4] for group rings we obtain as a consequence of
Frobenius reciprocity that

(M) @ U(N) ~ Qe (M @ N),

where M and N are lattices and M ® N is the tensor product over Z with di-
agonal G-action. This property will play an important role in our analysis of
Homp,, (Q2,(M), N) as it will allow us relate the syzygies of an arbitrary lattices
to the ones of the trivial lattice. In section 2.3 we will give a brief introduction to
syzygies and to the derived module category of F(G). We will prove two simple
but important results, namely the adjointness formula

Hompe, (R ® M, N) ~ Homp,,. (M, R* ® N)

and
Homp,,(Z, N) ~ NY/N%,

where N¢ is the sub-lattices of invariant elements and ¥ is the norm of G. These
results, together with the compatibility of the tensor product and syzygies, will en-
able us to employ the representability of cohomology to express H*(M,N), n > 1,
directly in terms of M and N only having the syzygies of the trivial lattice to
keep track of the dimension. We will do this in section 2.4 and obtain the first
result of this thesis

Theorem A: Let M and N be lattices over a finite group G and let n > 1 then

H™(M,N) ~ C"(M, N),
where C"(M, N) = (Q_,(Z) ® M* ® N)/(Q_.(Z) ® M* ® N)Sq.



The advantage of this formula is that it significantly reduces the amount of
calculations necessary to determine cohomology as we will illustrate with the
example of the dihedral group Dg in chapter 3. First of all, since Q_,(Z) =
Q1(Z) @ Q_,41(Z), it eliminates the need to determine a free resolution of Z,
and secondly since H"(M,N) ~ H"(Z,M* ® N) it allows us to calculate the
cohomology of a lattice M in terms of the cohomology of the trivial lattice. An-
other advantage of this formula is that it also simplifies computations with co-
homology such as calculating the induced map f* : H*(M,N) — H"(M', N)
of a homomorphism f : M’ — M. Again we will not have to work with reso-
lutions and lift f to a chain transformation as f* will simply map an element
[d@m*®@n] € C"(M,N) to [d® (m* o f) ®n] € C"(M',N). In particular, the
induced map i* : H"(G,N) — H"(H,i*(N)) of a subgroup i : H — G is obtained
as the projection

(Q-0(Z) © N)E/(Q-n(Z) © N)S6 — (Q(Z) ® N) /(Q0(Z) © N) .

Recall that a Bieberbach group 7 is a fundamental group of a compact flat
Riemannian manifold M and arises algebraically as a torsion-free extension of
a finitely generated free abelian group N by a finite group G. In particular,
we can regard 7 as a subgroup of the Euclidean group E(n) = R™ x O(n), the
group of isometries of the n-dimensional Euclidean space, which acts freely and
discontinuously on R™. Then the manifold M is given by the orbit space R" /.
Furthermore, the subgroup of pure translations in 7 is isomorphic to the free
abelian group N and the holonomy group of M, the subgroup of O(n) given by
parallel translation along closed curves in M, is isomorphic to G. It is known
that the torsion-free extensions of N by G correspond to those elements ¢ in
H?*(G, N) for which 0 # i*(c) € H*(C,,i*(N)) for all cyclic subgroups i : C, — G

of prime order. Expressed in the above terminology this translates to the following

Theorem B: The Bieberbach groups with holonomy group G are determined
by those elements ¢ € (Q_o(Z)RN)/(Q_2(Z)2 N)Sq which are not in (Q_o(Z)®
N)X¢, for all cyclic subgroups C, € G of prime order.

In chapter 3 we will use this result to determine the Bieberbach groups with
holonomy group Dg.

The last section in chapter 2 is dedicated to the interpretation of the cup
product in the derived module category and the analysis of the ring structure of
Hompe, (Q.(M), M) = >, -, Homp,, (,(M), M). We will see that the adjoint-
ness of €, and Q_,, allows us to regard the composition of morphisms in Homp,,
as a pairing

o : Homp,, (2 (M), R) @ Hompe, (§4(R), N) — Homp,, (Qx11(M), N)

and we will show that the cup product arises naturally as the composition e, that
is



Theorem C: Let f € Homp,, (Q (M), R) and let h € Homp,,(;(M), R). Let
pi : Homope, (. (M), R)=H*(M, R) be the isomorphism giving the co-representabilty
of cohomology then

pe(f)Upi(h) = pry(hef).

Notice that there also exists a natural product structure on the quotients
C"(M, N) given by the evaluation map

o:C*(M,R)®C{R,N) — CFYM,N)
dy@m*@r|@[d@r @n] — [r*(r)(dy ®@d @m* Q@ n)]

and as a corollary of theorem A and theorem C we obtain

Corollary D: The e-composition in Homp,, corresponds to the evaluation map
on C.

It is well known that the cup product in singular cohomolgy makes the cohomol-
ogy ring H*(X,Z) a graded-commutative ring, that is fUh = (—1)des/)deet)p f.
We obtain then quickly that the ring Homp,, (2. (M), M) is graded-commutative
for every lattice M which lies in some syzygy of the trivial lattice. However we
will see that we can still improve on this and show

Theorem E: Let M be lattice such that there exists a lattice M’ and M & M’
lies in the syzygy of some lattice of rank 1. Then the ring Hompe, (2. (M), M) is
graded-commutative.

In chapter 3 we will calculate the syzygies of the indecomposable Dg-lattices
and use these results to give a list of lattices for which Hompe, (2. (M), M) is
graded-commutative.
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2 Cohomology and the derived module category

2.1 Preliminaries

In this section we will recall some linear algebra over the integral group ring of a
finite group which will be important in subsequent sections. For a more detailed
account see [2, 5]. Let G be a finite group. The integral group ring Z[G] of G is
the set of all formal sums

Z|G] = {Zagg | ag € Z},

geG

where the sum is given by

Z agg + Z begg = Z(% +bg)g

geCG geG geCG

and the product is given by

D agg Y bih=> <Z ahbh_lg> q.

gelG heG geG \heG

In Z|G] we distinguish a particular element X = g called the norm of G.

By a G-lattice N we mean a right Z[G]-module whose underlying abelian group
is torsion free and finitely generated, that is, N ~ Z" as an abelian group and the
action of G on N is given by a group representation

PN G — GIH(Z),

where wg = py(g~)w, n is called the Z-rank of N, rkz(N) = n. If there is no
confusion about the group we simply refer to N as a lattice. We denote by F(G)
the category whose objects are finitely generated G-lattices and whose morphisms
are G-module homomorphisms.

A lattice N is called decomposable if there exist proper sub-lattices 0 C
M,M" C N such that N ~ M @& M’, N is called indecomposable if it is not
decomposable. There are two indecomposable lattices which are of particular in-
terest to us. The first one is the trivial lattices Z for which pz(g) = 1 for all g € G.
The second one is the integral group ring Z[G], called the regular representation,
for which a Z-basis is given by the elements of G and the G-action is given by
multiplication in G on the right. In each lattice we distinguish two particular
sub-lattices. The first one is the set of G-invariant elements

NY={w e N | wg =w}
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and the second one is the lattice
NYqg = {U}EG | w € N}

Notice that NXg C N¢ since g = X for all g € G.
The Z[G]-dual of a lattice N is the lattice

N* = Homz[g] (N, Z[G])

where the G-action is given by py+(g9) = pn(g~')!. The Z-dual of a lattice N is
the lattice
N* = Homy(N,Z)

on which the G-action is given by (fg)(w) = f(wg™).

Let M and N be two lattices of rank m and n respectively, and with corre-
sponding representations py; and py. Then the tensor product M ® N over Z is
a lattice where the G-action is given by

(v®w)g=vg ®wyg.

In terms of group representations
puen G — Gl (Z)

is given by pyen(9) = pam(g) ® pn(g) where the tensor product of two matrices
A = (a;;) and B = (b;;) is defined as A® B = (Ab;;). Furthermore the group of Z-
homomorphism Homz(M, N) is a lattice on which G acts by (fg)(v) = (f(vg™1))g
and Homz (M, N) ~ M* @ N. In particular M* ® M is the matrix ring M,,(Z)
on which G acts by conjugation, Ag = ppr(g~ ) Apar(g).

Let H C G be a subgroup and let ¢ : H — G be the inclusion map. Then ¢
induces maps

i F(G) — F(H)
and

i : F(H) — F(Q),

where i* is given by restricting scalars to Z[H| and i, is given by extending scalars
to Z[G], in particular, i,(M) = M ®gu) Z|G], where we consider Z[G] as a left
Z[H]-module and the G-action is given by (v ® a)g = v ® ag.

Lemma 2.1.1 (Frobenius reciprocity)
Let H C G be a subgroup and let i : H — G be the inclusion map. Let M be

an H-lattice and let N be a G-lattice then there exists an isomorphism

Vi (M)® N — i, (M ®i*(N)),

11



where (v Qzmy 9) @ w) = (v @ wg™) Rz g and Y~ H(v @ W) Rz g) =

(v ®zH) 9) ® wy.

Corollary 2.1.2 Let M be a G-lattice with tkz(M) = m then M ® Z|G]*

12

Z|G]Fm.,

Proof: Let i be the inclusion map of the trivial group into G then Z|G] = i.(Z)
and it follows from Forbenius reciprocity that

ZIGI* @ M = i,(ZF) @ M ~ i,(ZF @ i*(M)) = i,(Z* ® Z™) = Z|G]F™.

QED

Lemma 2.1.3 (Eckmann-Shapiro lemma)
Let H C G be a subgroup and let i : H — G be the inclusion map. If M is a

G-lattice and N is an H-lattice then there exist isomorphisms

Homgzg (M, i.(N)) ~ Homgg (i* (M), N)

and

HomZ[G] (Z*(N)7 M) ~ Homz[H](N, Z*(M>)

Corollary 2.1.4 Let N be a G-lattice then the Z|G|-dual N* and the Z-dual N*

are isomorphic as G-lattices.

Proof: Let ¢ be the inclusion map of the trivial group into G. Then by the
first isomorphism in the Eckmann-Shapiro lemma it follows that

N* = Homgg (N, Z[G]) = Homgg (N, i.(Z)) ~ Homgz(:*(N), Z) = Homg (N, Z)
= N*.

QED
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Lemma 2.1.5 Let H C G be a subgroup and let i - H — G be the inclusion.
Then i.(Z) is self-dual, that is (i.(Z))* ~ i.(Z).

Proof: Let {x1,...,x} be representatives of H\G thus G = Hx  U---U Huay,
and Hrx; N Hxj = 0 for i # j. Then {1®z1,...,1 @ 2} is a Z-basis for i.(Z) =
Z @z Z|G]. Let x € G and let z,, ;) € {z1,..., 2} be such that z;2~ € Hz,
thus (1 @ z;)2™! = 1 ® @, If 227! € Hag and z2' € Hxg then zp =
hx; o= = Nz~ and therefore hx;, = Wy, that is z;, = z;,. It follows that
0, is a permutation on {1,...,k} and therefore p;, (z)(x) is a permutation matrix,
in particular

(Pi.2) ()1 = { (1) ;;ZEZ;

Since z7 'z = 1 it follows that o,-1 = 0! so that

(pi*(Z)<x_1))kl = { é g ; Zz_iég = (pi.)(7))ik

Thus p;.(z)(z) = pi.z)(x")" and therefore (i,.(Z))* = i.(Z). QED

Proposition 2.1.6 Let M, N and R be lattices. Then there exists an isomor-
phism
HOIDZ[G](R ® M, N) — HOII]Z[G](R, M*® N)

Proof: Let f € Homyg (R ® M, N) and define F(r)(m) = f(r ® m). Then
f € Homy(R, M* ® N). Furthermore

A

fg)(w) = flzg@w)=f(z@wg ")g) = fz@wg")g
= (f(x)(wg1)g = (f(2)9)(w)

thus f € Homyq (R, M* @ N). Similarly let f € Homz(R, M* ® N) and define
f(z@w) = f(2)(w). Then f € Homz(R ® M, N). Furthermore

~ N

f(zow)g) = flzg@wg) = f(zg)(wg) = (f(2)g)(wg)
= f(2)(wgg g = f(2)(w)g = f(z @ w)g.
QED

13



2.2 Eilenberg-MacLane cohomology and Yoneda’s theory

of module extensions

In this section we recall the traditional Eilenberg-MacLane definition of coho-
mology, Yoneda’s theory of module extensions and some basic properties. Fur-
thermore, we recall the relationship of group cohomology with the compact flat
Riemannian manifolds and singular cohomology. Although these definitions hold
for any class of modules which admits enough projective modules we will restrict
our attention to finitely generated lattices over the integral group ring of a fi-
nite group. We will here only give the proofs which convey the for us interesting
properties of cohomology. For a more detailed account see [14, 15].

Definition 2.2.1 Let M be a lattice. A free resolution F,——= M of M is an

exact sequence

(o) o1

Ey F

where each F; is free.

Lemma 2.2.2 Fvery lattice admits a free resolution.

Proof: Let {my,...,my} be a set of generators of M and let F, be the free
module Fy = Z[G]* with standard generators {ej,...,ex}. Then ¢ : Fy — M
with e(e;) = m;, i = 1,...,k, is a surjective homomorphism. Now choose a set
of generators {dy,...,d;} for ker(¢) and let F} be the free module F; = Z|[G]!
with standard generators {ej,...,e;}. Then p; : F} — ker(e) with pi(e;) = d;
is surjective homomorphism. Let i; : ker(e¢) — Fy be the inclusion and define
01 = p1 o41. Repeating this construction for ker(d;) we obtain a free module F,
and a homomorphism 05 : F5 — Fi, and continuing this way we obtain inductively

a sequence - - - F % F o Fy—==M 0, where each Fj is free and
im(0y,41) = ker(0,) by definition. QED

Notice that a free resolution is by no means unique as we can always choose a
different set of generators for M. However, the following proposition allows us to
compare any two resolutions.

14



Proposition 2.2.3 Let ¢ : M — M' be a homomorphism and let F, —== M
be a free resolution of M and F,Z—E/>M’ a free resolution of M'. Then there
exists a chain transformation p, : F, — F! which lifts ¢. That is, p, is given by a
family of homomorphisms ¢y, : Fi, — F}, k > 0 such that ¢y 0 Op1 = O) 4 © Pht1
and poe =¢'oy.

02 01

Fy F Fh——=M 0

\Lw llpl i@o llp
0! 0, /

oI YNy LR Y

Furthermore, any two chain transformations @, and ¢, lifting ¢ are chain homo-
topic, that is, there exist homomorphisms s, : Iy, — F} ., such that 0, o s, +

Sk—1 0 O = @ — )., where s_1 = 0.

Proof: Let (0 —=im(0;) 2> Fy —== M 0 be the first stage of the res-

olution of M, let ) —im(0}) a F <M 0 be the first stage of the
resolution of M and let ¢ : M — M’ be a homomorphism. Since Fj is free and
¢’ projective it follows that there exists a lift ¢q : Fy — F{ of p o€, in particular
¢’ o p = poe. Furthermore, let d € im(0;) then €' o py(d) = p o e(d) = 0 thus ¢y
maps im(0;) into im(d;) and we obtain a commutative diagram of exact rows

O*>1m(81) il F() £ M 0

e, b

1

0 —=im(d}) = Fy ——= M’ —=0,

where Qo = ¢oim(a,)- Repeating this construction for @y then yields a homomor-
phism ¢; and iterating this process gives a family of homomorphisms ¢y, : Fj, — F),
which by definition satisfy ¢ 0 11 = 0) 1 © Pr41-

Let ¢/ be another chain transformation lifting ¢. Then €’ o (g — ¢}) = p o
e —poe = 0 thus im(py — ¢}) C ker(¢’) ~ im(9;) and hence @y — ¢ defines a
homomorphism §; : Fy — im(0]) such that py—¢f, = i} 038p. Again, since Fj is free
and p| : F| — im(0]) projective we can lift Sy to a homomorphism sy : Fy — F}
satisfying p} o sp = §p and therefore 9] o sy = 7} o pj 0 59 = i} 0 59 = Yy — ¥}.

15



Inductively, we obtain for £ > 1

O o(pr — ¥y —5k—100k) = (Pr—1—@}_1) 00 — 0}, 0sk—1 00
= (Pr—1—@)_1) 00k — (Pr—1— Pj_1 — Sk—20 Ok—1) 0 O
= 0,

that is, im(pr — ¢, — sg—1 0 O) C ker(9,) = im(0,,) and, as before, v, — ¢}, —
Sg—1 0 Oy, defines a homomorphism 5y, : Fj, — im(0;, ;) with ¢, — ¢} —sp_1 00, =
i41 © Sk. Again, since Fy is free and pj,, : Fy,; — im(Ok41) projective, 5
lifts to a homomorphism s, : Fj, — Fy, satisfying p)_, o s, = 8 and therefore
Ofs1 © Sk = Tpyq © Phyq © Sk = ljyq © Sk = QP — ), — Sp—1 © Op. It follows that
9016_902 zsk_108k+8,;+losk. QED

Notice that the existence of ¢, does not depend on the F’s being projective.

Thus the proposition still holds if we replace F! L M’ by an exact sequence
ending in M’.

Let M and N be lattices and let

o)) 01

Fy Fy Fy

be a truncated free resolution of M. Since the functor Hom( -, N) is contravariant
and left exact, applying it to F, —— M yields a co-chain complex Hom(F, N)

. < Hom(Fs, N) <2 Hom(F,, N) <" Hom(F, N),

that is, im(0;) C ker(0% ) where 9;(f) = fo 0; for f € Hom(F;_1,N). An
element in im(9;) is called an n-coboundary and an element in ker(9, ) is called
an n-cocycle. Two n-cocycles f and f’ are called cohomologous if their difference
is a coboundary, f — f' = 0,11(h).

Lemma 2.2.4 Let ¢ : M — M' be a homomorphism, let F, — M and F! — M’
be free resolutions and let p. : F. — F., ¢. = (pr)p>0 be the induced chain
transformation. Then f o ¢, is an n-cocycle (n-coboundary) for any n-cocycle
(n-coboundary) f : F! — N. In particular, if M = M' and ¢ = idy then ¢
lifts to chain transformations ¢, : F, — F! and ¢, : F. — F, such that f and
f o (¢, ow.) are cohomologous for any n-cocyle f : F, — N.

16



Proof: Let f : F) — N be an n-cocycle that is 9, (f) = fod,,, =0. It
then follows that f oy, 00,1 = fod, ., 0pns1 =0, thus f o, is an n-cocycle.
Let f: F! — N be an n-coboundary, that is there exists a cochain g : F,,_; — N
such that f = 97 (g) = go d,. It then follows that f oy, = go d, 0 ¢, =
gOYn_100, =0:(gopn_1). Thus f o, is an n-coboundary.

Let M = M’ and ¢ = idy. Then id, = (idp )keny and ¢, o g, = (¢} o
¢k )ken are both chain transformations from F, — M to itself and it follows from
proposition 2.2.3 that there exist homomorphisms s, : F, — Fjy,q such that
Ok41 © Sk + Sp—1 0 O = idg — (¢}, 0 wg). Let f : F, — N be a k-cocyle, then
f=Fo(bhopr) = foska00r = 0i(fosk). Thus fand fo (g 0pyp) are
cohomologous. QED

Definition 2.2.5 The n-th cohomology group of M with coefficients in N is de-

fined as

ker(0f) = Hom(M,N) n=0
H"(M, N) = H,(Hom(F., N)) =

ker(05 . 1)/im(0}) n>0
and an element [f] € H"(M,N) is called the cohomology class of the cocycle

[ €ker(0;, ). The cohomology group of M with coefficients in N is

H*(M,N) =Y H"(M,N).

n>0

The group structure of H" (M, N) is inherited from the group structure of Hom(F,,, N)

that is
H"(M,N)x H*(M,N) — H"(M,N)

(F1[p]) = [T+ = [f +hl.

The group structure is indeed well defined as f + h € ker(0} ;) whenever
f,h € ker(0;,,), and [f] + [h] is independent of the choice of representatives as
(f+0:(f)+(h+0:N) = f+h+0:(f + 1) € [f +h]l. Notice that the
cohomology class [f] of an n-cocycle f : F, — N only depends on its value
on im(0,11) C F, since a general representative is of the form f + g o 9, for
g : F,_1 — N. Thus the cohomology class [f] must be independent of the value
on any point € F,, with 0,(z) # 0. Furthermore, ker(d;) = Hom(M, N) since

17



01

I Fy—==M 0 is exact, thus applying Hom( -, N) yields the exact

*

o e*
sequence Hom(F;, N) <—— Hom(Fy, N) <—— Hom(M, N)<—0 . It follows that
ker(97) = im(e*) ~ Hom(M, N). Thus

H°(M, N) = Hom(M, N).

A key characteristic of cohomology is its independence of the resolution for M

since, by lemma 2.2.4, for any two resolutions F, —— )M and F/ oM of M
the identity map id,; induces an isomorphism on cohomology

i, : H,(Hom(F,, N))—— H,(Hom(F', N)).

From a categorical point of view cohomology is a family of contra-variant func-
tors M — H™(M,- ) from the category F(G) of finitely generated lattices to the
category of abelian groups satisfying H"(M & M', N) ~ H*(M,N)® H"(M', N)
and the following properties.

Exactness: Let ( M —= M —2 A7 0 be an exact sequence of lat-
tices then there exists a long exact sequence

OHHO(M//,N) L>HO(]\47 N) LHO(M',N) LHl(M”,N) L*> o
where ¢ is called the connecting homomorphism.

Homotopy: Two chain homotopic maps induce the same homomorphism on co-
homology.

Similarly we can regard cohomology as a family of covariant functors N —
H™( -, N) satisfying H*"(M, N @& N') ~ H*(M,N)® H"(M, N') and the following

% p

property. Let 0 N’ N N 0 be an exact sequence of lattices
then there exists a long exact sequence

0 —= HO(M, N') == HO(M, N) —2= HO(M, N") —2> H'(M,N') —=> . ..

Lemma 2.2.6 ( Eckmann-Shapiro lemma)
Let H C G be a subgroup and let i : H — G be the inclusion. Let M be a

G-lattice and let N be an H-lattices then there exist isomorphisms

H"(M,i,(N)) ~ H"(i*(M),N)

18



and

H"(i,(N), M) ~ H"(N,i*(M)).

Definition 2.2.7 The cohomology of a group G with coefficients in N is defined

as

H"(G,N)= H"(Z,N),

where 7 is the trivial lattice. In particular, H*(G,N) = NY is the sub-lattice of

G-invariant elements of N.

Let H C G be a subgroup, let ¢ : H — G be the inclusion and let M be

a G-lattice. By restricting scalars to Z[H]| we can regard any free resolution
3

F,——= M of M over Z|G] as a free resolution *(F), ——*(M) of M over

Z[H]. In particular any coboundary (cocycle) over Z[G] is also a coboundary
(cocycle) over Z[H]|. Thus i induces a homomorphism

i*: H"(G,N) — H"(H,i"(N))
and by lemma 2.2.6 we can regard ¢* as a homomorphism
i H"(G,N) — H"(Z ®zm) Z|G], N)
induced by Z ®zm Z[G] — Z where 1 ® g +— 1.

The group H?*(G, N) has an interesting geometric interpretation. Let E(n) =
R™ x O(n) be the group of isometries of R™ and let 7 C F(n) be a subgroup. Let
t: E(n) — R"and r: E(n) — O(n) be the projections. Then m NR™ is called the
translational part of 7 and r(w) is called the rotational part of m. The group 7
is called discontinuous if all its orbits in R™ are discrete and called irreducible if
t(n") spans R™ for all conjugates 7’ of 7w in E(n). An irreducible and discontinuous
subgroup of E(n) is called a crystallographic group. Bieberbach’s first theorem,
[3], then states that the translational part = N R™ of a crystallographic group
m C E(n) is a free abelian group on n generators which are linearly independent
translations. By a theorem of Auslander and Kuranishi, [1], an equivalent defini-
tion of a crystallographic group is the following. If 7 is given by a group extension
of a finitely generated free abelian group N by a finite group G, that is, 7 occurs
in an exact sequence

0 N——> G—=0 (2.1)
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then 7 is a crystallographic group, where N ~ 7 N R" and G ~ r(w). It is well
known that the orbit space M = R"/7 is a compact flat Riemannian manifold (a
flat manifold for short) if and only if 7 is a torsion-free crystallographic group, [6,
7]. In particular, 7 is isomorphic to the fundamental group 7y (M) of M. A torsion-
free crystallographic group is called a Bieberbach group. Furthermore, any flat
manifold M arises in this way and two Bieberbach groups m and 7’ are isomorphic
if and only if there exists an affine diffcomorphism between R"™/m and R"/7’.
Recall that the holonomy group of a manifold M is the subgroup in O(n) given by
parallel translation along closed curves in M. Furthermore a compact manifold is
flat if and only if its holonomy group is finite, and every finite group is isomorphic
to the holonomy group of a flat manifold M. A flat manifold with holonomy
group isomorphic to a finite group G is called a G-manifold. In particular, if
7 = m(M) then the holonomy group of M is isomorphic to r(7). Thus the
problem of classifying all G-manifolds is equivalent of determining all torsion-
free extensions of a finitely generated free abelian group N by G. A detailed
introduction to Bieberbach groups and compact flat Riemannian manifolds can
be found in [6, 7, 16], a more general account of differential geometry can be found
in [12)].

It is well known that the group extensions of the above form (2.1), not nec-
essarily torsion-free, are in one-to-one correspondence with H?*(G, N), [14]. The
following lemma due to P.A. Smith gives us some means of deciding which ele-
ments in H%(G, N) determine torsion-free extensions.

Lemma 2.2.8 The elements f € H*(G,N) determining torsion-free extensions
are those for which i*(f) # 0 in H*(C,,1*(N)) for all subgroups C,, C G of prime

order p.

A proof is given in [6, 7].

There exists another geometric meaning of the cohomology groups H"(G,Z)
of a group G. Let X be a topological space. A group G is said to act on X if
there exists a group homomorphism G — Aut(X), where Aut(X) is the group
of homeomorphism of X to itself. The group G is said to act properly if for all
xr € X there exists a neighbourhood U such that UgNU = for all 1 # g € G.
If a group G acts properly on a topological space X the singular complex S(X)
of X is a complex of free G-modules, see [14]. Furthermore, if the space X is
acyclic, that is all higher homology groups vanish, H,(X) = 0, n > 1, then the
singular complex S(X) is a free resolution of the trivial G-lattice Z. If N is a
trivial G-lattice then there exists an isomorphism between the cohomology groups
of the quotient space X/G and those of G, that is,

H"(X/G,N) ~ H"(G, N).
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In other words if Y is aspherical, that is all higher homotopy groups vanish, with
fundamental group G then its universal covering space is an acyclic space on which
G acts properly. Thus the cohomology of Y is isomorphic to the cohomology of
its fundamental group. For a detailed account of singular cohomology see [15].
The relationship to the cohomolgy of groups is explained in [7, 14, 16].

In singular cohomolgy there exists a well known product structure, namely the
cup product, which is defined as follows. Let X be a topological space then the
cup product is defined as

U HYX,Z) @ HY(X,Z) — H(X,Z)
f®h +— fUh,
where (f U h)[po, ..., pesi] = flpo,---spx] Aok, ... peyi] for a singular (k + 1)-

complex [po, ..., per] € Skwi(X) with k-th front face [po,...,pr] € Sk(X) and
[-th back face [pg, . ..pryi|. Furthermore, the cup product satisfies

fuh=(-1)"huf,

Thus the cup product makes H*(X,Z) = Y, ., H*(X, Z) into a graded-commutative
ring. that -

It follows that if X is an acyclic space on which G-acts properly then the
isomorphism H"(X/G,Z) ~ H"(G,Z) induces a product structure on H"(G,Z)
making H*(G,Z) into a graded-commutative ring. We can extend this product
structure to obtain a pairing

U: H*(M,R)® H'(R,N) — H*"'(M, N)

for any triple M, N, R of lattices. To do this we will need Yoneda’s theory of
module extensions which we introduce next.

Definition 2.2.9 Let M and N be lattices, and let n > 1. An n-fold extension

of M by N is an exact sequence

E: 0 N 2> B, By M 0.

The set of all n-fold extensions of M by N is denoted by Ext"(M,N), where
Ext'(M, N) = Hom(M, N), and the set of all extensions of M by N is denoted by

Ext*(M,N) = 3 oo Ext"(M, N).
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There is a natural pairing of extensions, called the Yoneda product,
o:&xtF(M,R) @ Ext'(R,N) — Ext* (M, N)
ERE — Eo&,

where, if £ is the extension

0—> R 2> By e By M 0
and &’ is the extension
0—>N =B, By~ R 0,
then &£ o £ is the extension
0 N l/l’ o ukouo Bk ) Yo M 0

\/

This pairing allows us to regard an extension £ as concatenated by short exact
sequences

m(v,_1) —=0, (2.2)

& 0—>=im(yy) == Bp_y

where v, = jroq for 1 < k <n, v, = jn, Vo = qo, im(v,) = N and im(vy) = M,
and we write

E=E&,0---0&.
Let £ € Ext!(M,N) and let f : N — N’ be a homomorphism. Then there

exists a commutative diagram of exact rows

J

£ 0 N B M 0 (2.3)

)

T . . t
£.E 0 N L Tlim(f,j) — M 0,

where lim(f,7) = (N’ @ B)/im(f, —j) is the push-out of f and j, r¢(n') =
b)

lim j
[n,0], sf(b) = [0,b] and ts([n,b]) = ¢(b). Thus f defines a map

fo: Eaxt"(M,N) — Ext"(M,N’)
5 = f*57

where f.€ = f,£,0---0& for E=E,0---0&;.
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Similarly, let h : M’ — M be a homomorphism. Then there exists a commu-
tative diagram of exact rows

Uh Wh

lim(h, q) M—0  (24)

-

N B M 0,

0
where lim(h,q) = {(m/,b) | h(m') = q(b)} is the pull-back of h and ¢, un(n) =
b and wy(m’,b) = m/. Thus h defines a map

h*: Ext"(M,N) — Eat"(M,N’)
E — Eh*,

where ER* =&, 0---0&h  for E=E,0---0&.
Next we define an additive structure on Ext™(M, N). Let £ € Ext™(M, N)

E: 0 N2> B, By —2> M 0

and & € Ext™(M', N')

/
V,

E: 0 N ——= B, _, By

be two n-fold extensions. Then the direct sum of £ and &’ is the following n-fold
extension in Ext™(M & M', N & N')

! !
vn®r, ’ 124} 691/0

E@®&:0—>NeN —=B18B, | —> - ——=B®&By——=MaM —0.

Let
Ny M — MM

m +— (m,m)
be the diagonal map on M, and let
VN : NoN — N

(n1,m2) +— ng+no

be the addition in N. Then the Baer sum of extensions is defined as
Ext"(M,N) x Ext"(M,N) — Ext™(M,N)
(£,&) = E+E&=(Vn)(EBE)NAM)

Finally we introduce an equivalence relation on Ext" (M, N) which is compat-
ible with the Yoneda product and the Baer sum. This will allow us to identify
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cohomology with module extensions and to introduce a product structure on co-
homology which generalises the above introduced cup product.

We call two 1-fold extensions £,&" € Ext' (M, N) equivalent, £ = &', if there
exists a homomorphism ¢ : B — B’ such that the following diagram commutes

J q

0 N B M 0

L E

J q

0 N B’ M 0.

The set of equivalence classes is denoted by Ext'(M, N).

Let £,&" € Ext*(M, N) be two 2-fold extensions of M by N where £ = £y0&,
E'=¢& o0&, & € Ext'(N,R) and &) € Ext' (R, M). Then £ and &' are called
equivalent, £ = &', if either & =&, i = 1,2 or there exists a lattice S such that
E =& oLy, where m: R® S — R is the projection and ¢ : R — R @ S is the
inclusion.

Let E=&,0---0& and & =& o---0&] be two n-fold extensions of M by
N. Then £ and &’ are called equivalent, & = &', if £ can be transformed into &’
by either replacing a 1-fold extension &; by an equivalent 1-fold extension, or by
replacing a 2-fold extension &1 o & by an equivalent 2-fold extension.

Definition 2.2.10 Let M and N be lattices then

0

Hom(M,N) n
Ext"(M,N) =
Ext"(M,N)/= n>1

and

Ext*(M,N) =Y Ext*(M,N).

k>0

Definition 2.2.11 A morphism (o, ) : € — &' of extensions is a family of

homomorphisms («, . .., [3) such that the following diagram commutes
E: 0——=N—=DB, By M 0
- )
g 0—N —B,_, By M’ 0
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Lemma 2.2.12 Let £, € Ext"(M,N) and let (o, ) : € — &' be a morphism

of extensions then o, & = E'G*.

A proof is given in [14], proposition 5.1 pp 84.
Let &,&] € Ext™(M, R) and let &, &) € Ext™ (R, N) such that & = &/. Then

it follows immediately from the definition that & o & = &) o £. Thus the above
defined Yoneda product extends to the quotients.

Definition 2.2.13 The Yoneda product of extensions is defined as the following
paiTing
o:Ext"(M,R)® Ext"(R,N) — Ext"*"(M,N)

El@E] — [Eole]=[E0¢]
Let &,& € Ext"(M,N) and &,&) € Ext™(M',N’) such that & = & for

i=1,2then & & & = & ®&). Thus the direct sum, and therefore the Baer sum,
is well defined on Ext" .

Definition 2.2.14 The Baer sum of extensions is defined as
+: Ext"(M,N) x Ext"(M,N) — Ext"(M,N)

(&) = E+E =(Vn)(EBE)AM)"
Lemma 2.2.15 Let f, f' € Hom(N, N'), h, i’ € Hom(M', M) and let £ € Ext"(M, N)
then
N (f+)E€=LE+LE

2) E(h+R) =Eh +ER

Proof: 1) Let £ =&, 0--- 0 & where & is of the form (2.2). Then
(f+1E=((f+ [)&n)o--0&
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and

f*g + f;g - (VN’)*(f*gn 7] f;gn) o (gn—l SP) gn—l) ©---0 (gl S5 51)(AM)*

From the definition of the push-out it follows that there is a commutative diagram
of exact rows

t

0 N (Ve rp©ry) im(v,_1) ®im(v,_1) —=0
" s id
0—=N &N ﬂﬂl}n(f, Vo) @ lim(f7, Vn)t&tf; im(v,_1) ®im(v,_1) —=0
fof syDs g Bim(vy_1)
0 N on B,_1 dnt im(v, 1) —0
f+f St id
0 N TErf! @(ijf/’Vn) Lyyyr im(vp_1) 0

where the top row is (Vnr).(filn @ fi€,) and the bottom row is (f + f/).&,
Furthermore, since ro (f + f') =roVyno(f@ f)=so(ry@rp)o(fe f) =
so(sf®sp)ou, it follows from the universal property of the push-out that there
exists a homomorphism « : lim(f + f/,v,) — lim(V s, 7y @ ) such that

(IOTf+f/ =T

and aosyyp = so(sp@sp). In particular, a([n', z]r4p) = r(n')+(so(sy®sp))(x)
for [n', x|y € im(f + f', ), n' € N" and x € B,,_; so that

(toa)([n,zlprp) = tr(n') + (so(sp@sp))(z)) = (toso(sf@sp))(x)
= (ty@tp)o(sp®sp)(®) = Dimv,_y) © dn-1()
Nimvy_y) O tpp ([0, 2] g1 ).

Thus we obtain a commutative diagram of exact rows

r ’. t /
0 Nl (f + fv) — T im(yy ) ———— 0

lld \LO& Aim(l/n,l)

0—= N —"=m(Vr, 1y & 7p) s im(vy,1) © im(vy—1) —= 0

That is a morphism (id, Aim,_,)) such that
(id, D, ))((f + )e&n) = (Vne)o (b @ fLE0)
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and the claim follows for n = 1 from lemma 2.2.12. '
For n > 2 let & be the short exact sequence () R—>B —>M 0

and let & be the short exact sequence ( N — By, 2R 0. Then

(& ® &) (AR)* 0 & is the exact sequence

0—=N@ N - lim(Ap,p®p) 2% B —Lo ) —0

and (& B &) o (&1 @ &£1)(A )" is the exact sequence

0—Na N2 BB " him(Ay,q®q) ™ 1 —0
Since Aproq = (q® q) o Ay it follows from the universal property of the pull-
back that there exists a homomorphism 3 : By — lim(Ayr, ¢ @ q) where 3(x) =
((z, ), q(x)) such that vy 03 = Ay and wyrof = g where vy : im(Ay, ¢ q) —
B; @ By is the projection. Furthermore, (30 j)(r) = ((r,7),0) = (up 0 Ag)(r) so
that we obtain a commutative diagram

0—=N@N-Eslim(Ag,pop) % . p 1

S

0—=Na& N2~ B,ya B," L lim(Aw,q®q) oy — 0

that is a morphism (id, id) from (&, & &) (AR)* 0 & to (EaB &) o (E1BE)(Am)*.
By lemma 2.2.12. it follows that (& @ &)(ARg)* o0& = (Ea® E) o (&1 @ &). Tt
now follows inductively that the above morphism yields the equivalence

(4 f)NE = (f4 o0&
= (Va)ulfuln ® FL€) Doy © -+ 0 &1
= (V)b ® [1E0) 0 (En 1 @ Eur) 00 (&8 E) (L)
= LE+[IE.

Similarly we can prove 2) by employing the universal property of the pull-back
we obtain the equivalences

(Vim@))«(E1h" @ ER™) (D) = E(h + h)”

and

52 O (VR)*(S;[ &) 51) = (VN)*<€2 D 52) e} (51 D 51)

and inductively we obtain
En®EN* =Eh+h)".
QED
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Theorem 2.2.16 Let M and N be lattices then (Ext™(M, N),+) is an abelian
group. The zero element is the equivalence class of the split extension and the

inverse of an extension £ is given by (—idy).E. Furthermore,
80(51+52) :gogl_l’gOgQ

and

(E1+ &) o0& =& o0& +E0E&

for all € € Ext™(N, R) & € Ext™ (R, M) and &, &, € Ext™(M, N).

In particular, Ext*(M, M) equipped with Yoneda product and Baer sum is an
associative graded ring with unit idy, : M — M.
A proof is given in [14], theorem 5.3 pp 85.

We are now ready to show the equivalence of cohomology and module exten-

sions. This relationship was first studied by N. Yoneda in his paper [17]. To do
this let

o

0— N —>DB,_, By M 0

be a representative of £ € Ext"(M,N), let F, ——= M be a free resolution of
M and let ¢ = (t)k<n be a chain transformation lifting id,,, where we denote
tn = 1 (E). That is, we have a commutative diagram of exact rows

0, 5

..*)Fn*">Fn_1 FO M 0
\LLn(E) anl lbo iid
OHNLanl By M 0.

Theorem 2.2.17 Let M and N be lattices. Then for all n > 0 there exists a group

1somorphism
Y :Ext"(M,N) —— H"(M,N),
which for n > 1 is given by Y(E) = [tn(E)].
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Proof: For n = 0 we already have by definition
H°(M,N) = Hom(M, N) = Ext’(M, N).
Let n > 1, let F. —== M be a free resolution of M and let

Yo

E: 0 N2> B, By M 0

be a representative of an extension in Ext"(M, N). Let ¢,(€) : F,, — N be a lift
of idys. Then, since ¢,(£) commutes with the boundary operators and 1,1 = 0,
it follows that 9,1 (¢n(€)) = tn(E) 0 Opy1 = 0. Thus ¢,(€) is a cocycle.

Let ¢}, (€) be another lift of idy,. Then, by proposition 2.2.3 there are homomor-
phisms, s, : F,, — 0 and s, : F},_1 — N such that ¢,(£)—, () = $,-100,+0 =
0%(Sp—1). Thus ¢,(€) and ¢ (£) are cohomologous.

Let & € Ext™(M, N) such that £ = £'. It is sufficient to consider a morphism
(idy,idps) from € to £'. It then follows that ¢,(E’) = idy 0 ¢,,(€). Thus £ and
&’ define the same cohomology class and we obtain a well-defined homomorphism
Ext™(M, N) — H"(M, N).

To define an inverse regard 0,, as the composition i, o p,, where p, : F,, —
im(d,) is the projection and 4, : im(9,) — F,—; is the inclusion. Consider the
n-fold extension

£ 0—=im(d,) 2> F,_, Fy—== M 0.

Since any cocycle f : F,, — N vanishes on ker(d,) = ker(p,) it can be written
uniquely in the form f = f" o p, for some f’:im(9,) — N, and we can construct
an extension &(f) = f.€ € Ext"(M,N). Let f = g o d, be a coboundary. Then
flop,=god, =goi,op,. Since p, is surjective it follows that f" = g o7, and
fi€ = (g oin)«& = guin €. But by proposition 1.7, chapter 3 in [14] (i,).€ = 0.
Thus fI€ =0 and f +— E(f) gives a well defined map H"(M, N) — Ext"(M, N).

Let ¢,(€) be the cocycle given by &€ then ¢,(E) = 1,(€) o p,. Consider the
induced extension (,(£)’).€. Then we obtain a commutative diagram

0 N " i(ea (€)' in) — im(By) —0
Ln(g)/T ST idT

0—=1im(9,) — == F, 1 — o im(d,_1) — 0
EE

0 N—" B, — " =im(v,_1) —=0

Since v, 0 1,(E) = 1,1 04y it follows by the universal property of the push-out
that there exists a homomorphism a : lim(¢,(€)",i,) — B, such that soa =
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tn—1, Toa =1, and o([v,z]) = 1,,(v) + tp—1(x). Furthermore
(Gn-10a)v,z] = gu1(vn(v) + ty1(x)) = (tn—2 © Pp—1)(2)

= (a2 0t)([v,2]).
Thus we obtain (¢,(£)").€ = £€. Finally, by lemma 2.2.15, it follows that £(f+h) =
E(f)+E(h) so that H"(M, N) ~ Ext"(M, N) is indeed a group isomorphism.QED

The isomorphism in theorem (2.2.17) now enables us to introduce the following
product structure on H*(M, N)

Definition 2.2.18 The cup product in cohomology is defined as
U: H*¥M,R)® H(R,N) — H"'(M,N)

feh = fUuh=Y"(h)oY'(f))

In particular, H*(M, M) equipped with the cup product is an associative graded

ring with unit idy;.

2.3 Stable modules, syzygies and the derived module cat-

egory

A key characteristic of cohomology is its independence of the free resolution
over which it is computed. Considering two free resolutions F, —— )M and

F'—=5 ) of a lattice M, Schanuel’s lemma, see [2], states that im(d,) and
im(0)) are stably equivalent, that is, there exists free modules F' and F’ such
that im(0,) ® F ~ im(0d),) & F’. Now since the cohomology class of an n-cocycle
f: F, — N only depends on its value on im(0,1) C F, it is only natural to try
and express cohomology in terms of the stable class §2,,(M) of im(9,). To do this
we will need to recall some theory of stable modules, syzygies and the derived
module category which we are going to do here. For a detailed account we refer
the reader to [10].

Definition 2.3.1 Two lattices M and M’ are called stably equivalent, M ~ M’,
if there exist free modules F' and F' such that
MeF~MaF.
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The stable class [M] of a lattice M is the corresponding equivalence class
M]={ M € F(G)| M ~ M}.

[M] is also called a stable lattice. M is called minimal provided rkz (M) < rkz(M')

for all M'" € [M].

The direct sum of stable lattices is defined as [M]| & [N] = [M @& N] and the
tensor product of stable lattices is defined as [M] ® [N] = [M ® N].

Lemma 2.3.2 (Schanuel’s lemma,)

Let

and

be two short exact sequences where F' and F' are free. Then N ~ N’ if and only

if M~ M'.

Proof: Let M ~ M’ thus there exist free modules £ and E’' and an isomor-
phism ¢ : M'© E'>M @ E. Let X = lim(¢y o (p ®idg), p@idg) be the pull back
of Yo (p @ide) and p@®idg then we obtain a commutative diagram of exact rows
and columns

0 0
N L N
0 N’ X FOE——0
\Lid p®id
OHN/L>F/EBE/ Yo(p'®id) M@E*)O
0 0
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Since F' & E and F' @ E’ are free the top row and the left column split and it
follows that

NeFOE~X~NaF o F
and therefore N ~ N’.

Similarly, if N ~ N’ then there exist free modules £ and E, and a homomor-
phism ¢ : N6 E — N' & E'. Let X = lim(i ®idp, (i’ ®idg) 0¢) be the push-out
of i @ idp and (¢ @ idg/) o ¢ so that we obtain a commutative diagram of exact
rows and columns

0 0
i/ Bid o !
OHNEBEMF/@E/LM’HO
iPidg J{id
0—F3F X M’ 0.
p
M d M
0 0

Since a projective module is injective relative to F(G) it follows that a short exact
sequence with a free module on the left splits and we obtain

MOF oFE ~X~Mo®F®F

and therefore M ~ M’. QED

Definition 2.3.3 A complete free resolution F*&F* of a lattice M 1is an

exact sequence

o1 o 0_1

F_y

F F, F o ce

of free modules such that Oy = p oe, where ¢: Fy——= M is surjective and

W M ——F 1 1is injective.

Lemma 2.3.4 Fvery lattice admits a complete free resolution.
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Proof: Let M be a lattice. By lemma 2.2.2 there exists a free resolution
F,—== M which gives the left hand side of a complete free resolution. To
obtain the right hand side let 1 = M ® Z[G] then by corollary 2.1.2 it fol-
lows that F_; is free. Let v : M — F_; be the map u(m) = m ® Xg. Then
p(mg) = mg ® Y = (m ® 3g)g and u(m) = 0 if and only if m = 0. Thus p
is an injective homomorphism and we can define dy = 1o e. Now let p_; be the
projection p_1 : F_1 — F_1/im(u). Then, similar to M, we obtain a free module
F o = F_1/im(u) ® Z|G] and an inclusion iy : F_;/im(u) — F_5 and we can
define 0_; = i_1 op_y. Iterating this construction then yields the remaining right
hand side. QED

As for module extensions, we can regard a complete free resolution as being
concatenated by short exact sequences

0——im(@ps1) 2 F, -2 im(8,) —— 0,

called the n-th stage of the resolution, where py = ¢, im(e) = M and ig = pu.
Notice, that we can regard any complete free resolution F, ——= [* of a lattice

M as a complete free resolution F, ——= p"* of im(d,)

e Fy % F
v NS

simply by re-indexing F] = Fyin,, € = p, and ¢/ = i, and 9, = Oky,. This
method is called dimension shifting.

Let F,—— F* and F, —— F"* be two complete free resolutions of M. It
then follows from Schanuel’s lemma that

im(9,) ~ im(a,)

for all n € Z. Thus the stable class of im(9,) is independent of the choice of
resolution and only depends on the stable class of M.

Definition 2.3.5 Let F, iF* be a complete free resolution of a lattice M.

The n-th syzygy Q. (M) of M is defined as the stable class of im(0,), that is,

2, (M) ={R|im(0,) ~ R}.
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Proposition 2.3.6 Let M and N be lattices then
1) Q,(M) = Q.(N) if and only if M ~ N,
2) Qn(Qn(M)) = Qpi (M) and
3) Qu(M) @ Qp(N) = Qpim(M @ N).
Proof: 1) follows inductively from the definition of €2, and Schanuel’s lemma

and 2) follows immediately by dimension shifting. To prove 3) Let F, —— F*
be a complete free resolution of M. It then follows by corollary 2.1.2 that

e e RN R o N o N e o N e N

is a complete free resolution of M ® N. Thus Q,(M ® N) = Q,(M) ® N. Simi-
larly, by tensoring a complete free resolution of N with M we also obtain a free
resolution of M ® N, and in this case we obtain Q,,(M ® N) = M ® Q,,(N).
Together with 2) it then follows that

Qi (M @N) =Q,(M @ Qn(N)) = Q. (M) @ Qp(N).
QED

Definition 2.3.7 Let M and N be lattices. Two homomorphisms f,h: M — N
are called equivalent, f ~ h, if f —h factors through a free module, that is, if there

exist a free module F' and homomorphisms o : F — N and 3 : M — F' such that

f—h=aopf.

Lemma 2.3.8 The relation ~ is additive and compatible with composition, that
18,

1) Let f, f'h,h' € Hom(M, N) such that f ~ f" and h = }h' then f +h =~ f' + I,
and

2) Let f, f' € Hom(M, R) and h,h’ € Hom(R, N) such that f ~ f" and h =~ R’
then ho f ~h'o f.
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Proof: 1) Let f, f'h,h’ € Hom(M, N) such that there exist free modules F' and
F’" and homomorphisms o : F — N, §: M — F, o : F/ — N and ' : M — F’
such that f — f'=aofand h —h' =’ o [ then

(f+h)=(f'+h) = (f=f)+(h=N") = aof+a’of = (Vyo(a®d))o((BBF) o An)

where Ay 0 M — M @ M is the diagonal map, Ay (m) = (m,m), and Vi :
N @& N — N is the sum, Vy(n,n') = n+ n'. In particular, Vy o (a ® o) :
FOF - Nand (@ )olAy M — F®F'. Thus f+h=x f + 1.

2) Let f, f' € Hom(M, R) and h,h' € Hom(R, N) such that there exist free
modules F' and F” and homomorphisms o : ' — R, §: M — F, o : F/ — N and
B : R — F'suchthat f—f = aoffand h—h' = o/oF'. Then (h—h')of = /oo f
and f' = f — «a o 3 so that

(hof)—(Wof) = (hof)—(Wo(f—aoB)=(h—H)of+HKoaof
= doflof+hoaop.

Since o/ o ' o f and h' o a0 § factor through a free module it follows by 1) that
o’off' o f+h' oo factors through a free module and therefore ho f ~ h'o f/.QED

It now follows that the category F(G) of finitely generated lattices over a finite
group G has the following quotient category.

Definition 2.3.9 The derived module category Der = Der(F(G)) of F(G) is the
one whose objects are the same as for F(G), and for any two lattices M and N
the group of morphisms is given by the quotient

Homp,, (M, N) = Hom(M,N)/ ~ .

Alternatively we can define Der(F(G)) as the quotient category of F(G) by
factoring through the sub-category of free modules, that is, Der(F(G)) is the
category of stable classes in F(G). A proof that these definitions are equivalent
is given in [11].

Lemma 2.3.10 Let N be a G-lattice and let Z be the trivial lattice then there
exists an isomorphism
Homp,,(Z, N) ~ NY/N¥g

fo—= F).
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Proof: Let Homy(Z, N) = {f € Hom(Z, N) | f ~ 0} then for f € Hom((Z, N)
there exist a free module F' ~ Z[G]¥ and homomorphisms « € Hom(Z[G]*, N)
and € Hom(Z,Z|G]¥) such that f = a o 3. In terms of the standard basis
(e1,...,ex) of Z[G]F we can regard « as a k-tuple a = (ny,...,n;), n; € N,
where a(e;) = n; and § as the vector 5(1) = (aq,...,a;)'Sq, ar € Z. We obtain
f(1) =n%g, n ="  amn,; and therefore Homy(Z, N) ~ N¥.

Since Hom(Z, N) ~ N¢ and Homp,,(Z, N) = Hom(Z, N)/Homg(Z, N) it fol-
lows that Homp,(Z, N) = N¢/NXg. QED

Lemma 2.3.11 (adjointness formula)

Let M, N and R be lattices then there exists an isomorphism

Hompe, (R ® M, N) ~ Homp,,.(R, M* ® N).

Proof: By proposition 2.1.6 there exists an isomorphism Hom(R ® M, N) ~
Hom(R, M*® N) where f € Hom(R® M, N) maps to f € Hom(R, M*® N) and
f(r)(m) = f(r ® m). Thus it remains to show that f = 0 if and only if f ~ 0.

Assume f = 0, that is, there exist a free module F' and homomorphisms
a:F — Nand f: R® M — F such that f = a o 3. Then

~

F(r)(m) = f(r@m) = (a0 B)(r @ m) = a(B(r)(m)) = ((a 0 B)(r))(m)

where 3: R — M*® F is the image of 3 in Hom(R,M*® F) and o, : M*®@ F —
M*® N maps a homomorphism h : M — F to a.(h) = aoh. Thus since M*® F
is free by corollary 2.1.2 it follows that f ~ 0.

Similarly, assume f ~ 0, thus there exist a free module F" and homomorphisms
a:F — M*® N and 0 : R — F such that f = @ o . Then

f(r@m) = f(r)(m) = ((@oB)(r)(m) = (@(B(r))(m) = («o (6 ®id))(r @ m)

where f®id: R® M — F® M and o : F ® M — N is the pre-image of & in
Hom(F ® M, N). Since F' ® M is free it follows that f ~ 0. QED

The formula Homp,.(Z, N) ~ N%/NYg, lemma 2.3.10, and the adjointness
formula lemma, 2.3.11, together with the results of the next section will enable us
to express the cohomology groups H™(M, N) directly in terms of M and N only
having the syzygies Q_,,(Z) of the trivial module to keep track of dimension. In
chapter 3 we will use this expression to calculate the cohomology of Dg-lattices
and will see that this significantly minimises the involved computation.
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2.4 Co-representability of the cohomology functor

In this section we first recall that for the category F(G) of finitely generated
lattices the cohomology functor M — H™(M, -), n > 1, is co-representable in the
derived module category Der(F(G)) with co-representing object ,,(M), the n-th
syzygy of M. That is, H"(M, N) ~ Homp,,(€2,(M), N). The co-representability
of cohomology was first shown by J. Humphreys in his PhD-thesis [8]. In particular
he showed that a necessary and sufficient condition for the above isomorphism
to hold for a R-module M is Ext"(M,R) = 0. In his book [10], F. Johnson
investigates this subject and shows that the syzygy functors €2, and 2_, are
adjoint, that is, Hompe, (2, (M), N) ~ Homp,, (M, Q_,(N)). This, together with
the results of the previous section, will give the first result of this thesis, that is,
for n > 1 we obtain
H"(M,N)~C"(M,N),

where C"(M,N) = (Q_,(Z) @ M*® N)¢/(Q_,(Z) @ M* ® N)X¢. This will allow
us to significantly reduce the calculations involved in determining cohomology as
we will illustrate with the example of the dihedral group Dg in chapter 3. This
expression also simplifies operations on cohomology such as calculating induced
homomorphisms. We will illustrate this on the example of the induced homo-
morphism of a subgroup H C G and express lemma 2.2.8 in terms of the above
quotient C"(M, N). In chapter 3 we will see on the example of Dg that this allows
us to quickly determine the Bieberbach groups with holonomy group Ds.

Theorem 2.4.1 (Co-representability of cohomology)
Forn > 1 the cohomology functor M — H"(M, - ) on F(QG) is co-representable
in the derived module category Der(F(G)) with co-representing object Q,(M).

That s, let M and N be lattices and let n > 1. Then there exists an isomorphism

p; : Homp,,.(Q, (M), N)—H"(M, N),

where p} is induced by the projection p, : F,, — im(0,) of some free resolution of
M.
Proof: Let F,—— M be a free resolution of M and consider the exact

sequence

Fry 28 By P im(8,) ——0 .
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Since Hom( -, N) is a left exact and contravariant functor we obtain an exact
sequence

* o* 1
0 — Hom(im(8,), N) =~ Hom(F,, N) = Hom(F,,1, N).

Thus p}, induces an isomorphism p; : Hom(im(9,), N) — im(p},) = ker(9;,,). In
particular, since 07 = p} o}, where i, : im(9,) — F,,_1 is the inclusion, p} induces
an isomorphism

py, : Hom(im(0,), N)/im(i;)—H" (M, N).

Let f € Hom(im(0,), N) such that there exist a free module ' and homomor-
phisms a : F' — N, 8 :im(9,) — F with f = ao 3, and let X = lim(iy, 3). Thus

there is a commutative diagram of exact rows

Since for a finite group G any extension of a module by Z[G] splits it follows
that the bottom sequence splits. Thus there exists a homomorphism g : X — F
such that po j = idp and therefore f = aopodoi, =ii(aopo@) € im(ik).

On the other hand, if f € im(i}) then there is a homomorphism g : F,,_; — N
such that f = goi,. Thus f ~ 0 and we obtain

im(iy) = {f € Hom(im(0,),N) | f =~ 0}.
It follows that p; is the isomorphism
p; : Hompe, (Q, (M), N)—H"(M, N).
QED

Let
Hompe, (2 (M), N) = > Homp,, (% (M), N)

k>0

then there exists a surjective level preserving homomorphism
P: H*(M,N) — Hompe,(2(M), N),

where for n > 1 P|gnaun) = (p5)~" is the isomorphism in theorem 2.4.1, and
P|go(u,ny : Hom(M, N) — Homp,, (M, N) is the projection.
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Theorem 2.4.2 (adjointness formula)

Let M and N be lattices and let k > 0. Then there exists an isomorphism
wk : HOIH/DeT(Qk(M>, N)%HOHIDH‘(M, Q,k(N))

In particular, for any homomorphism f the family {r(f)}rez is a chain trans-
formation between a complete resolution of Qx(M) and a complete resolution of

N, and {Ur(f)}rez is unique in the derived module category.

Proof: Since Q4 (4(M)) = Qi (M) by proposition 2.3.6 it is sufficient to
prove the theorem for £ = 1. By theorem 28.5 pp.118 in [10] it follows that any
projective module in F(G) is injective relative to F(G). Let

E(M): 0—>im(OM) > Fy —=> M —>0
be the 1st stage of a complete free resolution of M and let
8,1(N) . 0 N Y E_1

be the —1st stage of a complete free resolution of N. Let f : im(9) — N be
a representative of a morphism in Homp,,(Q; (M), N). Since E_; is free we can
extend v o f to a homomorphism f : Fy — E_4 such that f oi; = vo f, and since
g1ofoiy =g ovof=0,f mapsim(i) to ker(¢_1) = im() and therefore
induces a homomorphism ¥ (f) : M — im(9%,). Thus we obtain a commutative
diagram of exact sequences

q-1

im(0Y)) —=0

E(M): 0—=im(@M) 2> Fy—— M 0
if lf l%(f)
EL4(N): 0 N —Y = E_; s im(9Y,) —= 0.

Now assume f = 0, that is, there exist a free module ' and homomorphisms
a:F — Nand 3 :im(0M) — F such that f = a o 3. Consider the pushout
P& (M) and construct the & and ;(«) such that we obtain a commutative
diagram of exact rows

SM): 0——=im(@OM) - F—= M 0
b e
B.E(M): 0 F—"" o lim(iy, B) —2 g 0
La la ¥1(&)
E4(N): 0 N Y > B — = im(dY,) —0.




Thus, since (dosg)oiy = Gorgoff =vo(aof) =wvo f, we can choose f= &osg
and 1 (f) = ¢1(«). Furthermore, since F' is free the middle exact sequence splits
thus there exists an homomorphism 7 : M — lim(i1, 8) such that 7ots =idy. It
follows that ¢ (f) = ¢_1 o (&o7) = 0 and therefore

77[)1 . HOHlDeT<Ql(M), N) — HOIH'DW(M, Q_l(N))
T = [a(f)]

is a well-defined homomorphism.

Let f : M — im(9%)) be a representative of a morphism in Homp,, (M, Q_1(N)).
Since Fy is free the composition f o ¢ lifts to a homomorphism f. Furthermore,
since q_; o f o1 = foeoi; = 0 it follows that f restricts to a homomorphism
vo(f) = f|im(a{‘4) :im(0}) — N and we obtain a commutative diagram

E(M): 0—=im(0M) 2> Fy—— M 0
iwl(ﬁ lf lf
EL4(N): 0 N —Y—E_; s im(0Y,) —= 0.

Now assume f & 0, that is, there exist a free module F' and homomorphisms
a: F — im(0Y) and 8 : M — F such that f = a o 3. Consider the pullback
£_1(N)a* and construct 3 and ¥_;(3). Then we obtain a commutative diagram
with exact rows

E(M): 0——=im(@M)——>Fy——> ) 0
w—l(ﬁ)l lﬁ lﬂ

E(N)a*: 0 N —=—lim(a, ¢-1) == F 0
Lid l”a la

E4(N): 0 N Y > B —im(N,) —0.

Since q_y 0 (va03) = (a0 3)oec = foe we can choose f = v, 0 and ¥_1(f) =
¥_1(f), and since F' is free the middle exact sequence splits and there exists a
homomorphism # : lim(a,¢-1) — N such that x o u, = idy. It follows that

Y_1(f) =ro(Boiy) ~ 0 and therefore
Y1 : Homp,,.(M,Q_1(N)) — Hompe,(1(M), N)
71 = el = ()]

is a well defined homomorphism. Furthermore ¢ _; o ¢y = iduomp,, (0, (m),n) and
Y1 0 ¥_1 = iduomp,, (M0, () by definition. QED
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Corollary 2.4.3 In the category of finitely generated lattices over the integral
group ring of a finite group the cohomology functor N — H™( -,N), n > 1 is
representable on the derived module category with representing object Q_,(N).

That is there exists an isomorphism

H™(M, N) =~ Hompe, (M, Q_,(N)).

Proof: The proof follows immediately from the co-representability theorem
2.4.1 and the adjointness formula theorem 2.4.2. QED

The representability of cohomology together with the results of the previous
section now enable us to express the cohomology groups H"(M, N) directly in

terms of M and N only having Q_,(Z), the syzygies of the trivial lattice, to keep
track of the dimension. To see this, consider the following

Definition 2.4.4 Let M and N be lattices over a finite group G and define
C"(M,N) = (im(d_,) ® M* ® N)¢/(im(d_,) ® M* @ N)¥g.

Lemma 2.4.5 The quotient C"(M, N) only depends on the stable classes of M, N
and im(0_,).

Proof: It suffices to show that (M @ N)¢/(M @ N)Yg ~ (M' @ N)¢/(M' ®
N)Sq if M' ~ M. Let F be free module then F¢ ~ F¥q so that F¢/FYXq ~ 0.

Furthermore (M @ N)¢/(M @& N)Xg = (MY /MXq) ® (NY/NXs). Thus if there
exists free modules F and E’ such that M & E ~ M' @ E’ it follows that

(M@N)/(M@N)Se) ~ (MeN)¥/(M®N)Sq) & (E®N)/(E@N)Sa)

12

(M@®E)® N)Y/(M®E)®N)Xq

~ (M@)o N)/(M'® E') @ N)So

1

(M'® N)¥/(M'® N)¢) QED
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Theorem 2.4.6 Let M and N be lattices. Then for n > 1 there exists a group

1somorphism
U, : H"(M,N) ~ C"(M,N),
where W, (f)(m) = ¥ (fY(m), f = pi(f"), p is the isomorphism in theorem

2.4.1 and 1, is the isomorphism in theorem 2.4.2.

Proof: From the representability of cohomology, corollary 2.4.3, and propo-
sition 2.3.6 it follows that H™"(M, N) ~ Homp,,(M,Q_,(Z) ® N), and from the
adjointness formula lemma 2.3.11 and lemma 2.3.10 it follows that H"(M, N) ~
C"(M,N). QED

To see how W, maps a cohomology class [f] € H"(M,N) to an element in

C"(M,N) let f = f'op, where [f'] € Hompe,(Q2,(M), N) and let F, -2 pr
be a complete free resolution of the trivial lattice Z. Then for any lattice M a

complete free resolutions is given by F, ® M DS poe ® M . Thus we can choose

f’ to be a homomorphism f’:im(9,) ® M — Z ® N and calculate v, (f’) as the
following chain transformation

m@) e M™EYE oM FRoM 2N 7o M

lf’ i l lwn(ﬁ
i —n®id
ZoN—"Np oN— . P oNZ2el) e N

It follows that )
W, (f) = (1)
where ¢, (f')(1)(m) = u(f) (1 © m).

Next we will analyse how the induced homomorphisms on cohomology relate
to the homomorphisms on the quotients C"(M,N). Let ¢ : M' — M be a
homomorphism. Then ¢ induces a homomorphism

*:C(M,N) — C(M',N)
[d@m*®@n] — [d® (m"op)®mn].
Similarly, let £ : N — N’ be a homomorphism. Then ¢ induces a homomorphism
& :C"(M,N) — C"(M',N)
[dem*®@n] — [dem*®E(n).
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Proposition 2.4.7 The isomorphism V,, : H"(M,N) ~ C*(M,N) commutes
with induced homomorphisms. That is, if o : M' — M and & : N — N’ are
homomorphisms then p* oW, = U, 0 p* and £, oV, = U, o &,.

Proof: Let ¢ : M’ — M be a homomorphism and let F*AF* be a
complete free resolution of the trivial lattice Z. Then a complete free resolution

of M is given by F, @ M i F*® M and a complete free resolution of

Oo®id ;1
M’ is given by F, @ M’ O e ® M’ . Then for the chain transformation

induced by ¢ we obtain ¢, = (idp, ® ¢)kez. Let f 1 im(0,) ® M — Z @ N
be a representative of a morphism f’ € Hompe,(£2,(M), N). Thus we obtain a
commutative diagram

Zn®ld / e®id 41
an) ]VI n 1®M/ FO®M/ M Z@M’
\le@tp iid@cp lid@ap lw
e®id s

m@) @ M™YME oM s Ry M -2 7o M

L T

n®id
ZoN 2N p oN— ... F ,oN"T6 )N

and it follows that o*(¢¥,(f))) = ¥n(@*(f)). In particular, for f = f' op,
(Wno@)(f)(m) = (¥no@)(f)1@m) = (¢ ovn)(f)(1@m)
= (g0 Wy)(f)(m).
Similarly, for £ : N — N’ we obtain &(¥,(f))) = ¥n(&(f))) and therefore
f*o\i/n:\ilnof* QED

A special case of an induced homomorphism is given by a subgroup H C G. Let
i : H — G be the inclusion map then ¢ induces a homomorphism i* : H"(G, N) —
H™(H,i*(N)). In section 2.2 we saw that the Bieberbach groups with holonomy
Dg, that is torsion free extensions of a free abelian group N by G, are determined
by those elements ¢ € H*(G, N) for which 0 # i*(c) € H?(C,,i*(N)) for all cyclic
subgroups C), C G of prime order. In terms of the quotient C this corresponds to

Theorem 2.4.8 The Bieberbach groups with holonomy group G are determined
by those elements ¢ € (Q_o(Z)RN)/(Q_2(Z)®2 N)Sq which are not in (Q_o(Z)®
N)X¢, for all cyclic subgroups C,, C G.
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Proof: We will show that for an arbitrary subgroup H C G, with inclusion
map i : H — G, the induced homomorphism * : H*(G,N) — H"(H,i*(N))
corresponds to the projection

" (Qon(Z) ® N)¥/(Q-n(Z) © N)Zg — (Q-n(Z) @ N)7/(2-4(Z) @ N)Zg.

Then the claim follows immediately by considering cyclic subgroups of G and n =
2. First Notice that for every G-lattice M we have M¢ c M and MY C MYy
since ¥ = >, 2,5y where the x;’s are representatives of the cosets in G/H.
Thus the above projection is well-defined.

Let D(G) denote the derived module category of F(G), let D(H) denote the
derived module category of F(H). The induced map * : Homgg(Z,N) —
Homy g (Z, N) is defined in the obvious way by restricting scalars. Then, since
i*(Z]G)) ~ Z[H]“H it follows that any homomorphism which factors through a
free module over Z[G] also factors through a free module over Z[H| so that

i* : Hompg)(Z, N) — Homp)(Z, N)
is well-defined. Thus, by lemma 2.3.10, we obtain a homomorphism
i*: N9/ NYg — NH/NYy
Ple = [v]a

In particular i*([v]g) = 0 if and only if v € NXpy. Now the induced map on
cohomology * : H"(G,N) — H"(H,i*(N)) is given by restricting scalars and
therefore corresponds to the projection

i (Q(Z) © N)O/(Q-0(Z) 8 N)Zg — (0n(Z) @ N)? /(Q-0(Z) © N) .

QED
In section 3.3 we will use this result to determine the Bieberbach groups with
holonomy group Ds.

2.5 Composition in the derived module category and the

cup product

In section 2.2 we saw that there exists a product structure on cohomology, namely
the cup product, which is induced by the Yoneda product on module extension
and extends the cup product in singular cohomology. In this section we show that
in terms of the derived module category the cup product arises naturally as the
composition of morphisms in Homp,,. Furthermore we give a sufficient condition
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on M for Hompe, (2. (M), M) to be a graded-commutative ring.
The adjointness formula, theorem 2.4.2, allows us to regard the composition of

morphisms in Der(F(G)) as the following pairing.

Definition 2.5.1 Let M, N and R be lattices and let e be the following homo-

morphism

e : Homp(Q2k(M), R) ® Homp((R),N) — Homp(Qx (M), N)
f®h +— hef=hot_(f).
Proposition 2.5.2 Let M be a lattice. Then
Hompe, (. (M), M) = Hompe, (Q4(M), M)
k>0
equipped with the e-composition is a graded associative ring with unit idy;. If M’
is another lattices such that M' € Q. (M) for some ng € Z. Then there exists a

ring isomorphism

HomDer(Q* (M)a M) = HomDGT(Q* (M/)7 M/)

Proof: For any morphism f € Homp,($(M), M) the family ¢ (f),c; is a
chain transformation between complete free resolutions of ;(M) and M it follows
that Homp., (. (M), M) is a graded associative ring. Furthermore, it follows
immediately from definition 2.5.1 that feidy, = fot_1(id) = ¥ _i(Vr(f)oid) = f
and idy; e f = f.

Now let M’ € Q,,(M) for some ng € Z. It then follows from lemma 2.3.6 that
Qp(M') = Qpyno (M) and from theorem 2.4.2 that

HOHI'DET<Q]€(M/), M/) = Homper(Qk+n0 (M), Qn()(M)) ~ HomDET(Qk(M), M)

for all £ € N. QED
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Theorem 2.5.3 The cup product in cohomology corresponds to the ®-composition
in the derived module category. That is, for all k,1 > 1, f € Homp,,(Q(M), R)

and h € Homp,, (4(R), N) we have

pr(f)Up(h) =pry(hef)

Proof: By theorem 2.2.17 and definition 2.2.18 of the cup product it is suffi-
cient to show that for k,1 > 1 we have Ext*™(h e f) = Ext!(h) o Ext"(f), where

Ext™ = yil OPZ : HomDer(Qn(M)a N);Eth(Ma N)

is the composition of the isomorphisms p¥, theorem 2.4.1, and J)~!, theorem 2.2.17.
That is, Ext"(f) = f«&€.(M) where &,(M) is given by a truncated free resolution

E(M): 0—=im(OM) 2> F, 4 Fo—=> M 0.

0 —=im(9},) 2 Frpo =5 im (M, ) —0

be the (k + [)-th stage of a free resolution F, —— M of M, and let

q1-1

0 —im(9f) 2> Bi_, 2 im(9F ) —=0

be the [-th stage of a free resolution E, —~= R of R. Let f : im(0}M) — R
and h : im(9f) — N be representatives of morphisms in Homp,,(Qx (M), R) and
Homp,,(£2;(R), N) respectively. Let 1, be the isomorphism in the adjointness
formula, theorem 2.4.2, and consider ¢_;(f) : im(9pL,) — im(df) and the push-
outs lim(h, j;) and lim(h e f,d;). Thus we obtain commutative diagrams

im(OM) > Fiyi
lw_zm lwﬁif)
im(9F) —"— Ej_

and

46



It follows that s, 0141 (f) 0digry =rno (how_i(f)) =rno(he f). Thus by the
universal property of the push-out there exists a homomorphism

o :lim(h e figy) — lim(h, 5)

such that the following diagram commutes

im(@fc‘il) s Floia
lh.f lsh.f
The . . spo_i41(f)
N s hLQ(h'f; ikt1)

h_n>1(h7]l)
In particular, a maps an element [n,plrey € lim(h o f ixyr) to af[n,plhey) =

mu(m) + (sn 0 i (F)®) = (1,01 (F@ € lim(h, ). Now consider the
diagram

0 —=im(d},) B Py im(, ;) —0
hef Shef id
0 N — Tim(h e figg) 2 im (M, ) —0
y o Yo ()
0 N —"—lim(h, ji) —*—im(9,) ——0
b sh id
0 —— im(9f) d B, ——im(0ft,) —0,

Then the diagram consisting of the top two rows and the diagram consisting of the
bottom two rows commute by definition of the push-out. The diagram consisting
of the middle two rows commutes since o o 15 = 73, and

e~

(th o a)[n,plhey = taln, Y12 (f)(P)]n
= (@-109¢-111(f))(p)
= (V1(f) o Prri-1)(p)
= (V—1511(f) © thes)[n: Plnes-

Thus we obtain a commutative diagram
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Thef 1: . ik4+1—20Thef
)—— Hllm(h.f,2k+l)—>Fk+1724>---

N m
lid la Lw/zllff)
0——> N —"lim(h, ji) — =" Epy—> -
P —2% P, h———M 0
lf le J/id lid
By — 5 tim (i) Fy—— M —0,

where the top sequence is a representative of ExtkH(h e f) and the bottom se-
quence is a representative of Ext!(h) o Ext®(f). Therefore there exists a morphism
(idy,idys) such that

(idy,idps) (Ext(h e f)) = Ext(h) o Ext(f)
and by lemma 2.2.12 it follows that Ext"(h e f) = Ext'(h) o Ext*(f). QED

Now let
o:R"®R — Z
r*@r — r¥(r)
be the evaluation map on R. Let M and N be two further lattices. Choose Z-basis
(@1, .. am), (by,...,b,) and (eq,...,e,.) for M, N and R respectively, and choose
the corresponding dual basis (a',...,a™), (e!,... e") as Z-basis for M* and R*.
Let pgr, pyp and py be the corresponding group representations. Recall that we
can regard an element in M* ® R as an (r x m)-matrix A on which G-acts by

Ag = pr(g7)Apa(g). Then the evaluation map on R induces a pairing

o:(M*®R)® (R*® N) — (M*®N)
AR B — BoA
which is given by matrix multiplication, where A = Z ( i®e;), B=>,0(®
bp) and Bo A = 3. aiff () @ e(e;) ® by) = Z”k o' (a? ® by). Further-
more if A € (M*® R)® and B € (R* @ N)Y, that is, pr(g~')Apm(g) = A and
pn(g7Y)Bpr(g) = B, then

pn (9 ) BApu(9) = pn(9 ") Bpr(9)pr(g~ ) Apu(g) = BA.

Thus BA € (M*®N)%. Also, if A € (M*® R)X¢, that is, there exists an element
A€ (M*® R) such that A =3 . pr(g~")A'pu(g) and B € (R* ® N)© then

BA:ZBpR ApM ZPN BA/ m(9);

geG geG
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that is BA € (M* ® N)Xg. Thus the evaluation map on R extends to a well-
defined pairing

o:C*M,R)®C/(R,N) — C*(M,N)
dy @m* @7 @[d@r*@n] — [F*()(d @ d @ m* @n).

Corollary 2.5.4 The e-composition in Homp,, corresponds to evaluation map C,

that is, if f € H*(M,R) and h € H' (R, N) then

U (fUR) =Ty (h) o Uy(f),

where Wy, is the isomorphism in theorem 2.4.6.

Proof: Let f € H*(M,R) and h € H'(R, N) then f = p;(f') and h = p; (k')
where f' € Homp,,(2(M), R) and i € Homp,,(S4(R), N). Let f" = ¢y (f’) €
Hompe, (M, Q_r(R)) and h” = (k') € Hompe,(R,Q2_;(N)). Then h' e f' =
R otp_i(f") = _esny(Yr(R”) o f) and it follows from theorem 2.5.3 that

Uiri(fUR) = Wen@p(f) Up (1)) = Ciri(Piyi (" ® [1))
= Urna(h @ f') = b (h") o f".
As representatives for f” and h” choose f” : M — im(0_;) ® R and " : R —
im(0_;)® N where im(9,,) € ,(Z), n = —k, —1. Choose Z-basis (a;), (b;), (€;), (¢;)
and (d;) for M, N, R,im(0_x) and im(0_;) respectively, and choose the correspond-
ing dual basis (a’), (¢’) as Z-basis for M* and R*. Let W,.(f) = >, f'[c;i®d’ @e,]
and U;(h) =Y, hi'[ds ® €' @ b, then

Wi(h) o Wi(f)(an) = Y firhitle; ® dy ® by,

irstu

fay) =32, filei@er] and B (e,) = 3, hi¥[ds @ b,]. As we saw earlier we can

su vV

calculate 9, (h") = id ® h” where id is the 1dent1ty on im(0_y) thus we obtain
(r(h") o [N a,) = (id@h")(f(an) =3, fir (d@h")[e; @ €]
= Y lila @b (en)] = 30 il b [ei ® ds @ b].
It follows that Wy (f Uh) = ¢ (R”) o f" = Ui(h) o Uk(f). QED
We know that H*(G, Z) equipped with the cup product is a graded-commutative

ring. Thus it follows that Homp,,.(2.(Z),Z) equipped with the e-compostion is
graded-commuative, where the graded-commutativity in dimension 0 is induced
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by the projection H°(G,Z) = Hom(Z,Z) — Homp,,(Z,Z). It then follows imme-
diately from proposition 2.5.2 that Homp,, (2. (M), M) is graded-commuative for
any lattice M which lies in some syzygy, €2,,(Z), of the the trivial lattice. However
we can still improve on this.

From theorem 2.3.11 and lemma 2.3.6 it follows that we can regard the com-
position in Homp,, as a pairing

[ HOHlDeT(Qk(Z), M*®R)®H0m’D€T<QZ(Z), R*®N) — HomDeT(QkH(Z), M*®N)
which we will now investigate in more detail for M = N = R.

Let f € Hompe, (%(M), M), h € Homp,,(§,(M), M), and let

F,——=7
be a free resolution of Z. Tensoring with M then yields a free resolution of M

e FoM2El R M2l oM

and we can choose as representatives for f and A homomorphisms f : im(Jg) ®
M — M and h :im(9;) ® M — M. As a free resolution for im(dy) ® M choose

P @im) 9 M 2 R @im(8) @ M 2L 7 @ im(9,) @ M .

Then ¥_;(f) can be obtained as the lift of f between these two resolution which
gives ¥_;(f) =id ® f, that is,

0—im(9) ® im() ® M — - 2L 7.0 im(0) @ M —=0

Jiass lf

0——=im(9) ® M B oM

0.
Thus for d' € im(d,), d € im(d),) and m € M we obtain
(he f)[d®d@m) = (ho(id® f))(d®@d®m)
= h(d'® f(d®m))
and the corresponding composition on Homp,, (Q2.(Z), M* @ M) is given by
(Re P)(d @d)(m) = (hef)d@dom)=hde f(dem)=hd e f(d)(m)
= W(d)(f(d)(m)) = (W) f(d))(m)
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Similarly we can calculate f/o\h as

(Foh)(d® d)(m) = (f(d)h(d))(m)

Then, since d @ d = (—1)*d @ d', it follows that
(Foh)(d ®d)(m) = (~1)*(f e h)(d @ d')(m) = (~1)"(h e [)(d ® d)(m)

if and only if

~ ~ ~ ~

F(d)h(d) = h(d') f(d)

in M*® M. Since M* ® M is the matrix ring M,,(Z), m = rkz(M), it follows
that Homp,, (2. (M), M) is graded-commuative if rky (M) = 1.

Theorem 2.5.5 Let Z € F(Z[G]) be a lattice withrkz(2) = 1. Let M € F(Z|G])
be a lattice such that there exists an M' € F(Z|G]) and an ny € Z with M & M’ €
Q,,(Z). Then Hompe, (2(M), M) is a graded-commutative ring.

Proof: First assume that M € ,,(Z) for some ny € Z. Then it follows by
proposition 2.5.2 that

Hom’Der(Q*(M)a M) = Hom’Der(Q*(Z>7 Z) = HOmDer(Q*<Z)7 z* ® Z)

Thus, since rkz(Z) = 1 it follows that Hompe, (2. (M), M) is graded commutative.
Now assume there exists a lattice M’ such that M & M' € Q, (Z) for some
ng € Z. Then Hompe, (2(M & M'), M & M) is graded commutative and since

Hompe, (Q, (M & M'), M & M)
Hompe, (2, (M & M')* @ (M & M'))
= Hompe, ($%(Z), M* @ M) ® Hompe, (2.(Z), M"™ @ M)
& Hompe (9,(2), M* © M") ® Homp (€(2), M" ® M)
= Hompe, ($%(M), M) & Homp,, (. (M'), M)
@® Homp, (2 (M), M") ® Homp,, (. (M'), M")

12

it follows that

Hompe, (0 (M), M) — Hompe, (Qu(M & M'), M & M)

is a subring and therefore itself graded-commutative. QED
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3 The dihedral group Ds

In this chapter we will use the results of chapter 2 to calculate the syzygies and
cohomologies of lattices over the dihedral group, Dg, of order 6. Furthermore we
will determine the Bieberbach groups with holonomy group Dg and the lattices
M for which the ring Homp,,(2.(M), M) is graded-commutative. The majority
of the work will be to determine M*, MPs. MY p, and Homp,,(Z, M) for the inde-
composable lattices, and the indecomposable components of the tensor products
over Z., which we will do in section 3.1. Having done this we will see in section
3.2 that most of the results then follow immediately.

Throughout this chapter we will work with the following presentation of Dg

D6:<x,y]y2::c3, ryr =y > .

3.1 Indecomposable Dg-lattices

The following is a complete list of the indecomposable lattices over Dg given in
terms of a Z-basis and representation py; : Dg — GlL,,(Z), m = rkz(M). A de-
tailed computation is given in [13].

I. The trivial rank 1 representation Z
pe() = 1 and ps(y) = 1
II. The non-trivial rank 1 representation Z!
pz:(x) =1 and pp:(y) = -1
ITI. The integral group ring Z[Cs]

Let Co = {1,t | t* = 1} be the cyclic group of order 2. Let x act
trivially and let y act by multiplication with ¢. Then the corresponding
representation of Dg in terms of the Z-basis {1,t} is given by

pzic,)(T) = ( (1) (1) ) pzics) (y) = ( ? (1) )

IV. The Eisenstein integers R = Z|w]

Let Z[w] = Z[z]/2*+2+1, w = 2(—1+1i/3). Let z act by multiplication
with w and let y act by complex conjugation. Then the corresponding
representation of Dg in terms of the Z-basis {e1, e}, €1 = —w, ea =1+ w,
is given by
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0 —1 01
V. The submodule P = (1 —w)R C R
The representation of Dg in terms of the Z-basis {fi, fo} , f1 = —2 — w,
fo=1—w is given by

0 -1

p=(1 1) =5 )

VI indRS(Z) = Z ®zc,) Z[Dy]

Let Z be the trivial rank 1 Cy-lattice and regard Z[Dg)| as a left Cy-lattices
in the obvious way. Then the corresponding representation of Dg in terms
of the Z-basis {1® 1, 1 ® x, 1 ® x?} is given by

010 1 00
pindn6(z)(3:) =001 pindD6(Z)<y) =001
“ 100 “ 010
VIL  indg® (Z') = Z* ®zc,) Z[De),
Let Z! be the non-trivial rank 1 Cs-lattice, that is 1# = —1. Then the
corresponding representation of Dg in terms of the Z-basis {1 ® 1, 1 ®
r, 1 ® 22} is given by

S

=i

jol)

Qo

(=}

N
—

S
SN—

|
_ o O
OO =
o = O
)

j=j

joly
Qo

(=

N
T
<
S~—

|

(e

S

|

[S—

Consider the representation p = pr : Dg — Gly(Z) with

p(x)=<(1) j)m(y):(? (1))

Then the image of the induced ring homomorphism p : Z[Dg] — My(Z) is given

by
im(p*):{((z 2) \a—b—l—c—dEOmOd?)}

and isomorphic to R & P, where the above Z-basis {e1, ea} of R maps into im(p)

as e; ( _g (1] ) and ey — ( (1) _(2) ), and the above Z-basis {f, fo} of
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P maps into im(p) as fi — ( 8 :? ) and fy — ( ? 8 ) Furthermore, the

kernel
ker(p) = spany (1 + x + 2°,y + zy + 2%y)

is isomorphic to Z[Cy]. Thus we obtain a split short exact sequence

0 — Z[Co] —=Z[Dg]| >R & P —0. (3.5)

VIIL. Let Yy = p~'(R).

A Z-basis of Yy is given by {aq, as,as, a4}, a1 = —1+y+ay,as = 14+x—y,
az = 1+x+ 22, a4 = y + 2y + 2%y, with respect to which the corresponding
representation of Dg is given by

0 -1 0 O 01 00
1 -1 00 1 0 0 0
PYo (l‘) - 1 11 0 PYo <y> - 000 1
1 0 01 0010

IX. Let Yi = p,l(P)

A Z-basis of Y7 is given by {by, be,b3,bs}, by = v —y,bo = 1 — a2y, b3 =
14+ 2+ 2%, by = y + xy + 2%y, with respect to which the corresponding
representation of Dg is given by

0 =100 0 -1 00
1 -1 0 0 1 00 0
Pyy (x) = 0 110 Py (y) = 0 00 1
0 -1 01 0 010

X. The regular representation Z[Dg]
The regular representation in terms of the Z-basis {1, z, 22, y, vy, yx} is given

by
010 1 00
01 0 0 010
1 00 0 1
Pz[Dg] (ZL‘) = 00 1 pZ[DG](y) = 1 00
0 1 00 010 0
010 0 0 1

For the remainder of this chapter we will consider a Dg-lattices as being given
in terms of these basis and representations.
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Proposition 3.1.1 For the indecomposable Dg-lattices we have

N N* | NPs | NXp, | Hompe,(Z, N)
Z v/ Z | 6Z Zg
7! 7! 0 0 0
Z[C5) Z[Cs] Z | 37 Zs
R P 0 0 0
P R 0 0 0
ind2¢(Z) | ind28(Z) | Z | 2Z Zs
ind2¢ (Z*) | indge (ZY) | 0 0 0
Yy Yo Z Z 0
Y1 Y Z 3Z Zs
Z[Dg] Z[Dg) Z Z 0

Proof:
For Z[Ds] we know that Z[Dg]* = Z[Dg), Z[Dg|P¢ = Z[Dg|Xp, = ZYp, ~ Z
and Homp,,(Z, Z[Dg]) = 0.

1) The dual lattices N*:

It is immediate that px(g~")" = pn(g) forall g € Dg for N = Z, Z!, Z[Cs], ind ¢ (Z.)
and indgzﬁ(Zt), thus in these case N is self-dual, N ~ N*.

). Then P~! = ( ) and

Pl or(g7 )P = pp(yg)

for all g € Dg. Thus R* =P and P* =R.

0 -1
1 0

0 1

LetP:( 10
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Let

0 0 01
0010
P_0121
1 01 2
-2 -1 01
1 =210
-1 _
Then P=' = OlOOand
1 000

Py, (97)'P = py,(9)

for all g € Dg. Thus Y ~ Y, and since the dual of an indecomposable lattice is
also indecomposable and of the same rank it follows that Y;* ~ Y;.

2) The invariant lattices NDs:

For N = Z we have Z"s = Z since Dg acts trivially on Z. For N = Z! we have
(Z)Ps = 0 since ny = —n = n if and only if n = 0.

For the remaining lattices write an element n € N as a Z-vector n = (ny,...,n,)"
and consider the Dg-action in terms of the corresponding group representation.

For N = Z[Cs)]
1 0 nq ny
pZ[Cﬂ (ZL’)n - O 1 o - Mo
and
01 n1 N9
pZ[C’z} (y)n = 1 0 Noy = ny .
Thus

Z[Co)Pe = {(a,a)' € Z°} ~ Z.
For N=Rand N =P

wem=(Y ) ()= ()

RPs =0 and PPs =0.

Thus

For N = ind¢(Z)

010 ny g
PindZs z) (x)n=1| 0 0 1 ny | =1 ns
2 1 00 UE; g
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and

1 00 ny ny
PinaPs (2 (yyn=10 0 1 ny | =1 ns
2 010 ns U

Thus
(indg(2))”° = {(a,a,a)" € Z°} ~ Z.

For N = ind¢ (Z')

01 0 1 na
Pinale (Zt)(a:)n =001 ne | =1 ns
2 1 00 n3 ny
and
—1 0 0 nq —Nn
Pinals (Zt)(y)n = 0 0 -1 ne | =\ —ns
? 0 —1 0 ns —TMNo
Thus
(ind2(Z1))™ = 0
For N =Y,
0O —1 0 0 nq —MNo
({L‘)n . 1 -1 0 0 Mo . ny —No
PR =1"_1 110 ng |~ | —ni+no+ng
1 0 01 N4 ny + Ny
and
01 00 ny Uz
( )77, . 1 0 00 %) . ny
PRWIT=1"09 0 0 1 ns | 7| na
0010 Ny ng

It follows that
Yy ={(0,0,a,a)" € Z'} ~ 7.

For N =Y,
0 -1 0 O T —TM9
1 -1 0 0 Mo ny — N9
=1, 14 ng | T | na+ns
0 -1 0 1 Ny —Tg + Ny
and
0 -1 0 0 nq —No
—1 00O No —nq
=1 o o1 ny | = | ma
0 010 Ty R}
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Thus
vP = {(0,0,a,a)" € Z'} ~ 7Z.

3) The sublattices NXp, and the quotients NP5 /NYp. = Homp,,.(Z, N):

Since N¥p, C NPs it follows from the preceding part that NXp, = 0 and
Homp,,(Z, N) =0 for N = Z', R, P and ind&6 (Z'). For the remaining lattices we
need to calculate NXp, = pn(Xp,)N.

For N = Z we have pz(3p,) = 6 thus NXp, ~ 6Z and Homp,,(Z,Z) = Zs.

For N = Z[C5] we have

3
pZ[Cﬂ(ZDG) = < 3 3

w
N————

thus NXp, ~ 3Z and Homp,,(Z, Z|Cs]) =

For N = indlc)Q6 (Z) we have

2 2 2
PaPoz(En) = 2 2 2
2 2 2 2

thus NXp, ~ 27 and Hompe,(Z, ind0¢ (Z)) = Zo.

For N =Y, we have

0000
)= | V)G
113 3
thus NXp, ~ Z and Homp,,(Z, Yy) = 0.
For N =Y, we have
0000
mEn)=| oo 5 3
003 3
thus NX¥p, ~ 3Z and Homp,,(Z,Y)) = Zs. QED
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The following is a complete list of the tensor products M ® N of the indecom-
posable lattices.

Proposition 3.1.2 The indecomposable components of a tensor product M & N
where M and N are indecomposable are given as follows:

We have Z ® N ~ N and Z[Dg) ® N ~ Z[Dg|™**\N) for all lattices N. For the

remaining tensor products we obtain

I. For M = 7! we obtain
QL ~ 17, Z'@P ~ R, 'Y, ~ Y,
Z'QZICy) ~ Z[Cy), Z'®indg(Z) ~ indld(Zh), Z'®Y: ~ Y,

Z'@R ~ P, Z' ®indgt(Z') ~ ind2f(Z),

l

II. For M = Z[C5] we obtain

Z[Co) ® Z[Cy] =~ Z[Co) ®Z[Cy),  Z[Cs] ® indGe(Z') =~ Z[Dg]

12

Z[C)) @ R R&P, ZIC)®Yy ~ Yo,

12

Z[Cs) @ P R&P, Z[C) @Y ~ Yy,
Z[Co) ® indQé(Z) ~ Z[Dg)
III. For M =R we obtain

ROR =~ Y,, R®indZ(Z)

12

Z]Ds

[y

,  ReYy = P&ZDs,

12

R®P ~ Yy, R®indi®(Z') Z[Ds], R®Y, ~ RO Z[Dg,

1V. For M =P we obtain

PP ~ Y, PRYy ~ RGZ[Dg,
P®indgt(Z) ~ Z[Dg, PRY: =~ P&Z[Dg,
P ®ind0¢(Z') =~ Z[Dy),



V. For M = indgf(Z) we obtain
ind2¢(Z) ® indp¢(Z) ~ ind28(Z) @ Z[Dg),  indg®(Z)® Yy =~ Z[Dg)?
indp*(Z) ® indgf (Z') =~ indgé(ZY) @ Z[De),  indff(Z)®Y: =~ Z[Dg)?
VL. For M = indgf(ZY) we obtain
ind2¢ (Z') ® indge(Z') ~ indZ¢(Z) @ Z[Dg),  indZ¢(Z') @Yy =~ Z[Dg)?,
ind2¢(Z) ® Y1 ~ Z[Dg)?,

VII. For M =Y, we obtain

YooYy ~ Yi®Z[Dg], Yo®Y1 ~ Y& Z[Dg

VIII. For M =Y; we obtain

YieY: ~ Y, & Z[Dg

Proof: For Z® N the claim is immediate and for Z[Dg] ® N the claim follows
from lemma 2.1.2.

I. Let M =Z*' Then pgpign(z) = py(z) and pzion(y) = —pn(y) and we obtain
- for N = 7" preezi(9) = pzt(9)pze(g) = pz(g) for all g € Dg and it follows that
7'Q7 ~ 7.

B . (0 -1 1 01
—forN—Z[Cg].LetP—<1 0>thenP —(_1 O)and

Pilpztm[oz] (9)P = pzics)(9)

and it follows that Z' ® Z[Cy] ~ Z[Cy).

- for N = R, P: preor(9) = pr(g) and pzep(g) = pr(g) for all g € D and it
follows that Z! @ R~P and Z' @ P ~ R.
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- for N = indgs (Z), indgj (Z'): Tt follows immediately from Frobenius reciprocity,
lemma 2.1.1, that

Z'®indgl(Z) ~ Z'® (L ®zic, Z[Ds)) = L' ®zjcy) Z[Ds]
~ indgt(Z')
and
Z'®indgl (') =~ Z'® (Z' @zicy ZIDs]) = L @iy Z D]
ind2¢ (Z).
-for N =Y, Y Since Y > RR ~P®P and Y7 ~ R ® P, see below, it
follows that

12

'Yy~ Z'QRIR~PRXR ~Y;

and similarly
7'V, ~7Z'QRIP~PRP ~Y,.

II. Let M = Z[C,]. For a lattice N we can write the representation of Dg corre-
sponding to Z[C5] ® N as

PriCy)oN (T) = ( pNéx> pN(Zx) >

- for N = Z[Cs]: Let

0 pn(y) )

PZ[@]@N(?J) = ( px(v) 0

1 0 00
0O 010
P= 0 0 01
01 00
1 0 00
hen P71 = 0001 d p! P = d it foll
then =l o100 | PziCa)7iC) (9) P = pzicezics], and it follows
0010

that Z[Cs] ® Z[Cs) ~ Z[Cs] ® Z[Cs).

-for N = indgs (Z), indgs (Z"): Tt follows immediately from Frobenius reciprocity,
lemma 2.1.1, that

Z[C5) ® indge (Z)

12

Z[Cs) @ (Z ®zjcy) Z[Ds)) ~= Z]Cs] ®zi0y) Z[Ds]

2
N
S

similarly

Z[Co) ® indp (Z) =~ Z[Ch] ® (Z' ®z1c,) ZDs)) ~ Z[Ch) ®zc,) Z[Ds)

2
N
S
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- for N =R, P: Let

1 0 01
01 —1 1
P= 1 0 -1 1
01 -1 0
1 -1 0 1
then P! = Lo =11 and we obtain P! ()P = (9)
- 1 0 —1 0 Pz[C2)aR g = PrePrP\d
0 1 0 —1

~~

and P~ pzic,ep(9) P = pper(g) for all g € Dg. It follows that

RQZICy) ~PRLICY) ~R&P.
-for N =YY Since Yo > RIR ~PR®P and Y1 ~ R ® P, see below, it
follows that

ZIC) @Yy ~Z[CH) ®ROIR~ (RBEP)OR ~Y, 8 Y;
and similarly
Z[C)) @Y, ~Z[Co) @R P~ (ROP)R@P =Y, ® V).

ITI. and IV. Let M =R, P. For a lattice N we can write the representation of
Dg corresponding to R ® N as

prevt@) = (0 T ) oment = (0 ")

and the representation of Dg corresponding to P ® N as
0 —pn(z) ) ( 0 —pn () )
x) = , = )
ron@=( ey ) ) o= ( oy
-For R®R and P® P let

01 11
1 001
P= 01 10
1011
—1 1 1 0
then P71 = 8 _1 (1) _1 and we obtain P~!prer(9)P = py,(g) and
10 -1 0

P ppep(g)P = py,(g) for g € Dg. Tt follows that
RIR=PRP ~Y,.
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- For R® P let

1 01 -1
0 01 0
P = 0 00 -1
01 1 -1
1 -1 -1 0
then P—! — 0 -1 -11 and we obtain P! (9)P = py,(g) for g €
— 0 1 0 0 PrReP\YG = pPyri\g) Ior g
0 0 -1 0

Dg. It follows
RRRP~Y.

- for indg*(Z),ind2¢ (Z'): As Z[Ch]-modules R and P are isomorphic to Z[Cs).
Thus it follows immediately from Frobenius reciprocity, lemma 2.1.1, that

R®nd%(Z) ~ R® (Z &0, D)) = ZICs) @5, 2D

and similarly R ® ind2¢(Z!) ~ P ® indg¢ (Z) ~ P @ ind2¢ (Zt) ~ Z[Dg].

- for R ® Y} let

O 0 0 -1 O 0 0 -1
O 0 0 -1 -1 1 0 0
-1 0 0 1 0 -1 0 0
p_ 1 O 0 0 0 1 0 O
0 O 1 O 0 0 -1 -1
O 0 0 0 -1 0 —1 0
0 -1 1 O o0 0 0 O
0 1 -1 0O 0 O 1 0
Then
0 -1 -1 0 0 1 1 1
-1 0 -1 -1 1 0 O 1
-1 0 -1 -1 1 0 1 1
pl_ 0 O 1 10 0O 0 O
o o o0 00 -1 -1 -1
0 1 1 10 -1 -1 -1
o o 0 00 O 1 1

-1 0 -1 -10 0 0 O
and P~ prey, P = ppezip(9) for all g € Dg, and it follows that

R @Yy~ P @ Z[Dg).
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- for P®Y) let

o0 0 -1 0 0 01
oo 1 0 0o o0 11
01 -1 0 0 0 -10
p_ -11 0 1 0 0 00
o0 0 -1 -1 -1 00
o0 O 0 -1 0 10
-11 0 O O 0 -1 0
-10 0 1 0 1 00
Then
-1 1 1 -1 0 0 0 O
O 0O 0 0 -1 1 1 -1
-1 1 0 -1 0 0 1 0
pl_ -1 1 1 0 1 -1 -1 1
1 -1 -1 1 -1 0 0 -1
0O 0 0 -1 -1 1 1 0
1 -1 -1 1 -1 1 0 -1
0 1 1 0 1 -1 -1 1

and P~ ppey, P ~ prezipg (9) for all g € Dg, and it follows that
P®Yy~R&ZDeg).
- for Y7: Since Y] ~ R ® P it follows that
RRIVI™RIRXIP ~Y,®@P ~R G Z[Dg]

and similarly P ® Y7 ~ P @ Z[Ds|.
V. and VI. Let M = ind2¢(Z), ind2¢(Z).

- for N = ind2%(Z),ind2¢(Z). As Z[Cy)lattices indZf(Z) ~ Z & Z[Cs) and
ind2¢ (Z') ~ Z! & Z[Cs). Thus it follows from Frobenius reciprocity, lemma 2.1.1,
that

ind2¢ (Z) ® ind2¢ (Z) ~ ((Z Z[Cy)) ® Z) @zicy) Z[ D)
ind>¢ (Z) & Z[Dg)

inde?(2') ® indgt (Z) =~ ((Z' @ Z[Ch]) ® Z) @gjey) Z[Ds]
ind7¢ (Z') & Z[Dg]

ind2¢ (Z') ® indgt(Z!) ~ ((Z' & Z[Co)) ® Z*) ®zicy) Z[De)
ind>¢ (Z) @ Z[Dg).

12

12

12
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- for N = Y, Yy As Z[Cy)-lattices Yy ~ V) ~ Z[Cy]2.

Frobenius reciprocity for ¢ = 0, 1 that

(ind2:(2) ® Y))

(ind2*(Z') ® Y;)

Thus it follows from

~ (Z ® Z[CQP) ®Z[C2] Z[D()]

>~ Z[D6]2

~ (Z' ® Z[Cs)?) ®@zicy) Z[Dg)
~ Z[C2]2 Qz[C,] Z|Dg| ~ Z[Dﬁ]z

VII. and VIII. For M =Y,,Y; and N =Yg, Y] it follows

Yo® Y

YV

Yo®Y)

~ YVo®(ROR)~(PDZLDs)) ® R ~P @R ® Z[Dg)?

12

Y, ® Z[Dy)?

~ ROP)®RAP)~(ROR)® (PRP)~Yy®Y,

12

Y1 @ Z[Dg]?

~ Yy (ROP)~(PSZDg)) @P ~P QP & Z[Dg)?

~ Yb D Z[D6]2

3.2 Syzygies and cohomologies of Dg-lattices

QED

In this section we will use the results of chapter 2 and section 3.1 to calculate
the syzygies and cohomologies of Dg-lattices. We will see that all that is required
are some initial calculations for the trivial lattice Z and that the rest will follow

immediately.

Theorem 3.2.1 The following is a complete list of the minimal representatives

of Q,(N) for an indecomposable Dg-lattices N

N Q0 (N) Q(N) Q3(N) Qu(N)

Z | Peindld(Z!) | Yo@indgl(Z) | R @ indgt(ZY) | Y1 @ indgt(Z)

Z' | Romnd2(Z) | Yy @ind8(Z!) | P @ind2(Z) | Yo @ ind2e(ZY)
Z[Co] R&P Yo ® Y1 R&P Yo ®Y:
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N Q1(N) Qa(N) Q3(N) Qu(N)

R Yy P Yo R

P Yo R Y1 P
ind0f(Z) | indge(Z!) | indg(Z) | indQf(Z') | indQf(Z)
indcg (Z°) | indgy(Z) | indgg(2%) | indgg(Z) | indgy(Z)

Yo R Yy P Yo

Y3 P Yo R Y3

In general, we have Q,(N) = Quia(N) for n # —4, Q_4(N) = Qu(N) and
Q. (Z[Dg)) is the class of free lattices over Z[Dg| for all n € Z. For an arbitrary

lattice N = N1 @ - - - @& Ny we have Q,(N) = Q,(N1) & -+ D Q,(Ng).

Proof: Since Dg has a periodic free resolution of period 4, see [9] chapter
7, it follows that Q,(Z) = Q,44(Z) for n # —4, Q_4(Z) = Q4(Z) and since
Q,(N) =Q,(Z) ® N the same holds for any lattice N.

Let € : Z|Dg] — Z be the augmentation map. Then € (Z) is the stable class of
the augmentation ideal ker(e). It is well known that for any group G the elements
1 —g € Z|G], 1 # g form a Z-basis of the augmentation ideal. Thus for G = Dy
a Z-basis of the augmentation ideal is given by {é1, és, é3, é4, é5} where

b1=1—x, éy=1—2a é3=1—y, éa=1—zy, é5=1—22y.

Let
e = —é +téz—é5=—1+z—y+zy
g = €g—e3+éy=1—a2+y—ay
e3 = —€é1+és=x—1Y
g = —bytéz=a’—y
es = é5=1—2a2%

then {ey, e, €3, €4, €5} is also a Z-basis of ker(e) (since é; = e — e3 + €5, éy =
€1+ ey —e3+eq, é3=e€1+ey—e3+eq+es, €4 =ey, é5 =ey+ e5) on which Dg
acts via
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Pker(e) (JI) = Pler(e) (y) =

O O OO
]
_— o o O O
OO = OO
O = OO O
S O O~ O
O OO O =
|
OO = OO
_ o O O O
o= O OO

It follows that

[ orr 0
Pker(e) = 0 PinaZs zt)
2

thus a minimal representative of Q(Z) is
P & indge (Z).

To obtain the remaining syzygies we use lemma 2.3.6, Q,,(Z)®Q(Z) = Q,11(Z)
and Q,(Z)®N = Q,(N), and the calculations of the tensor products in proposition
3.1.2. For example Q9(Z) = 1 (Z) ® 21(Z) and

(P @ indg?(Z) ® (P & indgf (ZY))
~ (P®P)® (Poind2(2))? © (indZ (2') @ ind2(2)))
~ Yy @ indgt(Z') & Z[Dg)?.
Thus a minimal representative of Q25(Z) is given by Y & inde6 (Zh). QED

Corollary 3.2.2 For the following lattices M the ring Hompe, (2 (M), M) is

graded-commutative

M = Z, 7' R, P, indg®(Z), indgt (Z), Y, Yi,
R @ indg8(Z), R ® indge(ZY), P @ indgl(Z), P @ ind2e (ZY),
. 1Dg - 1Dg (7t - 1D¢ s 1D (77t
Yo @ indcl(Z), Yo @ indg(Z'), Y1 @ indgP(Z), Y1 @ indgf (ZF),

Proof: The claim follows immediately from theorem 2.5.5 and theorem 3.2.1.
QED

Theorem 3.2.3 The following is a complete list of the cohomology groups H™ (M, N')

of indecomposable Dg-lattices.
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L. For M =7 the cohomology groups H"(Z,N) = H"(Dg, M) are

N HO(M,N) | H'(M,N) | H*(M,N) | H¥*(M,N) | H*(M, N)
Z Z 0 Zy 0 Zg
7t 0 Zs Z3 Zy 0
Z[Cs) Z 0 Zs 0 Zs
R 0 0 0 Z3 0
P 0 Z3 0 0 0
ind2¢ (Z) Z 0 Zy 0 Zy
ind ¢ (Z1) 0 Zsy 0 Zy 0
Yo Z 0 Zs 0 0
Y Z 0 0 0 Zs
Z]Dg) Z 0 0 0 0
II. For M =7 the cohomology groups are
N HO(M,N) | H'(M,N) | H*(M,N) | H¥(M,N) | H*(M, N)
Z 0 7 Zs L 0
7t Z 0 Zo 0 Zg
Z[Cs) Z 0 Zs 0 Zs
R 0 Zs 0 0 0
P 0 0 0 Z3 0
ind ¢ (Z) 0 Zy 0 Zy 0
indof (ZY) Z 0 Zy 0 Ly
Yo y/ 0 0 0 Z3
Y Z 0 Zs 0 0
Z]Dg) Z 0 0 0 0
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III.  For M = Z[C3] the cohomology groups are

N HO(M,N) | H'(M,N) | H*(M,N) | H3(M,N) | H*(M, N)
7 Z 0 Zs 0 Z3
7t A 0 73 0 Z3
Z[Cs) 72 0 Zs ® s 0 Zs @ Zs
R 0 Z3 0 Z3 0
P 0 Z3 0 L3 0
ind2¢ (Z) 7 0 0 0 0
ind ¢ (Z1) Z 0 0 0 0
Yo 72 0 73 0 Zs
Y, 72 0 Zs 0 Zs
Z[Dg] 7? 0 0 0 0
IV. For M =R the cohomology groups are
N HO(M,N) | H(M,N) | H*(M,N) | H3(M,N) | H*(M, N)
Z 0 Zs 0 0 0
7t 0 0 0 Z3 0
Z[Cs) 0 Zs 0 Zs 0
R Z 0 0 0 Zs
P Z 0 Z3 0 0
indf (Z) Z 0 0 0 0
indof (Z4) Z 0 0 0 0
Yo Z 0 0 Zs 0
Y Z Z3 0 0 0
Z[Dg] 72 0 0 0 0
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V. For M =P the cohomology groups are

N HO(M,N) | H'(M,N) | H*(M,N) | H3(M,N) | H*(M,N)
Z 0 0 0 Zs 0
VA 0 Z3 0 0 0
Z[Cs) 0 Zs 0 Zs 0
R Z 0 Zs 0 0
P v/ 0 0 0 Z3
ind ¢ (Z) Z 0 0 0 0
indof (Z4) Z 0 0 0 0
Yo 7 73 0 0 0
Y, A 0 0 73 0
Z[De] Z? 0 0 0 0

VI. For M = indg,f(Z) the cohomology groups are

N HO(M,N) | H*(M,N) | H*(M,N) | H3(M,N) | H*(M, N)
Z v/ 0 Zy 0 Zs
Zt 0 Zo 0 Zy 0
Z[Cy) y/ 0 0 0 0
R y/ 0 0 0 0
P v/ 0 0 0 0
ind2¢ (Z) 72 0 Zy 0 Ly
ind ¢ (Z1) Z Zsy 0 Zsy 0
Yo 72 0 0 0 0
4l 72 0 0 0 0
Z| D] VA 0 0 0 0
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VII. For M = indg;"(Zt) the cohomology groups are

N HO(M,N) | H'(M,N) | H*(M,N) | H¥(M,N) | H*(M, N)
Z 0 Zy 0 Zo 0
VA Z 0 Zo 0 Zsy
Z[Cy) Z 0 0 0 0
R y/ 0 0 0 0
P y/ 0 0 0 0
indo? (Z) Z Zsy 0 Zy 0
ind ¢ (Z1) Z2 0 Zo 0 Zo
Yo 72 0 0 0 0
4l 72 0 0 0 0
Z| D] VA 0 0 0 0
VIII. For M =Y, the cohomology groups are
N HO(M,N) | H'(M,N) | H*(M,N) | H¥(M,N) | H*(M, N)
Z Z 0 Z3 0 0
VA y/ 0 0 0 Zs3
Z[Cs) 72 0 Zs 0 Zs
R Z Z3 0 0 0
P y/ 0 0 Zs3 0
ind2¢ (Z) 72 0 0 0 0
ind ¢ (Z1) 72 0 0 0 0
Yo 72 0 0 0 Zs3
Y 72 0 Zs3 0 0
Z| D] VA 0 0 0 0
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IX. For M =Y, the cohomology groups are

N HO(M,N) | H'(M,N) | H*(M,N) | H¥(M,N) | H*(M, N)
Z Z 0 0 0 Zs3
VA y/ 0 Z3 0 0
Z|Cy) 7?2 0 Zs 0 Zs
R Z 0 0 Zs3 0
P y/ Z3 0 0 0
indf (Z) 72 0 0 0 0
indof (Z4) 72 0 0 0 0
Yo 72 0 0 0 Zs3
Y 72 0 Zs3 0 0
Z[De] z* 0 0 0 0

and H*(M,N) = H"™(M,N) for n > 1. For a decomposable lattice M =

My & ---® My, we have

H"(M,N) = H"(M;, N),

i=1
and for a decomposable lattice N = Ny @ --- ® Ny, we have

k
H"(M,N) =D H"(M,N;).
i=1
Proof: For n = 0 it follows from proposition 2.1.6 that H°(M, N) = Hom(M, N) ~
Hom(Z, M* ® N) ~ (M* ® N)Ps. And the claim follows from proposition 3.1.1

and proposition 3.1.2.
For n > 1 the claim follows from theorem 2.4.6,

H"(M,N) ~ (im(9_,) ® M* ® N)“/(im(d_,) ® M* @ N)Sg,

the calculations for ,,(Z), theorem 3.2.1, and proposition 3.1.1 and proposition
3.1.2. QED
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3.3 Bieberbach groups with holonomy group Dy

As mentioned in section 2.2 a Bieberbach group 7w with holonomy group Dg is
given by a torsion free group extensions

0 N ™ DG O,

where N is a Dg-lattice. In theorem 2.4.8 we proved that these extensions corre-
spond to elements ¢ € C*(Z, N) ~ H?(Dg, N) which are not in (Q_5(Z) ® N)X¢,
for all cyclic subgroups C, C Dg of prime order. The cyclic subgroup of Dg are
Cy = {1,y} and C3 = {1,z,2%}. In the proof of proposition 3.1.1 we calculated
the representatives of Homp,,(Z, N) in N¢ which will give us the representatives
of H*(Dg, N) in (2_5(Z) @ N)Ps. Thus, to see which one of them determines a
torsion free extension we need to check if they lie in (Q2_5(Z) ® N)E¢,, p = 2,3.

In theorem 3.2.3 we showed that the indecomposable lattices N for which
H?(Dg,N) # 0 are N = Z,Zt,Z[CQ],indgs(Z) and Yy, and for these lattices
H?(Dg, N) and Q_5(Z) ® N are of the form

N H?’(Dg,N)| Q(Z)®N
Z Z, Yo @ indg, (Z)
VA Zs Y, @ indg, (Z)
Z[Cs) Ls Yo @ Y1 © Z[Dg]
ind2¢ (Z) Zs indg, (Z) ® Z[Ds)
Yo L3 Y1 ® Z[Dg]

where the claim for Q_5(Z) ® N follows from theorem 3.2.1 and proposition
3.1.2. Comparing with the proof of proposition 3.1.1 we see that the repre-
sentatives of H?*(Dg, N) only come from Y; or inng(Z) and are of the form
a(0,0,1,1), a = 0,1,2, and b(1,1,1)", b = 0,1, respectively. Thus we only
need to determine Y1 3¢, and inde, (Z)%,, p = 2,3.

For Y1X¥ ¢, we obtain

1 -1 0 0
-1 1 00
mEe) =1 o g1
0 011
so that
1 0
-1 0
}/1202 =< C 0 + ¢ 1 | c1,co9 € 7
0 1
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and all representatives a(0,0,1,1)", a = 0,1,2 lie in Y;X¢,.

For Y1X ¢, we obtain

0 000
me)=| )Y g
-1 -1 0 3
so that
0 0 0
Yi¥e, =¢a ? + 3¢ (1) + 3c3 8 | c1,09,03 €Z
—1 0 1

and a representative a(0,0,1,1)", a =0, 1,2 lies in Y1 X¢, if and only if a = 0.

For irldgs(Z)Ec2 we obtain

200
PingPozy(Bex) = [ 01 1
2 011
so that
1 0
ind2*(Z)Sc, =2 | 0 |+ | 1 | |a,0eZ
0 1

and a representative b(1,1,1)!, b= 0,1, lies in indg,(Z)%, if and only if b = 0.

For ind¢?(Z)S¢, we obtain

111
PaaPoy(Tes) = 111
2 111
so that
1
ind2¢(Z)Se, =g c| 1 | |ceZ
1

and all representatives b(1,1,1)!, b= 0,1, lie in ind¢,(Z)Xs.

We obtain
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Theorem 3.3.1 Let N be a Dg-lattice. Then there exists a torsion-free extension
of N by D¢ if and only if Zo ® Zs C H?*(Dg, N), and any element (a,b) € Zy ®
Zs C H?*(Dg,N) with a # 0 and b # 0 determines a torsion-free extensions.
In particular, N must satisfy Ny & No C N where Ny = Z,indgf(Z) and Ny =

Zt7 Z[OQL }/E)
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